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I.1.-Introducción y objetivos 
El análisis actuarial de los sistemas de Seguridad Social es una tarea compleja dada la 
interacción de aspectos demográficos, económicos, financieros, institucionales y legales. 
Las cotizaciones y prestaciones de la seguridad social forman parte del sistema de 
transferencias sociales, siendo considerable su importancia si se calculan como porcentaje 
del PIB. Este mecanismo, redistributivo y asignativo a la vez, no es ajeno a la estructura 
demográfica y al propio desarrollo económico y social (Plamodon et al. (2002)) por lo que 
los modelos de valoración del sistema de Seguridad Social, erigidos en instrumentos 
fundamentales de trabajo dada la complejidad aludida, suelen combinar el conocimiento 
social, económico, demográfico y actuarial. 
El reunir y analizar datos con información estadística relevante, realizando a partir de 
la misma proyección de variables demográficas, económicas y financieras bajo supuestos 
prudentes y realistas, constituye la base de modelos actuariales que sean consistentes con 
sistemas de seguridad social bien fundamentados y eficientes. 
La consideración de potenciales variables (demográficas, económicas, sociales,…) y 
los supuestos presupuestarios afectan al equilibrio financiero futuro de los sistemas de 
seguridad social, no pudiendo suponerse muchas de estas variables independientes ni 
considerarse a corto plazo en este tipo de esquemas públicos. La incertidumbre sobre el 
futuro desarrollo de las variables que determinan las prestaciones del sistema, en un gran 
porcentaje pagadas en forma de pensiones vitalicias, y otras transferencias sociales, así 
como su compleja interrelación e interacción con el entorno, hacen que elaborar 
proyecciones actuariales (“balances actuariales” en sentido no estricto) sea una tarea 
compleja y difícil. El análisis de sensibilidad y el análisis estocástico constituyen, dadas las 
consideraciones previas, herramientas de gran valor añadido, cuando no resultan en 
muchas ocasiones imprescindibles. 
En el contexto descrito el término “Teoría actuarial de la seguridad social” hace 
referencia a la aplicación de principios y métodos actuariales a modelos cuantitativos que 
recogen la amalgama de variables interrelacionadas que, en mayor o menor medida, 
inciden en el equilibrio a largo plazo de un sistema de seguridad social. En la práctica, 
dicho equilibrio se plasma mediante el análisis de la solvencia o de la sostenibilidad a largo 
plazo del sistema a partir de ratios de liquidez (contribuciones/prestaciones, Melis & 
Trudda (2012)), o ratios de financiación o solvencia (activos/pasivos, Boado et al. (2008)), 
obtenidos como resultado de dichos modelos. 
Sin ánimo de ser exhaustivos, según Boado-Penas et al. (2010), las metodologías más 
utilizadas para realizar proyecciones agregadas del gasto en pensiones y/o analizar la 
viabilidad, sostenibilidad o solvencia del sistema de reparto (Pay-As-You-Go) son: 
1) Modelos Contables Agregados o actuariales (GAM: Aggregate or growth accounting or cells-
based), a partir de ahora MCA. Son modelos basados en el establecimiento de una serie de 
hipótesis, que se toman como ciertas, sobre las variables fundamentales que determinan la 
evolución futura de la economía y la demografía, para proyectar el gasto agregado en 
pensiones y el ingreso por cotizaciones de acuerdo con un conjunto de identidades 
contables. Son también muy utilizados por organismos y administraciones públicas, como 
el Ageing Working Group, grupo técnico de trabajo del comité de política económica de 
la Unión Europea, responsable de las proyecciones de gasto que sigue este enfoque 
fundamentalmente determinista, aunque no todos los países lo aplican. EE.UU (BOT 
(2014)), Canadá (OSFI (2010)) o Gran Bretaña (GAD (2010)) utilizan modelos basados 
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total o parcialmente en MCA, que son denominados algunas veces como balances 
actuariales. 
2) Modelos de micro simulación. Por medio de la trayectoria laboral de un conjunto de 
individuos se proyecta la evolución de sus pensiones. Existen variantes (Zaidi & Rake 
(2001) y Li & O’Donoghue (2013)): micro simulación dinámica, estática, con 
comportamiento, etc... Conexionados con los modelos de micro simulación aparecen los 
modelos de contabilidad generacional (GA), que se reseñarán más adelante, como el que 
se aplica en Eslovenia. En muchas ocasiones es difícil distinguir algunos modelos híbridos 
que presentan características de este modelo y de los modelos contables agregados. 
Canadá (Spielauer et al. (2013)) y Suecia (Flood et al. (2012)) tienen modelos de micro 
simulación específicos de pensiones. 
3) Modelos de equilibrio general. El sistema de pensiones se inserta dentro de un entorno 
económico de equilibrio general con precios endógenos que genera modelos explícitos de 
la evolución demográfica y macroeconómica (Imrohoroglu et al. (1999), Jimeno et al. 
(2008)). Los principales inconvenientes de estos modelos son: complejidad 
computacional, sensibilidad respecto a las hipótesis y alejamiento manifiesto de la realidad 
del sistema de pensiones, lo que hace que se apliquen de manera muy escasa por 
organismos oficiales. También los modelos de contabilidad generacional aparecen 
enlazados con los de equilibrio general, un magnífico ejemplo son los trabajos de Van 
Ewijk et al. (2006) y Draper & Armstrong (2007) que poseen una gran complejidad 
técnica. 
4) Modelos indirectos. Basados principalmente en el tanto interno de rendimiento 
(Murphy & Welch (1998), Devesa-Carpio et al. (2000) y Devesa-Carpio et al. (2002)), o el 
componente de transferencia (Sánchez & Sánchez-Marcos (2007)), que se aplican 
mayormente para estudiar la equidad, y con frecuencia suelen utilizarse conjuntamente 
con los tres modelos anteriores. 
5) Modelo “Sueco” o “Balance actuarial de Suecia”. No se encuadra dentro de ninguno de 
los métodos brevemente descritos y se puede definir, Boado-Penas et al. (2010), como el 
estado financiero que a una fecha determinada relaciona las obligaciones con los 
cotizantes y pensionistas del sistema de pensiones con las magnitudes de los diferentes 
activos (financieros, reales y por cotizaciones) que respaldan esas obligaciones. 
Esta tesis doctoral tratará básicamente con el denominado modelo “sueco” por 
responder en mayor medida a la óptica actuarial.  
Los objetivos principales que ésta persigue, que determinan su estructura en 
capítulos, son los siguientes: 
1.- Desarrollar la base teórica necesaria para poder formular el Balance actuarial (AB) de 
tipo sueco en un sistema de pensiones de reparto de prestación definida con 
contingencias de jubilación e invalidez permanente. La posibilidad de construir este tipo 
de AB desde una perspectiva integrada, es decir, combinando las contingencias de 
jubilación e invalidez permanente que están conceptualmente muy cercanas y que además 
representan una proporción muy elevada del gasto en pensiones, no ha sido previamente 
estudiado en la literatura económica, financiera o actuarial. 
2.- Desarrollar un modelo de generaciones solapadas con múltiples estados (MOLG) que 
integre las contingencias de jubilación e invalidez permanente en un sistema genérico de 
cuentas nocionales (NDC). Dado que los sistemas de cuentas nocionales tienen 
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características muy positivas1 que podrían ayudar a mejorar la eficiencia de la contingencia 
de invalidez permanente, no es descabellado pensar en un modelo teórico que integre 
ambas contingencias. 
3.- Desarrollar un modelo de generaciones solapadas con múltiples estados (MOLG) que 
incorpora el seguro público de atención a largo plazo (LTC) en el sistema de pensiones de 
jubilación, introduciendo rentas de atención a la supervivencia en un sistema genérico de 
cuentas nocionales (NDC) que incluye el denominado dividendo por supervivencia. 
Prestigiosos investigadores (Barr (2010), Colombo et al. (2011), Colombo & Mercier 
(2012), Forder & Fernández (2011), Guillén & Comas-Herrera (2011), Miyazawa et al. 
(2000), Pitacco (2002), Zuchandke et al. (2010)), en ocasiones muy alejados en las 
metodologías utilizadas en sus trabajos y en su visión de lo que los sistemas de pensiones 
deberían ser, coinciden en que existen razones fundadas que justifican la utilidad de un 
modelo de estas características para crear mecanismos colectivos de cobertura LTC que 
complementen la atención familiar y los acuerdos voluntarios. 
Estos objetivos enlazan con la tendencia que se aprecia en algunos países de implantar 
metodología del análisis y la gestión actuarial al campo de la gestión pública de los 
sistemas de reparto. 
I.2.-Instrumentos para mejorar el sistema de reparto: sistemas de 
cuentas nocionales (NDC), balance actuarial (AB), mecanismos de 
ajuste financiero (ABM) e información individual sobre pensiones 
(IIP) 
El crecimiento económico continuado y el fenómeno demográfico conocido por 
“baby boom” posibilitaron en el período posterior a la II Guerra Mundial que en los 
estados del occidente desarrollado con economías avanzadas se implantasen sistemas de 
pensiones de reparto con prestación definida, también conocidos por su denominación en 
inglés como Defined Benefit Pay-As-You-Go pension systems (DB PAYG).  
El problema al que se enfrentan desde las últimas décadas del siglo XX a la actualidad 
dichos sistemas puede resumirse en que las tasas de crecimiento han disminuido o incluso 
han pasado a ser negativas, lo que comporta una menor tasa implícita de rendimiento, 
junto con el envejecimiento de la población por la caída de las tasas de fertilidad 
combinado con una mayor longevidad (la esperanza de vida ha aumentado 
considerablemente). Dicho en términos gráficos, al haberse invertido la pirámide de 
población ahora los recursos que genera la base son insuficientes para soportar el 
mantenimiento de la cúpula. 
También, como constatan Holzmann & Palmer (2008), los cambios socioeconómicos, 
básicamente la mayor participación de la mujer en el mercado laboral y la modificación de 
las estructuras familiares y la creciente globalización, que implican una mayor integración 
de los mercados de bienes y servicios, los factores de producción y el conocimiento, 
exigen una reformulación de las ideas básicas que rigen el diseño de los sistemas de 
pensiones, algunas de las cuales imperan desde hace más de cien años prácticamente sin 
cambios.  
                                                          
1 Tal y como se mostrarán posteriormente. 
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En consecuencia de lo dicho, cabe replantear las políticas de protección social 
(bienestar social) y en el caso de la seguridad social la cuestión es si se puede mantener el 
sistema con reformas ad hoc de corte paramétrico: “trade off” entre aumentar las tasas de 
cotización y/o reducir las prestaciones, retrasar la edad de jubilación, aumentar los años 
de cotización, etc… o es necesario realizar reformas estructurales, lo que supone en el 
fondo cambiar de sistema en todo o en parte. 
A modo ilustrativo, en el caso del sistema de Seguridad Social de Estados Unidos el 
debate se resume comparando la propuesta de Diamond & Orszag (2005), que muestran 
su escepticismo respecto a la implantación de cuentas de pensiones individuales y abogan 
más por reformar y mejorar las sistemas existentes en los tres capítulos o colectivos: 
jubilación, invalidez y sobrevivientes (viudedad, orfandad, …), y la propuesta alternativa 
de reformas estructurales en programas de pensiones de la seguridad social de Feldstein 
(2005), que consiste en la transición de un sistema PAYG puro en el que las cotizaciones 
de los trabajadores actuales se distribuyen a los pensionistas actuales, básicamente es un 
sistema financiación vía impuestos, a sistemas mixtos que combinan las prestaciones de 
un sistema PAYG con la consideración de cuentas personales de jubilación. Dicha 
propuesta podría comportar, según los autores, ganancias de bienestar: básicamente el 
incremento de la eficiencia asociada a la reducción de las distorsiones en el mercado de 
trabajo y un incremento en el valor actual del consumo. 
Tomando como caso extremo de reforma estructural el de Chile, donde se ha 
abandonado el sistema PAYG y se ha implantado un sistema de pensiones basado en la 
capitalización de cuentas individuales, sin llegar a dicho extremo y en la línea de la 
propuesta expuesta por Feldstein (2005), existe literatura (Vidal-Meliá et al. (2010) y 
Regúlez-Castillo & Vidal-Meliá (2012)), sobre diversos instrumentos que pueden ayudar a 
mejorar la equidad, transparencia, solvencia y comunicación con la sociedad de un sistema 
de pensiones públicas PAYG. Los instrumentos son las cuentas nocionales de aportación 
definida (NDC), el balance actuarial (AB), los mecanismos financieros de ajuste 
automático (ABM) y la información individual sobre pensiones (IIP): 
 Un esquema de cuentas nocionales o esquema nocional de aportación definida (NDC) 
es una cuenta virtual donde se registran las cotizaciones individuales de cada afiliado y 
los rendimientos ficticios que dichas aportaciones generan a lo largo de la vida laboral. 
En principio, la tasa de cotización es fija. Los rendimientos se calculan de acuerdo 
con un índice macroeconómico, también llamado tanto nocional, que puede ser la 
tasa de crecimiento del PIB, de los salarios medios, de los salarios agregados, de los 
ingresos por cotizaciones, etc. Cuando el individuo se jubila, recibe una prestación 
que se deriva del fondo nocional acumulado, de la mortalidad específica de la cohorte 
que en ese año se jubila y del tanto nocional utilizado. De esta forma, el modelo 
nocional combina una financiación de reparto con una prestación que depende de las 
cuantías cotizadas y de sus rendimientos. Es un sistema PAYG que de forma 
deliberada imita a un esquema financiero de contribución definida (FDC). 
 El balance actuarial (AB) no es más que una forma estructurada de ecuación general 
de equivalencia actuarial o de ecuación de equilibrio entre cotizaciones (aportaciones) 
y prestaciones (beneficios) expresado en forma de balance de situación (hoja de 
balance). Constituye por tanto un instrumento de análisis imprescindible que a modo 
de resumen plasma los resultados del modelo cuantitativo que representa al sistema 
actuarial en cuestión. 
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 Un mecanismo de ajuste del balance actuarial (ABM) es un conjunto de medidas 
predeterminadas establecidas por ley para aplicarse inmediatamente cuando se 
requiera de acuerdo con un indicador de solvencia con la finalidad de proveer al 
sistema de estabilidad financiera de forma automática. 
 La información individual sobre pensiones (IIP) puede definirse como todos aquellos 
datos necesarios que el partícipe/cotizante/pensionista debe recibir del sistema/Plan 
al que está actualmente afiliado, fundamentalmente sobre las cotizaciones realizadas, 
cuantía probable de la pensión a alcanzar, tasa de sustitución, opciones de jubilación, 
derechos devengados o consolidados, etc., para poder planificar adecuadamente el 
período pasivo y cubrir los riesgos asociados a la invalidez y fallecimiento 
principalmente. 
La implantación real de dichos instrumentos se puede encontrar en el sistema de 
pensiones de Suecia (Pensionsmyndigheten (2014)) actualmente un sistema NDC PAYG 
con AB, ABM y IIP. Un sistema NDC PAYG supone el gran reto de compaginar el 
equilibrio transversal del mismo y el equilibrio longitudinal, a nivel individual o de 
cohortes, reflejo de la equidad actuarial. 
El sistema de cuentas nocionales (NDC) posee una serie de características muy 
valoradas. Valdés-Prieto (2005) resalta que cuenta con un grado de inmunización frente al 
riesgo político elevado. De acuerdo con Marin (2006), es una forma superior de gestión y 
de diversificación del riesgo en comparación con el resto de paradigmas, ya que no crea 
falsas expectativas sobre las pensiones futuras a recibir y aleja a los cotizantes de la 
tentación de realizar un comportamiento oportunista. Para Diamond (2004), un sistema 
NDC bien estructurado, con unas reservas materializadas en activos financieros de cierto 
tamaño para estabilizar las fluctuaciones a corto plazo, tendrá una pequeña probabilidad 
de necesitar ajustes legislativos siempre que el crecimiento de la economía sea suficiente, y 
según Lindbeck & Persson (2003) el sistema NDC incrementará la estabilidad financiera 
del sistema de pensiones en el sentido de que los políticos no harán promesas a los 
electores para incrementar la cuantía de las prestaciones.  
Se puede afirmar siguiendo a Börsch-Supan (2005) que el sistema NDC proporciona 
un nivel muy alto de transparencia y credibilidad que no suele darse en los sistemas DB, 
ya que la naturalidad con la que aparecen en las cuentas nocionales los elementos básicos 
que determinan la cuantía de la prestación no lo hacen en las fórmulas mucho más 
complejas del cálculo de las prestaciones de los sistemas DB. Por su parte, Marin (2006) 
argumenta que los sistemas NDC fomentan la justicia actuarial y promueven el interés 
entre los cotizantes por el sistema de pensiones, ya que explicitan la redistribución 
perversa u oculta en las prestaciones a grupos privilegiados y revela los verdaderos 
beneficiados por la legislación. Asimismo, fuerza a los cotizantes a pensar sobre la 
relación que existe entre sus cotizaciones, opciones de jubilación a diversas edades y la 
cuantía de la prestación en forma de renta vitalicia que finalmente alcanzarán, lo que 
redunda en un mayor interés y conocimiento sobre el verdadero funcionamiento del 
sistema de pensiones.  
Por último, Whitehouse (2010) señala que los sistemas NDC son un ejemplo de 
buenas prácticas en la gestión de la seguridad social, ya que las prestaciones que 
proporciona este sistema son justas y se obtienen eficientemente. Sin embargo, algunos 
esquemas de prestación definida bien diseñados en algunos de los países de la OCDE 
tienen características casi idénticas. 
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La formulación regular de un balance actuarial oficial (AB) es una práctica estándar en 
la Seguridad Social de las Administraciones públicas (SSA) en países como los EE.UU. 
(BOT (2014)), Japón (AAD (2009)), Suecia (Pensionsmyndigheten (2014)), Canadá (OSFI 
(2010)  y (2012)), el Reino Unido (GAD (2010)) y Finlandia (Elo et al. (2010)). De 
acuerdo con Ménard et al. (2012) y Vidal-Meliá et al. (2010), el AB se está convirtiendo en 
un instrumento esencial para el funcionamiento eficiente de los sistemas de pensiones de 
reparto. De hecho, como instrumento para determinar la salud financiera de los sistemas 
públicos de pensiones, permite la construcción y análisis de índices de solvencia, 
indicadores de sostenibilidad, o incluso la elaboración de mecanismos de ajuste en casos 
de desequilibrio. Además posibilita detectar y enfrentarse a los distintos riesgos que 
afectan a un sistema de seguridad social: riesgo demográfico, riesgo económico, riesgo 
financiero, riesgo político, etc. 
En la obra clásica de Thullen (1995) se presenta el balance actuarial como un método 
de control actuarial (evaluación y revisión actuarial). El balance actuarial clásico se obtiene 
calculando valores actuales de futuras fuentes probables de cotización y aportaciones de 
fondos públicos menos valores actuales de derechos adquiridos y futuras prestaciones. En 
su concepción dinámica el balance actuarial se sustenta en el método de proyecciones, 
incluyendo generaciones futuras, acorde con el denominado modelo americano, cuyos 
principales exponentes son el programa OASDI en EE.UU (BOT (2014)) y el Actuarial 
Report on the Canada Pension Plan (OSFI (2012)). No obstante, el Balance de tipo 
americano enfrenta proyecciones de ingresos frente a proyecciones de gastos futuros pero 
no atiende estrictamente al equilibrio financiero-actuarial. 
Una forma distinta, “no convencional” (Settergren & Mikula (2005)), para evaluar la 
situación financiera de sistemas de pensiones PAYG, es presentarlos en forma de activos 
y pasivos (obligaciones del sistema con cotizantes y pensionistas), de forma que las 
cotizaciones y prestaciones del sistema casen con valor presente cero (Activos – Pasivos 
= 0). El balance actuarial sueco responde a esta idea presentando un balance de situación 
(SBS) en la que los principales asientos contables se desarrollan utilizando los principios 
de la contabilidad por partida doble y, de forma breve, se puede describir como una 
herramienta de información que muestra el equilibrio (o desequilibrio) actuarial en los 
sistemas de pensiones en un lenguaje comprensible en la forma de activos y pasivos, sin 
necesidad de utilizar proyecciones explícitas. Boado-Penas & Vidal-Meliá (2012) estudian 
en profundidad las principales diferencias y similitudes del modelo sueco frente al modelo 
americano, siendo una referencia esencial a dicho propósito. 
Como consecuencia de este planteamiento, en el modelo sueco las provisiones, 
pasivos o compromisos con los cotizantes y pensionistas se deben casar con un activo 
implícito al que se denomina activo por contribuciones (CA). El CA se basa en el 
“expected average turnover duration” (TD) del sistema, que en realidad es el periodo 
medio de maduración que se espera para cada unidad monetaria desde que entra como 
cotización en el sistema hasta que sale como prestación, de hecho CA = Contribuciones 
del periodo x TD. Lee (1994a) realizó el desarrollo formal del TD, describiéndolo en un 
contexto para organizar, resumir e interpretar datos sobre sistemas de transferencias y el 
ciclo de vida, aunque estudios pioneros que llegan a resultados similares son los de Arthur 
& McNicoll (1978) y Willis (1988), trabajos a los que se hará referencia con posterioridad. 
De acuerdo con Boado-Penas et al. (2008), la presencia del CA en el ABS es un 
contraargumento contra quienes desacreditan pura y parcialmente el sistema de 
financiación PAYG afirmando que siempre está en quiebra. Esta afirmación se basa en la 
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aceptación de pasivos del sistema, pero haciendo caso omiso de los activos implícitos en 
las cotizaciones. Billig & Ménard (2013) señalan que el CA reconoce que un sistema de 
reparto no tiene ninguna obligación legal de mantener los activos para garantizar 
plenamente su pasivo. Puesto que un sistema de este tipo se basa en las cotizaciones 
como elemento casi exclusivo para su financiación, esto implica que el flujo futuro de 
cotizaciones representa un activo para el sistema que hay que reconocer y valorar 
adecuadamente. En la literatura se pueden encontrar también medidas alternativas para el 
esquema de activos PAYG: el “quasi asset” de Jackson (2004), al proponer una reforma 
para el sistema de cuentas de la seguridad social en la que considera la valoración de los 
derechos futuros de los activos, y el activo oculto o “hidden asset” de Valdés-Prieto 
(2005), que depende del tipo de interés de mercado. Las sugerencias de estos autores son 
válidas para elaborar una hoja AB de un esquema DB PAYG, pero, como demuestran 
Vidal-Meliá & Boado-Penas (2013), el activo oculto ofrece un indicador de solvencia que 
no es siempre consistente con la salud financiera del sistema de reparto, ya que toma 
elementos del sistema de capitalización. 
El ABM persigue lo que se podría denominar como la “estabilidad financiera 
automática”, que Valdés-Prieto (2000) define “como la capacidad de un sistema de 
pensiones de adaptarse a las perturbaciones financieras sin intervención legislativa”, 
entendiendo que las causas de las perturbaciones tienen origen en shocks económicos y/o 
demográficos que repercuten en la solvencia o equilibrio financiero del sistema. Las 
propiedades más relevantes de los ABM son: 
 Automatización.- Las decisiones que se adopten para hacer frente a las posibles 
situaciones de insolvencia deben ser mecánicas, dada la facilidad de los políticos 
para incrementar las prestaciones y reducir las cotizaciones y la dificultad para llevar 
a cabo el proceso contrario. Los ABMs reducen el coste político de mantener el 
equilibrio financiero del sistema de pensiones dado que “it is easier to legislate future 
pain than current pain”. Para Diamond (2004), la dicotomía ajuste automático-nueva 
legislación “ad-hoc” en el área de las pensiones públicas, guarda grandes similitudes 
con el debate reglas macroeconómicas-discreción en el campo de la política 
monetaria.  
 Respuesta a corto plazo.- Según Valdés-Prieto (2000), no tendría sentido diseñar 
ABMs cuya respuesta fuera el largo plazo ya que habría una gran probabilidad de 
que los propios políticos por intereses electorales los desactivaran antes de entrar en 
funcionamiento. 
 Racionalidad.- Según Börsch-Supan (2007), los ABMs convierten el proceso de 
reforma de los sistemas de pensiones en más racional, en el sentido de que en 
primer lugar se establecen las reglas que una mayoría considera razonables en 
abstracto y después se aplican (las reglas) de manera automática a situaciones 
concretas que la misma mayoría difícilmente aceptaría.  
 Transparencia.- Para Turner (2008), los ABMs, son transparentes, ya que debe de 
quedar claro de antemano bajo qué circunstancias se realizará el ajuste o reforma, 
cómo se realizará y quiénes soportarán las consecuencias de la misma. 
 Gradualidad: de acuerdo con Andrews (2008), las medidas derivadas de la aplicación 
de los ABMs deben materializarse en cambios progresivos sin que ningún individuo 
o generación soporten una carga excesivamente grande en un corto período 
temporal. 
Capítulo I 
10 
La existencia de un ABM va ligado ineludiblemente al cálculo previo de un indicador  
de la solvencia financiera (balance actuarial, proyección actuarial de los gastos e ingresos 
del sistema) o de sostenibilidad (tasa de dependencia, indicadores demográficos) del 
sistema de pensiones. Es lógico que el ajuste automático se active ante determinados 
valores de los indicadores, si bien esto no es siempre así. 
De cualquier manera, Bosworth & Weaver (2011) y Weaver (2011) revisan las 
experiencias de los ABMs en tres países - Canadá, Suecia y Alemania - y el resultado 
indica claramente que la efectividad de los mecanismos no debe darse por garantizada. 
Llegan a la conclusión de que las intervenciones “ad hoc” de los políticos para mitigar los 
posibles recortes en los prestaciones pueden ser un problema, especialmente cuando la 
activación de los ABMs impondría ajustes sustanciales (en particular durante los períodos 
de crisis financieras) y / o cuando las elecciones son inminentes. En Suecia, por ejemplo, 
la activación del ABM provoco bajadas de las pensiones en 2010 y 2011, pero fue 
revisado para hacer un ajuste más lento, y los efectos sobre las prestaciones fueron 
parcialmente compensadas por los cambios en la tributación de las pensiones. Por último, 
también señalan que los ABM no son ninguna panacea especialmente si el sistema de 
pensiones sufre de graves desequilibrios actuariales. Esta última afirmación, Vidal-Meliá 
(2014a), podría ser directamente aplicable al caso español. 
Fundamentalmente, siguiendo a Larsson et al. (2008), Sunden (2009) y Regulez-
Castillo & Vidal-Meliá (2012), la información individual sobre pensiones tendría tres 
niveles: 
I. Información contable.- Es la información más básica, sobre los elementos 
fundamentales que afectan a los derechos adquiridos (jubilación, invalidez, 
supervivencia), es decir, cotizaciones, cuantía de las cotizaciones, tiempo de 
cotización, bases de cotización, etc… Este tipo de información ayuda a 
concienciar a los cotizantes que la cuantía de sus pensiones futuras depende en 
gran medida del esfuerzo contributivo realizado, a trasladar la idea de que las 
pensiones de jubilación tienen el carácter de ahorro y a pensar si su cobertura de 
ciertos riesgos es la adecuada.  
II. Información sobre las consecuencias de las diversas decisiones que el cotizante 
podría adoptar.- Es la información que se le proporciona al cotizante para 
cuantificar cómo diversas acciones que ellos pueden tomar (cotizar más, jubilarse 
anticipadamente, etc.) o eventos futuros que pueden ocurrir (aumento de la 
longevidad, caída del ritmo de crecimiento económico previsto, rendimientos 
financieros menores de los previstos), afectarían a la cuantía prevista de sus 
prestaciones.  
III. Información sobre el riesgo asociado a las estimaciones o proyecciones.- La 
información sobre cómo se realizan las proyecciones sobre las prestaciones 
previstas debe ser entendible para el afiliado, y esto no es tarea fácil. Si en la 
proyección se le proporciona un único resultado de la cuantía, puede llegar a 
darse una apariencia de certeza cuando en la realidad el resultado final es 
altamente incierto, especialmente si el cotizante tiene una edad lejana a la prevista 
de jubilación. Por otro lado, sería conveniente proporcionar información de que 
el resultado anterior pudiera estar afectado por los desequilibrios financieros del 
sistema global, información mostrada por el balance actuarial; y es este aspecto, 
según Boado-Penas & Vidal-Meliá (2012), el principal nexo de unión entre 
información global (balances actuariales del sistema) e individual. La conexión 
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entre ambos tipos de información es evidente, si los indicadores de solvencia o 
sostenibilidad derivados de la información global muestran una posición 
financiera dudosa, los cotizantes reciben señales de que su esfuerzo contributivo 
se tendrá que elevar en tiempo o cuantía y/o las prestaciones disminuir para 
mantener la sostenibilidad del sistema. 
En resumen, los instrumentos anteriores permiten afrontar de manera rigorosa y 
efectiva uno de los principales problemas a los que se enfrenta el sistema de reparto 
tradicional de prestación definida (DB PAYG), esto es, el riesgo político al que está 
sometido, que redunda en muchas ocasiones en una manifiesta mejora de su equidad, 
transparencia, solvencia y comunicación con los interesados.  
El riesgo político debe entenderse fundamentalmente referido a las decisiones 
tomadas por los políticos, ligadas a su tradicional horizonte de planificación 
(frecuentemente cuatro años máximo) que, obviamente, es mucho menor que el del 
sistema de pensiones de reparto. Según Valdés-Prieto (2006a) los sistemas de reparto de 
prestación definida suelen requerir de ajustes periódicos debido a la incertidumbre 
demográfica y económica que les afecta. Confiar en medidas arbitrarias discrecionales 
para resolver los problemas genera riesgo político tanto para los cotizantes como para los 
pensionistas. 
Según Cremer & Pestieau (2000) los factores políticos desempeñan un papel mucho 
más importante en los problemas que sufren los sistemas de reparto que los factores 
económicos y demográficos ya que el proceso de reforma del sistema de pensiones suele 
estar muy politizado. Los expertos pueden fácilmente encauzar los problemas financieros 
o de solvencia provocados por las fluctuaciones en las tasa de fertilidad,  el 
envejecimiento de la población, el incremento de la longevidad o la caída de la 
productividad, pero los sistemas de seguridad social se establecen y se reforman mediante 
procesos políticos y el resultado de estos procesos no suele ser óptimo.  
La manifestación más negativa del riesgo político es el denominado por Valdés-Prieto 
(2006b), “populismo en pensiones”; que se puede definir como la competencia entre 
políticos  que consiste en ofrecer subsidios, subvenciones, prestaciones al electorado, sin 
que éste aprecie que los mismos electores los pagarán a través de mayores impuestos, 
mayores cotizaciones, mayor inflación o menor crecimiento económico. 
Aunque no es objeto de estudio de esta tesis, vale la pena hacer alguna referencia al 
caso español. Barea (2007) señala expresamente como uno de los graves problemas del 
sistema español “la tentación (confirmada) de los políticos de utilizar el sistema como instrumento de 
captación de votos”, y no es de extrañar en absoluto dado que en el sistema de seguridad 
social español, DB PAYG (sistema de reparto de prestación definida), es de destacar la 
inexistencia tanto de un balance oficial de las características reseñadas como del resto de 
instrumentos. Sin embargo, desde hace tiempo se vienen realizando estudios de corte 
académico que, aunque con distintas metodologías, destacan la problemática de la 
solvencia, insostenibilidad, inviabilidad del sistema, … aportando medidas para corregir 
dichos problemas (Balmaceda et al. (2006), Barea (2007), Conde-Ruiz & Alonso (2006), 
Devesa-Carpio & Devesa-Carpio (2010), o Vidal-Meliá (2014a) entre otros).  
Es necesario resaltar que en las últimas medidas adoptadas por la administración para 
la reforma de la Seguridad Social, Ley 27/2011, se establece la regulación y obtención del 
factor de sostenibilidad, medida de corte paramétrico en relación con la longevidad que 
actúa sobre el cálculo de la cuantía inicial de las pensiones. Posteriormente, en junio de 
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2013, el informe del Comité de Expertos, CESFPPS (2013), nombrado por el gobierno en 
base al RD-Ley 5/2013 propuso el método de cálculo con referencia a dos factores: 
Factor de Equidad Intergeneracional (FEI) y Factor de Revalorización Anual (FRA), que 
supone desvincular en la práctica la revalorización del IPC y al que el gobierno estableció 
una cota inferior y una cota superior a finales del año 2013. En definitiva, se ha 
introducido una especie de pseudo-mecanismo de ajuste automático pero que incumple 
(Vidal-Meliá (2014a) y Vidal-Meliá (2014b)) la mayor parte de las propiedades más 
relevantes que debe satisfacer este tipo de instrumentos para ser efectivos. 
El análisis, más o menos crítico, de la reforma también ha dado lugar a una intensa 
bibliografía: Díaz-Giménez & Díaz-Saavedra (2011), Devesa-Carpio et al. (2012), Meneu-
Gaya & Encinas-Goenechea (2012), Conde Ruiz & González (2012), Ayuso et al. (2013), 
De la Fuente & Domenech (2013), Sánchez (2014), o Rosado (2014) entre otros. Estos 
trabajos, con contadas excepciones, se centran fundamentalmente en el sistema de 
pensiones de jubilación, sin duda el de mayor peso pero que deja fuera del análisis una 
parte significativa del sistema general de pensiones, fundamentalmente las pensiones de 
viudedad e incapacidad permanente. 
Si se consideran propuestas de reforma estructural, es necesario destacar que Devesa-
Carpio & Vidal-Meliá (2004), Vidal-Meliá & Domínguez-Fabián (2006) y Boado-Penas et 
al. (2007) analizan las repercusiones que tendría la implantación del modelo NDC en el 
sistema de pensiones español. Por su parte, en Boado-Penas et al. (2008), Vidal-Meliá et 
al. (2009), Vidal-Meliá et al. (2010), Regúlez-Castillo y Vidal-Meliá (2012) y Vidal-Meliá & 
Boado-Penas (2013) se encuentran estudios más generales sobre NDC, AB, ABM e IIP 
como instrumentos para mejorar la equidad, transparencia, solvencia y comunicación con 
los afiliados de un sistema PAYG, e incluso se desarrollan expresiones válidas para la 
aplicación del AB tipo Suecia en sistemas de seguridad social DB PAYG. 
Cabe añadir que en trabajos recientes Boado-Penas & Vidal-Meliá (2014) y Vidal-
Meliá et al. (2015) analizan la importancia de considerar para el equilibrio de sistemas 
PAYG con NDC el denominado dividendo por supervivencia o “inheritance gains”, 
denominación que recibe el mismo en el sistema de Suecia (Pensionsmyndigheten (2014)). 
Por último, cabe mencionar que a nivel internacional existen trabajos que realizan un 
análisis comparativo entre sistemas. Uno de los trabajos más relevantes es el estudio sobre 
las implicaciones para el bienestar y la equidad generacional que mediante simulación 
estocástica realizaron Auerbach y Lee (2011) en el que comparan varios esquemas de 
pensiones PAYG actuales e hipotéticos basados en el sistema NDC sueco, el sistema 
reformado alemán (sistema de puntos) y el sistema de Estados Unidos. 
I.3.- Integración de la contingencia de invalidez permanente en el 
balance actuarial de prestación definida y la dependencia y la 
invalidez en el modelo de cuentas nocionales. 
Gran parte de estudios sobre la solvencia o sostenibilidad temporal de los sistemas 
públicos de pensiones se centran en la contingencia de jubilación. Éste es el caso de la 
mayor parte de los trabajos citados, tanto tengan como tema central el balance actuarial 
modelo Suecia o, en general, el sistema de cuentas nocionales, NDC, no siendo así en el 
modelo americano de balance actuarial que por su propia metodología sí suele considerar 
junto a la jubilación otras contingencias, fundamentalmente invalidez y las prestaciones a 
los supervivientes. 
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En España a 31-12-2014, el gasto contabilizado de pensiones contributivas de 
jubilación supuso el 69.48% del gasto total en pensiones, cuando las pensiones de 
incapacidad permanente contabilizadas 2  fueron 10.49%, conjuntamente totalizan el 
79.97% del gasto con base contributiva. De acuerdo con la información proporcionada 
por BOT (2014), a 31-12-2013 el gasto en pensiones de jubilación en Estados Unidos 
asciende al 65.11% del total, con pensiones de incapacidad permanente (disability 
pensions) que suponen el 16.06%, conjuntamente totalizan el 81.77%. 
Partiendo de trabajos previos que tratan dichas temáticas, AB y NDC, una de las 
aportaciones fundamentales de esta tesis consiste en analizar y mostrar que es posible en 
dichos modelos la plena integración junto a la jubilación de contingencias clásicas, caso de 
la invalidez permanente (disability) y de contingencias más modernas, caso de la 
dependencia (LTC) en sistemas públicos de pensiones con base contributiva, tanto sea en 
sistemas DB como en sistemas NDC. Los modelos deben considerarse más como 
generalizaciones para la cobertura de más de una contingencia que como extensiones. 
La consideración concreta de qué se entiende por invalidez o incapacidad permanente 
depende del sistema de seguridad social de cada Estado en particular. Por hacer una breve 
referencia al caso español, en el Art. 136 de la Ley General de la Seguridad Social (Texto 
actualizado del RD-Legislativo 1/1994, de 20 de junio), se entiende por incapacidad 
permanente la situación del trabajador que, después de haber estado sometido al 
tratamiento prescrito, presenta reducciones anatómicas o funcionales graves, susceptibles 
de determinación objetiva y previsiblemente definitivas, que disminuyan o anulen su 
capacidad laboral. Existen cuatro grados de incapacidad permanente que están en 
función de las reducciones anatómicas o funcionales sufridas por los trabajadores, 
siempre que disminuyan o anulen su capacidad laboral: 
 Incapacidad permanente parcial para la profesión habitual. 
 Incapacidad permanente total para la profesión habitual. 
 Incapacidad permanente absoluta para todo trabajo. 
 Gran invalidez. 
La prestación económica que bajo determinados requisitos da lugar la incapacidad 
permanente, en su modalidad contributiva, trata de cubrir la pérdida de rentas salariales o 
profesionales que sufre una persona, cuando estando afectada por un proceso patológico 
o traumático derivado de una enfermedad o accidente, ve reducida o anulada su capacidad 
laboral de forma presumiblemente definitiva. 
La Asociación Internacional de la Seguridad Social reconoce en su web 
(http://www.issa.int/es/topics/disability/introduction, 12/01/2015) que “Durante las 
últimas dos décadas, los pagos en concepto de prestaciones de invalidez aumentaron significativamente en 
la mayoría de los países industrializados, a pesar de que su tasa de crecimiento ha ido disminuyendo. Esto 
se produjo pese a los crecientes esfuerzos por prevenir las discapacidades y a una mejora manifiesta y a 
largo plazo de las condiciones físicas de trabajo, como por ejemplo la disminución del trabajo manual”. 
                                                          
2 En España como en muchos otros países las pensiones de invalidez permanente se reclasifican, lo que, 
además de otros muchos aspectos negativos, enmascara la imagen fiel de los sistemas de pensiones y su 
verdadera importancia. La magnitud del problema no es despreciable, de acuerdo con Pérez-Salamero 
(2014), a partir de los datos sobre la Muestra Continua de Vida Laboral (2010), la reclasificación alcanzaría a 
alrededor del 18% del número de pensiones de jubilación. En el capítulo 2 se tratará este tema en 
profundidad. 
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Si se atiende al caso de invalidez permanente, su cobertura tiene varias facetas, por lo 
que su análisis es claramente un tema multidisciplinar. En muchos países desarrollados y 
de una manera similar a sistemas DB PAYG, el seguro de invalidez permanente 
“disability insurance” (DI) presenta problemas complejos que necesitan ser abordados. 
Tiene problemas de financiación (severos), sus costes son significativamente superiores a 
los del desempleo, y sólo una parte del incremento en los costes de invalidez se explica 
por factores médicos, el resto viene explicado por determinantes no médicos. Para Autor 
& Duggan (2006) las prestaciones demasiado generosas y el deseo de enmascarar o 
encubrir situaciones reales de desempleo son los principales determinantes. Se crean 
fuertes incentivos para una jubilación precoz en algunos países, Jiménez-Martin et al. 
(2007) y Benítez-Silva et al. (2010), ofreciendo niveles de prestaciones después de 
impuestos más atractivos que los programas de jubilación anticipada. También constituye 
un obstáculo para el crecimiento económico y reduce la oferta efectiva de trabajo debido 
a distorsiones inducidas por malos procesos de selección que permiten a los solicitantes 
exagerar la incidencia y severidad de sus problemas de salud, oculta la redistribución de 
beneficios a ciertos grupos privilegiados de trabajadores y/o puede estar sujeto al riesgo 
significativo de ser usado políticamente como mecanismo de compra de votos, que 
pueden agravar aún más los problemas financieros del sistema. Finalmente, como Marin 
(2006) señala, las pensiones de invalidez parece que se han convertido en lo que puede 
considerarse el “cubo de la basura” del sistema de seguridad social. 
Siguiendo el estudio de Alegre (1990), la valoración actuarial, obtención del valor 
actual actuarial, de cualquier contingencia adicional a la de fallecimiento requiere de un 
modelo probabilístico, lo que supone disponer de información suficiente sobre las 
distribuciones de: 
 Mortalidad del colectivo general. 
 Mortalidad del colectivo de inválidos. 
 Invalidación (tasas de invalidez). 
Por tanto, hacen falta bases técnicas sólidas que proporciones distribuciones 
actuariales adecuadas a los colectivos de acuerdo con el esquema de relaciones: 
Activos: 𝑁(𝑥, 𝑡) → 𝑝𝑥, 𝑞𝑥 (probabilidades de supervivencia y fallecimiento) 
Inválidos: 𝐼(𝑥, 𝑡) → 𝑖𝑥, 𝑝𝑥
𝑖  (probabilidad de invalidarse y probabilidad de 
supervivencia) 
El modelo más básico se sustenta en 3 hipótesis: no considera la posibilidad de 
retorno a la actividad (modelo práctico, que es más apropiado para tratar la invalidez 
permanente); considera que para cualquier edad, bajo la contingencia de invalidez, todo 
superviviente es activo o inválido; considera que la contingencia de invalidación puede 
darse en un activo de cualquier edad. 
Frente al mismo se pueden presentar modelos alternativos que consideran que la 
invalidación sólo puede producirse en un activo hasta una edad máxima determinada (por 
ejemplo, la edad de jubilación, 𝑥𝑒 + 𝐴) y que la clasificación entre activos e inválidos se 
realiza sólo hasta dicha edad máxima, de modo que todos los supervivientes a partir la 
misma pertenecen al colectivo general, en este caso los jubilados. Igualmente, también 
caben modelos en los que las probabilidades dependan del año, además de la edad del 
individuo, supuesto altamente realista actualmente en relación con el riesgo de 
longevidad. 
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La idea de considerar un seguro de dependencia, Long Term Care (LTC), surge de 
modo natural con el pensamiento actuarial, especialmente después de tratar con 
pensiones de invalidez permanente. Ésta no es una propuesta descabellada ya que, como 
Rothgang (2010) informa, la cobertura LTC como contingencia contributiva ha sido 
proporcionada en el sistema de pensiones contributivas de Alemania desde mitad de los 
años 90. Otros países de la OECD con compromisos públicos LTC son: Japón, Corea, 
Holanda y Luxemburgo. Barr (2010) también aporta razones fundamentadas para 
extender la seguridad social proporcionando cobertura obligatoria para LTC. El contexto 
NDC podría ser útil para dicho propósito como se verá en el capítulo 4. 
La dependencia o LTC supone (Calmus (2013)) la necesidad de asistencia de terceras 
personas para realizar las actividades de la vida diaria: bañarse, moverse, ir al baño y 
vestirse,  cocinar, limpiar, conducir y el manejo de las finanzas. La asistencia LTC se 
realiza a menudo por familiares, amigos y cuidadores o enfermeros no profesionales. 
La demanda de servicios de dependencia está altamente correlacionada con la edad, 
aunque las personas de edad avanzada no son el único grupo que requiere estos servicios. 
Menos del 1% de los menores de 65 años utiliza LTC, mientras que a partir de esa edad la 
probabilidad de requerir los servicios aumenta rápidamente. Según Campbell et al. (2009) 
y Colombo et al. (2011), se prevé que los costes asociados a la dependencia o cuidados de 
larga duración crezcan notablemente debido al menos a cuatro motivos: (1) el número de 
personas mayores está aumentando en muchos países, (2) los apoyos familiares 
tradicionales se están reduciendo debido a un menor número de hijos, más mujeres que 
trabajan y al cambio de los modelos sociales que reducen la disponibilidad de cuidadores 
informales y dan lugar a un aumento en la necesidad de cuidadores profesionales, (3) los 
individuos demandan cada vez más una asistencia de mayor calidad (más costosa) y (4) los 
cambios tecnológicos aumentan la posibilidades de ofrecer más servicios en los hogares 
de los demandantes pero requerirán cambios organizativos que encarezcan la provisión de 
los mismos. En resumen, como se verá en el capítulo 4 (Mot et al. (2012) y Bonneux et al. 
(2012)), es difícil de ocultar la verdadera importancia de este tema. El futuro de los 
cuidados de larga duración implicará una mayor demanda y un mayor gasto en servicios 
que, conforme a los principios actuariales, requiere/requerirá de un buen modelo de 
financiación. 
Según el libro blanco de la dependencia, IMSERSO (2005), el Consejo de Europa 
define la dependencia como “… aquel estado en que se encuentran las personas que, 
por razones ligadas a la falta o a la pérdida de autonomía física, psíquica o intelectual, 
tienen necesidad de asistencia y/o ayudas importantes a fin de realizar los actos 
corrientes de la vida diaria y, de modo particular, los referentes al cuidado personal.” 
Colombo et al. (2011) señalan que los servicios LTC pueden generalmente ser 
proporcionados en especie (con la persona a quien se ha de cuidar exclusivamente en la 
posición de receptor de cuidados), o como un subsidio pagado al cuidador familiar, o 
como una prestación en efectivo permitiendo que el receptor de cuidados pueda contratar 
los servicios requeridos como mejor le parezca. 
La modalidad de dinero por atención (cash-for-care) incluye transferencias 
monetarias para recibir cuidados, bien para pagar a la familia o al cuidador familiar, o para 
comprar u obtener servicios de cuidados. Aunque menos frecuente, también puede incluir 
pagos directos a los cuidadores. Estos programas de cuidados por atención (Da Roit & Le 
Bihan (2008), Da Roit & Le Bihan (2010) y Damiani et al. (2011)) tienen como objetivos 
fundamentales que las familias puedan elegir los servicios que mejor se adapten a sus 
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necesidades, desarrollar mercados de cuidados y contener costes. Existen tres tipos 
principales de programas: (1) presupuestos personales y empleo de asistentes para 
cuidados dirigidos al consumidor, (2) pagos a las personas que necesitan los cuidados, que 
pueden gastar lo que quieran pero deben adquirir suficientes cuidados, y (3) pagos a 
cuidadores informales como una ayuda a los ingresos. 
I.4.-Metodología: modelos de múltiples estados y modelos de 
generaciones solapadas 
La metodología de trabajo que se sigue en esta tesis doctoral parte de un tipo 
simplificado de modelo de probabilidades de múltiples estados que se conoce como 
“multiple state transition model”, Haberman & Pitacco (1999), que no es más que un 
modelo que describe movimientos aleatorios de un sujeto entre varios estados. En esta 
tesis el sujeto es siempre una persona (activa, retirada, dependiente, fallecida...). Al mismo 
tiempo se trabaja de forma combinada con modelos de generaciones solapadas, 
(overlapping generations models), una forma más plausible y realista de introducir 
aspectos del ciclo de vida en modelos generales o agregados que la suposición de un 
mundo de individuos que viven de forma sincronizada y con existencia finita. Este tipo de 
modelos ha resultado de gran importancia para analizar muchas cuestiones: modelos de 
pensiones y ahorro de jubilación, modelos de vivienda, modelos con educación, modelo 
con deuda pública… Por decirlo de forma breve, en esta tesis se combinan ambos tipos 
de modelos en lo que se ha denominado un modelo actuarial o de múltiples estados de 
generaciones solapadas (actuarial or multistate OLG model (MOLG)). 
También de forma breve, hay que resaltar que la metodología utilizada en la tesis 
aporta un enfoque actuarial al modelo contable para organizar, resumir e interpretar datos 
sobre sistemas de transferencias y el ciclo de vida en la vía desarrollada en trabajos de Lee 
(1994a), Willis (1988) y Arthur & McNicoll (1978), que en cierta medida inspira los 
modelos posteriores desarrollados por Settergren & Mikula (2005), Boado-Penas et al. 
(2008) y Vidal-Meliá & Boado-Penas (2013). 
En conexión directa con el párrafo anterior, también es importante resaltar la relación 
natural con el método “Generational Accounting” (GA), utilizado por los economistas 
para investigar los efectos distributivos intergeneracionales de la política fiscal mediante la 
consideración de restricciones presupuestarias intertemporales (Auerbach et al. (1991) y 
Auerbach et al. (1999)). La aplicación posterior de la GA en el análisis general de 
transferencias intergeneracionales ha dado lugar a la “Stochastic” o “Value based” GA 
(Ponds (2003)), método utilizado para evaluar el impacto redistributivo intergeneracional 
de la reforma de los planes de pensiones empresariales y controlar que las generaciones 
implicadas tengan un trato equilibrado. Al respecto, es un buen ejemplo su aplicación para 
el caso de Holanda por Draper et al. (2014). 
I.4.1.-Modelos de múltiples estados (Multiple state transition models) 
Desde la perspectiva actuarial la metodología presentada en Haberman & Pitacco 
(1999), síntesis de una literatura especializada que se remonta a Bernoulli (1766) y entre la 
que se incluyen trabajos de los propios autores con otros investigadores (Haberman 
(1987), Pitacco (1995a), (1995b) y (1999), Renshaw & Haberman (1995), etc.), resulta 
fundamental para los objetivos de la tesis doctoral. La combinación de los modelos de 
múltiples estados asociados a modelos de decrementos múltiples configura un potente 
instrumento de modelización (“general, unificado y riguroso” en términos de los autores) 
con aplicación en muchas áreas de la ciencia actuarial más allá de los seguros de vida, 
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cómo es el caso de los seguros de invalidez permanente (disability), seguro de enfermedad 
(sickness), enfermedad crónica (critical illness), salud (permanent health) y de cuidados a 
largo plazo (LTC). 
En la introducción de su obra Haberman & Pitacco (1999) repasan la historia de los 
modelos de estado múltiples, básicamente modelos de procesos estocásticos Markov y 
semi-Markov, y la contribución actuarial al seguro de invalidez, mientras que en los 
capítulos 1 y 2 presentan respectivamente la aproximación en tiempo continuo y en 
tiempo discreto a los modelos de estados múltiples, aproximación en la que se basa 
parcialmente la metodología aplicada en esta tesis doctoral. 
A modo de síntesis, un modelo multiestado se representa por el par (𝑆, 𝑇) donde el 
conjunto 𝑆 denota al espacio de estado, en nuestro caso discreto, 𝑆 = {1,2,⋯ ,𝑁}, y 𝑇 al 
conjunto de transiciones directas entre estados. Mientras que en un modelo Markov las 
probabilidades de transición (llamadas en nuestro contexto intensidades) en un instante 
del tiempo 𝑡 dependen sólo de cuál sea el estado actual en dicho instante, en un modelo 
semi-Markov dependen también, o todas o algunas de ellas, del intervalo de tiempo total 
que transcurre permaneciendo en algunos estados. En términos más técnicos, el modelo 
de Markov se representa por el proceso {𝑆(𝑡): 𝑡 ≥ 0} que considera al espacio de estado 
𝑆, mientras que un modelo semi-Markov se basa en los procesos {𝑆(𝑡), 𝑅(𝑡): 𝑡 ≥ 0}  en 
el que se considera un espacio de estado ampliado 𝑆 × [0,+∞). 
Los modelos Markov, cuya matemática aparece descrita con precisión en Seal (1977), 
tienen antecedentes bien documentados. Así, Lambert (1772), conecta las ideas teóricas 
del trabajo citado de Bernoulli con las tablas actuariales de decrementos múltiples 
aportando fundamentos prácticos mediante un procedimiento para tratar datos mediante 
tablas de doble decremento. Hamza (1900), ya en el contexto del seguro de invalidez, 
aporta la primera aproximación sistemática tanto en tiempo continuo como discreto, 
mientras que Du Pasquier (1912, 1913) realiza la primera presentación y resolución de las 
ecuaciones diferenciales subyacentes para las probabilidades de transición en relación con 
procesos de invalidez y enfermedad, e incluso plantea el problema con 3 posibles estados 
de enfermedad crónica (“illnes”) con posibilidad de reversión. A estas notorias 
aportaciones les seguirán durante todo el siglo XX y hasta el presente una serie de 
trabajos que sirven como base para los desarrollos de esta tesis. 
Respecto de los modelos semi-Markov, se cita a Jansen (1966) como la primera 
aplicación de los mismos al problema del cálculo de prestaciones (beneficios) por 
invalidez, aunque la sistematización a problemas actuariales y demográficos se le debe 
atribuir a Hoem (1972). Aunque prometedores de cara a un mayor realismo, estos 
modelos también suponen mayor sofisticación y complejidades tanto técnicas como 
analíticas, como puede observarse en trabajos más recientes (Aro et al. (2015), D’Amico 
et al. (2013) y Zadeh et al. (2014)).  
I.4.2.-Modelos de generaciones solapadas (Overlapping generations models) 
Sin duda, los modelos de múltiples estados proporcionan una herramienta flexible 
para expresar la estructura actuarial, pero en el caso del análisis y valoración actuarial de 
contribuciones y prestaciones en sistemas públicos de seguridad social deben combinarse 
a su vez con modelos de generaciones solapadas, metodología proveniente del análisis 
económico y que con posterioridad ha sido empleada con adaptaciones también en el 
análisis demográfico. 
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Una generación o cohorte, considerándolo como término sinónimo, es un conjunto 
de individuos, 𝑁(𝑥, 𝑡), localizados en un lugar determinado con una edad determinada, 
𝑥  [edad de entrada al sistema: 𝑥𝑒  0, infinito actuarial:  ) , y en un instante o periodo 
del tiempo determinado, 𝑡 ≥ 0. Esto es, todos los individuos de la misma generación 
“nacieron” para el sistema en el instante o periodo 𝑡 − 𝑥. Si se agrega para todos los 
valores de la variable 𝑥 en un valor fijo de 𝑡 se obtiene toda la población significativa 
como suma de los individuos que sobreviven en 𝑡 de todas las generaciones que coexisten 
en ese momento. Este esquema es plenamente compatible con modelos de múltiples 
estados y con GA para tratar sistemas de transferencias o de reasignación de recursos.  
La referencia inicial clásica de los modelos de generaciones solapadas es Samuelson 
(1958). El punto de partida de su trabajo es un modelo base de ciclo de vida de dos 
periodos, en realidad dos grupos de edad, con dotaciones de bienes perecederos y sin 
acumulación de capital (no hay capital productivo), cuya implicación principal (Diamond 
(1965)) es que el primer teorema de la economía del bienestar no necesariamente se 
cumple: un mercado competitivo no siempre lleva a una asignación de recursos Pareto-
óptima. La seguridad social actúa como mecanismo social corrector de un mercado 
incompleto, no se pueden suscribir contratos con los no nacidos, cuyo resultado no es 
eficiente y las transferencias intergeneracionales de jóvenes a viejos pueden dejar en mejor 
situación a todos. Posteriormente se introduce el dinero en el modelo básico dando lugar 
a una visión especulativa del mismo (“bubbly view”). 
Es de destacar que en un trabajo posterior el propio Samuelson (1975) introduce la 
seguridad social en un modelo de estado estacionario, caracterizándola mediante dos 
parámetros referentes a niveles de prestación y propiedad de capital real. En un sistema 
de seguridad social de ciclo de vida con crecimiento exponencial, para lograr un estado 
estacionario compatible con un estado “golden-rule” hay que forzar que 𝑟 = 𝑔 (tasa de 
interés = tasa de crecimiento de la población) y este estado estacionario “golden-rule” 
puede ser soportado por infinitos programas diferentes de seguridad social (“trade off” 
entre capital social e impuestos-contribuciones corrientes). Así pues, el principal resultado 
es una combinación infinita de puntos de los parámetros que fundamentan un programa 
óptimo de seguridad social que convierta el equilibrio competitivo en el equilibrio 
“golden-rule” que maximiza el bienestar de por vida de cada generación sucesiva. Por 
tanto, como consecuencia, resulta realmente indiferente en estado estacionario que a lo 
largo de la vida se ahorre en base a la capacidad puramente privada o vía un sistema de 
seguridad social democrático. 
Pese a su utilidad en obtener resultados bajo supuestos más realistas, caso del modelo 
de deuda pública de Diamond (1965), y los análisis clásicos de estática comparativa (Gale 
(1972)), de existencia, unicidad y estabilidad del equilibrio en un contexto de intercambio 
puro (Gale (1973), Balasko et al. (1980), Balasko & Shell (1980) y Kehoe & Levine (1985)) 
o de dinámica transicional tanto en intercambio puro como de economía productiva 
(Gale (1972) y Gale (1973)), los modelos económicos de generaciones solapadas con sólo 
dos grupos de edad presentan inconvenientes: no son capaces de representar los rasgos 
más básicos del ciclo de vida humano en el que al principio y al final de la vida se es 
dependiente pero en la fase central se es productivo, produciendo por encima de lo que se 
consume. Además, en los modelos económicos clásicos de generaciones solapadas el 
fallecimiento sólo se considera en el final del último grupo de edad, por lo que no son 
adecuados para modelos que estudien cambios en el patrón de mortalidad, problemática 
que se comentará más adelante. 
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Aunque la generalización de modelos de generaciones solapadas a N grupos de edad 
es anterior, como en Gale (1973), el éxito de dichos modelos se produjo con su inclusión, 
desde perspectivas diversas, en textos tanto de macroeconomía: Sargent (1987), 
McCandless & Wallace (1991), Azariadis (1993) y Farmer (1993), como de finanzas 
públicas, Auerbach & Kotlikoff (1987) e Ihori (1996). En dichos textos se presenta un 
análisis teórico en el que el modelo de crecimiento de generaciones solapadas ofrece un 
contexto estándar para analizar fenómenos económicos dinámicos, permitiendo el estudio 
de transferencias intergeneracionales. Los fundamentos teóricos construidos resultan 
suficientemente rigurosos para tratar desarrollos en el campo de la seguridad social con 
amplitud y rigor, habiéndose realizado un esfuerzo para equilibrar adecuadamente teoría y 
aplicación práctica. 
Con referencia al tema central objeto de esta tesis, algunas de las principales 
aportaciones que cabe resaltar de los trabajos anteriormente citados son: 
 En un sistema de seguridad social PAYG (sistema sin fondo) las cotizaciones de las 
generaciones jóvenes obtienen un rendimiento, 𝐺 , compuesto por la tasa de 
crecimiento de la población (tasa biológica de interés) y la tasa de crecimiento de los 
salarios. En un sistema de capitalización (sistema con fondo) obtienen la tasa de 
interés de mercado, 𝑟, y así la productividad marginal del capital pasa a ser relevante. 
 En un modelo simple estándar de 2 periodos e infinitas generaciones, un sistema de 
fondo completo (capitalización) no afecta al patrón de consumo de una generación y 
no redistribuye ingreso entre generaciones. Un sistema PAYG incrementa el consumo 
de la economía como un todo pero crea desigualdad en renta entre generaciones 
soportando la carga neta las generaciones posteriores al “baby boom”, y el incremento 
en el consumo es a costa de reducir el ahorro acumulado (Esquema Ponzi similar a la 
deuda pública financiada de forma encadenada, por lo que 𝐺 > 𝑟 es infactible en el 
largo plazo). 
 Se estudian los efectos de incidencia intergeneracionales de la seguridad social en una 
economía envejecida y se consideran las implicaciones para el bienestar de cambiar el 
sistema de seguridad social de un esquema PAYG a uno de capitalización. Bajo ciertas 
condiciones, la abolición gradual del sistema PAYG usando contribuciones a tanto 
alzado en la fase de transición pueden conducir a una mejora de Pareto 
intergeneracional. 
 En modelos multiperiodo un incremento en la tasa de cotización en sistemas PAYG 
eleva la tasa de interés a largo plazo y reduce la acumulación de capital a largo plazo si 
dicha tasa de interés es mayor que el crecimiento de la población, lo que además 
reduce el bienestar en el largo plazo. 
 El sistema PAYG no es Pareto eficiente a corto plazo ya que distorsiona la elección 
trabajo-ocio, pero una abolición gradual usando transferencias “lump-sum” (a tanto 
alzado) en la fase de transición puede llevar a una mejora paretiana. 
Sin embargo, muchos de los modelos presentados en dichos textos son deterministas 
ignorando completamente las características de distribución de riesgos proporcionadas 
por la seguridad social. Cuando se considera la incertidumbre, el equilibrio de mercado en 
modelos OLG no es nunca óptima (Subóptimo de Pareto) ya que los no nacidos no 
pueden tomar parte antes de su nacimiento en acuerdos de distribución de riesgo con 
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otras generaciones. Respecto de la distribución de riesgos la seguridad social puede 
corregir fallos de mercado (mercados ineficientes) desde una perspectiva 
intrageneracional, o sustituir mercados inexistentes (mercados incompletos) desde la 
perspectiva intergeneracional, logrando que todos se sitúen mejor. 
De capital importancia es la aportación de Auerbach & Kotlikoff (1987), que en el 
contexto del análisis dinámico de la política fiscal examinan cuestiones centrales de 
política como son los efectos económicos de una transición demográfica en interacción 
con la seguridad social en un modelo multiperiodo de generaciones solapadas. ¿Debe 
continuarse con sistemas PAYG o se debe pasar a sistemas de capitalización (fully funded 
systems)? En ausencia de motivaciones redistributivas y paternalistas, concluyen que un 
sistema PAYG con elementos de política social progresiva en que las prestaciones son 
independientes de las cotizaciones, es decir, actuarialmente injusto o desequilibrado, 
empeora más la situación de los individuos que sistemas privados o de capitalización. 
Consecuentemente, compensando completamente a las cohortes de transición se 
obtienen ganancias de eficiencia significativas. 
La aplicación de un modelo OLG numérico de simulación a gran escala, ciclo de vida 
con 55 periodos, está ya presente en Auerbach and Kotlikoff (1987). El modelo se aplica 
posteriormente en Auerbach et al. (1989) para analizar el impacto del cambio 
demográfico en 4 países de la OCDE: EE.UU, Japón, Alemania y Suecia, e incluso 
Kotlikoff (1998) simula los efectos de privatizar la seguridad social en EE.UU. 
También cabe citar la existencia de otros estudios con modelos de generaciones 
solapadas que calibran los efectos macroeconómicos de la reforma del sistema de 
pensiones en el contexto de poblaciones envejecidas. Así, Hviding & Mérette (1998) 
simulan en 7 países de la OCDE (EE.UU, Japón, Francia, Canadá, Italia, Reino Unido y 
Suecia) el impacto de diversas estrategias de reforma: reducción en el nivel de pensiones 
(reducción del 20% en la tasa de sustitución), abolición gradual (privatización) de 
esquemas PAYG por fases (52 años), retrasar la edad de jubilación en 4 años y 
consolidación fiscal general (reducción ratio deuda/PIB del 20%). Por su parte, Verbič 
(2008) aplica un modelo OLG, desarrollado numéricamente con el sistema algebraico 
GAMS, al sistema de pensiones en Eslovenia cuyo primer pilar es financiado por el 
sistema PAYG y el segundo pilar con sistema de capitalización (fully- funded). 
En la tradición de Auerbach & Kotlikoff (1987), Fehr (2009) analiza la estructura 
general de un modelo OLG estocástico (SOLG) y estudia los efectos sobre el bienestar de 
reformas de la seguridad social y cambios demográficos, fundamentalmente el 
envejecimiento de la población, aplicando para dicho menester los avances en el campo 
de modelos computacionales de equilibrio parcial y general (CGE). Los resultados de 
modelos CGE SOLG muestran que los efectos positivos de seguro y compromiso de la 
seguridad social dominan los efectos negativos de incentivo laboral y liquidez. Concluye 
que en el debate de reforma de la seguridad social en muchos países se ha visto centrado 
en el mercado laboral y las distorsiones en el ahorro mientras que se le ha dado poca 
importancia a los aspectos actuariales y el papel a desempeñar por la Seguridad Social 
como compromiso hacia los cotizantes y pensionistas. La introducción de elementos de 
capitalización, cuentas personales, y el movimiento hacía una relación cotización-
prestación más ajustada pasa a ser el paradigma dominante de respuesta de política 
óptima hacía el envejecimiento. 
Con anterioridad se ha resaltado que la metodología de modelos MOLG combina 
modelos de transición de múltiples estados aplicados al campo actuarial, 
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fundamentalmente modelos actuariales de “Disability Insurance” (Haberman & Pitacco 
(1999)), y modelos de generaciones solapadas. También se ha indicado que los modelos 
económicos OLG, incluso los estocásticos, no resultan en general adecuados para los 
objetivos de esta tesis, ya que no contemplan aspectos demográficos realistas, como es el 
caso de un patrón de mortalidad o en general de salida del mercado laboral. Al respecto 
señalar los trabajos pioneros de Arturh & McNicoll (1978), Willis (1988), Lee (1994) y Lee 
(1994b) que sí consideran, en modelos steady-state “Golden-rule” de N grupos de edad, 
la problemática del envejecimiento de la población y la reducción de la mortalidad. En la 
línea de estos trabajos es necesario volver a citar el de Settergren & Mikula (2005) en el 
que se presenta un modelo en tiempo continuo que sirve como base para aplicar un 
método de cálculo de la tasa interna de rendimiento transversal (cross-section) en un 
sistema de pensiones financiado de acuerdo con PAYG inspirando en el nuevo modelo 
de pensiones de Suecia, y los de Boado-Penas et al. (2008), Vidal-Meliá et al. (2009), 
Vidal-Meliá et al. (2010) y Vidal-Meliá & Boado-Penas (2013), aunque éstos en tiempo 
discreto. 
Otras fuente en las que se inspira la tesis es el trabajo de Bommier & Lee (2003), en el 
que se presenta también un modelo en tiempo continuo que extiende resultados de 
estática y dinámica comparativas de los modelos de N grupos de edad considerando una 
demografía realista con un patrón de mortalidad por edades y cambios en la población. 
Además, de ahí gran parte de su importancia para el objetivo de esta tesis, en el contexto 
de agregación propio del método de contabilidad generacional (GA) muestran que las 
restricciones transversales y las restricciones longitudinales, aunque de diferentes 
naturaleza, no son completamente independientes y están dinámicamente relacionadas 
mediante una identidad contable que, en su caso en forma de ecuación diferencial, 
representa la evolución temporal de la riqueza. 
I.5.-Estructura de la tesis 
Esta Tesis, gira alrededor de dos de los instrumentos básicos para mejorar los 
sistemas de pensiones de reparto, balance actuarial (AB) y cuenta nocional (NDC), y 
los combina con dos nuevas contingencias, invalidez permanente y dependencia; y en 
congruencia con los objetivos enunciados con anterioridad, se organiza en torno a tres 
capítulos centrales, a los que se les añade este capítulo introductorio en el que además se 
avanzan las conclusiones (resultados) generales, se consideran los aspectos críticos y se 
enuncian las futuras líneas de investigación.  
En el capítulo 2 se desarrollan las bases teóricas para aplicar un modelo de 
balance de situación actuarial tipo Suecia para dos contingencias, jubilación e 
invalidez permanente, a un sistema DB PAYG. La posibilidad de compilar este tipo 
de balance actuarial desde la perspectiva integrada de ambas contingencias de jubilación e 
invalidez permanente, que están estrechamente vinculadas y contabilizan una gran 
proporción del gasto en pensiones en sistemas DB, no ha sido previamente explorada. 
En el capítulo 3 se desarrolla un modelo de generaciones solapadas multiestado 
(MOLG) que integra jubilación e invalidez permanente en un contexto NDC 
genérico. Dado que los esquemas NDC tienen características positivas que pueden 
ayudar a mejorar la eficiencia del seguro de invalidez, es razonable desarrollar un modelo 
teórico que integre completamente la contingencia de invalidez permanente en un 
contexto NDC. En el modelo, las cuentas de los cotizantes que no sobreviven se 
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distribuyen como ganancias de capital a las cuentas de los contribuyentes supervivientes 
sobre la base de la cohorte de nacimiento. 
En el capítulo 4 se desarrolla un modelo de generaciones solapadas multiestado 
(MOLG) que incorpora un seguro de atención a largo plazo (LTC) en el sistema 
de pensiones de jubilación, introduciendo rentas de atención a la supervivencia en 
un contexto NDC genérico, que incluye el denominado dividendo por supervivencia y 
presta especial atención a los supuestos realizados sobre tasas de mortalidad para 
personas dependientes y tasas de incidencia LTC, determinando la tasa de cotización 
asignada a LTC.  
I.6.-Principales aportaciones 
Aunque la tesis presenta una serie de contribuciones relevantes, que se detallan en 
cada uno de los capítulos, en sus epígrafes correspondientes, es necesario en este capítulo 
introductorio realzar algunas de las más importantes para terminar de proporcionar una 
visión completa del trabajo realizado.  
Con referencia al primer objetivo declarado en la tesis doctoral “Desarrollar la base 
teórica necesaria para poder formular el balance actuarial (ABS) de tipo sueco en un sistema de pensiones 
de reparto de prestación definida con contingencias de jubilación e invalidez permanente”, hay que 
destacar que se ha conseguido y se ha dado el primer paso para empezar a completar el 
“gap” que hay en esta área de la literatura actuarial. El modelo desarrollado permite 
formular el balance actuarial tipo “sueco” desde una perspectiva integrada, es decir, 
combinando las contingencias de jubilación e invalidez permanente que están 
conceptualmente muy cercanas y que además representan una proporción muy elevada 
del gasto en pensiones. 
El elemento básico que posibilita formular el ABS es el denominado período medio 
de maduración del sistema (TDs), que como intuitivamente creía el autor, es un promedio 
ponderado de los períodos de maduración de cada una de las contingencias, siendo el 
elemento de ponderación el porcentaje de gasto en pensiones que representan cada una 
de las contingencias respecto del total. 
El modelo desarrollado también hace posible formular, aunque no se presenta de 
manera detallada en el capítulo 2, una cuenta de resultados actuarial por contingencias, lo 
que podía proporcionar una fuente de datos muy rica para analizar las causas de futuros 
desequilibrios financieros en el sistema, y fijar con exactitud la evolución temporal de las 
tasas de cotización aplicables a cada una de las contingencias. 
Desde el punto de vista práctico este modelo también realiza contribuciones 
relevantes, ya que el complejo ejemplo numérico desarrollado permite abrir un debate 
sobre la práctica llevada a cabo por numerosas administraciones de Seguridad Social 
(ASS), que consiste en reclasificar las pensiones de invalidez permanente a la categoría de 
jubilación cuando los inválidos alcanzan lo que se denomina la edad ordinaria de 
jubilación. Se demuestra que esta práctica puede enmascarar la verdadera situación 
financiera del sistema de pensiones, y dificulta la obtención de resultados actuariales por 
contingencias a no ser que se desglose la información. También puede dificultar la 
realización de proyecciones al mezclar dos tipos de colectivos que tienen sensibles 
diferencias en el comportamiento demográfico. Este hecho, lleva a recomendar a las ASS 
que desglosen esta información con el fin de que se puedan minimizar los efectos 
negativos en la formulación de cuentas actuariales por contingencias así como 
proyecciones de la población pensionista. 
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Otra gran a aportación de este modelo es que está directamente relacionado con la 
práctica actuarial de la Seguridad Social, más en concreto, este modelo da suporte teórico 
de manera parcial a la adaptación practica efectuada por la oficina del Actuario jefe del 
gobierno de Canadá, OSFI (2012), al aplicar el concepto del CA a la formulación del 
balance actuarial del Plan de Pensiones de Canadá (CPP), que incluye además de la 
jubilación contingencias por invalidez y supervivencia. 
Este modelo tiene además múltiples implicaciones desde el punto de vista práctico 
con interés no solo para los sistemas de prestación definida (DB) sino para los sistemas de 
cuentas nocionales (NDC). Por ejemplo, para el sistema de pensiones de jubilación 
actualmente en vigor en Suecia, que cubre sólo la contingencia de jubilación mediante el 
sistema NDC. Ahora que la relación entre las contingencias de invalidez y jubilación ha 
quedado perfectamente delimitada, podría ser ampliado e integrar ambas contingencias. 
Es más, el ABS podría ser formulado para las dos contingencias y la representatividad del 
balance sería mayor al alcanzar un mayor porcentaje del gasto en pensiones. Al mismo 
tiempo la legitimidad del mecanismo financiero de ajuste automático (ABM) quedaría 
reforzada ya que se basaría en un indicador de solvencia más robusto. 
Por último, es necesario subrayar que el modelo desarrollado no pretende sustituir al 
modelo de balance actuarial tipo americano, tiene que verse como una manera alternativa 
de medir la salud financiera de los sistemas de reparto de prestación definida, ya que su 
indicador es fácil de entender y explicar, y es utilizado en los sistemas de capitalización. 
En relación con el segundo objetivo de la tesis “Desarrollar un modelo de generaciones 
solapadas con estados múltiples (MOLG) que integre las contingencias de jubilación e invalidez 
permanente en un sistema genérico de cuentas nocionales (NDC)”, se puede decir que se ha 
cumplido con el objetivo, con la finalidad añadida en el ámbito práctico de poder ayudar a 
mejorar la eficiencia de la contingencia de invalidez permanente. 
Es de destacar que el modelo se ha inspirado en el sistema de pensiones actualmente 
en vigor en Suecia, y además ha recogido una de las características que lo hace único 
dentro del mundo de los sistemas NDC: cada unidad monetaria cotizada se paga en 
forma de prestación, pero no necesariamente al que realizó la cotización, ya que las 
cuentas nocionales de los fallecidos se redistribuyen a los cotizantes activos. Es lo que se 
denomina dividendo por supervivencia (DS), pero en nuestro modelo tiene la dificultad 
técnica añadida de que hay que ligarlo a la contingencia de invalidez permanente que no 
existe en el modelo de Suecia. 
Con el fin de ligar el dividendo por supervivencia con la nueva contingencia integrada, 
se define un concepto que resulta esencial para darle coherencia al modelo, el 
denominado factor acumulativo de dividendo (cumulative inheritance gain) basado en las 
matrices de probabilidades de transición que derivan de un modelo de múltiples estados y 
generaciones solapadas. Como era de esperar, la formula obtenida presenta una estructura 
muy similar a la que emplean las autoridades de Suecia para el Sistema NDC que sólo 
incluye la contingencia de jubilación. 
El modelo desarrollado muestra que la aplicación del dividendo por supervivencia 
tiene un fundamento muy sólido ya que hace que se cumpla la equivalencia entre la tasa 
de cotización que el sistema necesita aplicar para alcanzar el equilibrio fianciero con las 
dos contingencias, y la tasa de cotización que se les acredita a los cotizantes en sus cuentas 
nocionales para cubrir las dos contingencias en un entorno NDC, lo que por sí solo ya 
constituye una aportación digna de ser realzada.  
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La principal implicación de este resultado teórico es que si las cuantías iniciales de las 
pensiones de jubilación e invalidez se determinasen sin tener en cuenta el DS, ambas tasas 
de cotización, la del sistema y la acreditada a los cotizantes, tendrían que ser diferentes 
debido a que las pensiones iniciales serían menores de lo que deberían ser bajo principios 
actuariales. En promedio, bajo el escenario normal mostrado en el ejemplo numérico, el 
efecto de incluir el DS no es ni mucho menos irrelevante, la pensión inicial crece en un 
16.07%. De igual manera, la no inclusión del DS hubiera provocado una discrepancia 
importante ente las tasas de cotización, la acreditada sería de un 16%, y la del sistema de 
sólo un 13.78%. 
Un resultado que merece ser destacado en el modelo es que el impacto del DS en el 
sistema permanece inalterado ante cambios del parámetro que representa el crecimiento o 
decrecimiento de la población económicamente activa, pero los cambios en el crecimiento 
de la población activa producen un efecto proporcionalmente mayor en las pensiones 
iniciales de jubilación e invalidez, en aquellos cotizantes que se invalidan a edades 
elevadas, y tienen largas carreras contributivas. 
Una característica relevante del modelo es que puede ser calificado como de bastante 
realista, ya que tiene en cuenta las tasas de mortalidad y la probabilidad de invalidarse por 
edad, recoge las variaciones en la población económicamente activa y permite la 
coexistencia de un gran número de generaciones de cotizantes y pensionistas, y la 
convivencia simultanea de generaciones diferenciadas de cotizantes y pensionistas para la 
contingencia de invalidez permanente.  
Desde el punto de vista práctico, cabe destacar que el ejemplo numérico desarrollado 
está cercano a la realidad, no solo porque el modelo de generaciones solapadas trabaja 
simultáneamente con 49 y 85 generaciones de cotizantes y pensionistas respectivamente, 
también porque los valores resultantes del período medio de maduración del sistema 
(TDs), alrededor de 32.2 años en el sistema integrado, difieren muy poco de los 
calculados en la literatura especializada, Settegren & Mikula (2007), para un gran grupo de 
países (32.7 años). 
Los resultados alcanzados en el ejemplo numérico, tanto para el caso de crecimiento 
poblacional nulo, como para el caso de cambios en la población económicamente activa, 
confirman que el modelo realmente funciona, y lo que es más importante, muestra una 
perfecta integración de ambas contingencias en una estructura de pensiones tipo NDC. A 
pesar de las diferentes hipótesis realizadas para la contingencia de invalidez y aunque el 
sistema de NDC de referencia no cubre nada más que la contingencia de jubilación, la 
pensión de jubilación promedio que entregan los tres sistemas analizados permanece casi 
sin cambio. 
Otra contribución destacada de este modelo es que puede ser enlazado con la práctica 
real de los sistemas de seguridad social, y por mencionar algunas de las características 
positivas que podría traer su puesta en marcha: implantarse con relativa facilidad, mejorar 
la justicia actuarial de las prestaciones de invalidez, dejar al descubierto el verdadero coste 
de la contingencia de invalidez permanente y minimizar el riesgo de que esta prestación 
fuera utilizada como un instrumento de compra de votos, es decir, reduciría el populismo 
en pensiones (característica intrínseca de los sistemas de cuentas nocionales).  
Por último, hay que reconocer que llevar el modelo a la práctica no es una cuestión 
sin importancia y para que pudiera ser implantado con éxito, deberían especificarse al 
menos las siguientes cuestiones: 
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 Las reglas de transición del viejo sistema, bien fuera de prestación definida o 
nocional tradicional, al nuevo entorno NDC. 
 .La conveniencia de introducir una pensión mínima tanto de invalidez como de 
jubilación. 
 La integración entre la invalidez temporal y la permanente. 
 La actualización de los coeficientes de conversión de los capitales nocionales en 
prestaciones. 
 La comunicación con los cotizantes y pensionistas mediante la información 
individual a entregar cada año. 
 El diseño específico de un balance actuarial (ABS) y su mecanismo de ajuste 
automático correspondiente (ABM). 
Para acabar con este epígrafe y respecto al tercer objetivo de la tesis “Desarrollar un 
modelo de generaciones solapadas con estados múltiples de (MOLG) que incorpore un seguro de atención 
a largo plazo (LTC) en el sistema de pensiones de jubilación, introduciendo rentas de atención a la 
supervivencia en un sistema genérico de cuentas nocionales (NDC)”,  también hay que decir que el 
objetivo ha sido conseguido y este modelo podría contribuir, de ser implantado en la 
práctica, a universalizar la cobertura de esta prestación, o al menos extenderla de manera 
muy notable. 
Este modelo al igual que el anterior, también se inspira en parte en el sistema NDC en 
vigor en Suecia en lo relativo al dividendo por supervivencia (SD), aunque la idea de 
convertir la contingencia LTC en contributiva bebe del modelo de protección social en 
vigor en Alemania. En definitiva, el modelo busca integrar las contingencias de jubilación 
y dependencia en un marco NDC para ayudar al dependiente a financiar el aumento de 
gastos que le supondría caer en el estado de dependencia. 
El modelo desarrollado, y al igual que el modelo con invalidez permanente, confirma 
que la aplicación del dividendo por supervivencia tiene un sólido fundamento actuarial ya 
que hace que se cumpla la equivalencia entre la tasa de cotización que el sistema necesita 
aplicar para alcanzar el equilibrio fianciero con las dos contingencias, en este caso 
jubilación y depedencia, y la tasa de cotización que se les acredita a los cotizantes en sus 
cuentas nocionales. 
Una contribución del modelo desarrollado es que permite calcular el coste de 
introducir esta nueva contingencia (LTC) desde una doble perspectiva: a través de la 
reducción de la pensión inicial de jubilación necesaria para mantener el equilibrio 
financiero del sistema, y el incremento en la tasa de cotización para cubrir la nueva 
contingencia sin alterar la cuantía de las pensiones iniciales de jubilación. Para un sistema 
establecido y unas reglas determinadas, el coste de introducir la contingencia de 
dependencia descansa principalmente en las hipótesis sobre la mortalidad de los 
dependientes y la probabilidad de caer en la misma. En un modelo como el planteado, el 
asegurador (el estado), se enfrenta a una incertidumbre significativa en relación con los 
siniestros futuros a liquidar por esta contingencia, por lo que se considera de crucial 
importancia disponer de datos periódicamente actualizados sobre la magnitud de la 
mortalidad de los dependientes y las probabilidades de convertirse en dependiente. 
También en la línea que se apuntó para el modelo de invalidez permanente, se puede 
decir que el complejo ejemplo numérico realizado es bastante real, ya que consideran las 
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tasas de mortalidad en función de las edades y el estado de salud, las probabilidades 
detalladas de caer en dependencia, variaciones en la población activa y además se trabaja 
simultáneamente con 49 y 45 generaciones de cotizantes y pensionistas (activos y 
dependientes) respectivamente.  
El modelo funciona bien, muestra que se pueden integrar de forma adecuada ambas 
contingencias y los resultados tienen coherencia y proporciona una idea de cuáles son las 
magnitudes más importantes, para cada uno de los tres escenarios explorados, que 
resultan de introducir esta nueva contingencia en un modelo clásico NDC que sólo 
incluye jubilación: 
 La cuantía del efecto dividendo por supervivencia (SD). En promedio, para el 
escenario base el efecto de incluir el SD en el cálculo de la pensión inicial es 
significativo, la pensión inicial se incrementa en un 10.93%. De igual manera si no 
se incluyese el SD, aparecerían discrepancias entre la tasa de cotización del sistema 
para financiar las prestaciones (14.42%) y la que se acredita a los cotizantes (16%). 
 El efecto que la introducción de la nueva contingencia tiene sobre la cuantía de la 
pensión inicial de jubilación. En el escenario normal para mantener el equilibrio 
financiero del sistema, bajo el supuesto que la pensión inicial se duplica si el 
pensionista se convierte en dependiente, la pensión inicial en el sistema integrado 
debería descender un 9.69%. En el escenario pesimista la reducción sería de un 
13.50%, mientras que en el escenario optimista la reducción sería sólo de un 
4.94%. 
 El incremento en la tasa de cotización si la pensión inicial de jubilación se quisiera 
mantener. Para mantener el equilibrio financiero, bajo el escenario normal, la tasa 
de cotización pasaría del 16% al 17.7163%, que sería el 18.4963% o el 16.8324% 
respectivamente para los escenarios pesimista y optimista. 
Por último, pero no por ello menos importante, hay que decir que este modelo que 
combina jubilación y dependencia también se puede enlazar con la práctica real de las 
políticas de Seguridad Social. Las características positivas más destacadas serían las 
siguientes: podría ser puesto en marcha con relativa facilidad, ayudaría a mitigar el riesgo 
individual, podría universalizar la dependencia a un coste fijo, el sistema se podría adaptar 
con facilidad a la cambiante realidad que representa esta contingencia, mejoraría la justicia 
actuarial estimulando el interés y el conocimiento de los cotizantes sobre la dependencia, 
y desincentivaría a los políticos la realización de promesas sobre prestaciones futuras sin 
el necesario respaldo financiero para poder ser cumplidas. 
I.7.-Lineas de investigación futuras 
Hay que destacar que siendo relativamente importante, la investigación realizada en 
esta tesis es incipiente, especialmente si se compara con la que queda por realizar, y que 
podría dar lugar como mínimo a duplicar el número de artículos que se podrían obtener 
de esta tesis doctoral. 
Las futuras líneas de investigación podrían ser las siguientes: 
 Extender el balance actuarial del sistema de reparto al caso en el que se consideren 
diversos grados de invalidez. En la práctica se reconocen diversos grados de 
invalidez que repercuten en que las prestaciones tienen una cuantía diversa y se 
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contempla también la posibilidad de retornar a la actividad. La manera natural de 
hacer esto sería mediante una extensión de los estados que aparecen en diagrama 
II.1 del capítulo siguiente, aunque esto supondría un incremento notable de la 
complejidad de las fórmulas a obtener, más aún si se consideran modelos tipo 
semi-Markov.  
 Desarrollar la base teórica para poder incorporar en el balance actuarial del 
sistema de prestación definida las contingencias de supervivencia, orfandad y 
viudedad, lo que prácticamente cubriría la totalidad del gasto en pensiones 
contributivas de la mayoría de los sistemas de pensiones y podría dar el respaldo 
teórico definitivo a lo realizado en OSFI (2012). 
 Adaptar el balance actuarial específicamente diseñado para un sistema NDC con 
jubilación al nuevo modelo propuesto en esta tesis con invalidez permanente, y 
evaluar el impacto que tendría la incorporación de una pensión mínima en el 
equilibrio financiero del sistema. 
 Extender el modelo NDC con dependencia con la incorporación de distintos 
niveles de dependencia, para lo que el trabajo clásico de Haberman y Pitacco 
(1999) podría ser el soporte fundamental. En este punto cabe incorporar también 
modelos tipo semi-Markov. 
 Adaptar el balance actuarial específicamente diseñado para un sistema NDC con 
jubilación, al nuevo modelo propuesto en esta tesis con dependencia, y evaluar el 
impacto que tendría la incorporación de una pensión mínima en el equilibrio 
financiero del sistema. 
 Diseñar un nuevo modelo NDC que integre las dos contingencias estudiadas en 
esta tesis: invalidez permanente y dependencia. 
 Desarrollar de manera detallada todos los aspectos que permitirían implantar los 
modelos en la práctica y que deberían incluir aspectos tales como la integración 
con las otras contingencias, los períodos de transición, la manera de actualizar los 
coeficientes clave para transformar las cuentas nocionales en prestaciones 
vitalicias, el diseño del mecanismo automático que permitiese reequilibrar el 
sistema ante eventuales desviaciones negativas y otras cuestiones relacionadas. 
Por último, quedaría intentar dar el salto desde este modelo determinista que admite 
escenarios a un modelo en el que alguna o algunas de las principales variables se movieran 
en un entorno estocástico, este último paso está todavía muy lejos de poder darse dada la 
complejidad que implicaría abordar con seriedad y rigor esta tarea. No obstante, al 
respecto cabe citar que como base de partida existen algunos trabajos que obtienen 
resultados, aunque generalmente bajo supuestos simplificadores e idealistas que están muy 
alejados de la práctica actuarial real en Seguridad Social (Boado-Penas et al. (2007), Iyer 
(2008), Melis & Trudda (2012) y Alonso-García et al. (2014)). 
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I.1.-Introduction and objectives 
The actuarial analysis of social security systems is a complex task given that it involves 
the interactions of demographic, economic, financial, institutional and legal aspects. Social 
security contributions and benefits form part of social transfer systems calculated as a 
proportion of GDP. These systems, which are both redistributive and allocative, are 
influenced by the demographic structure and socio-economic development of the 
societies they serve (Plamondon et al. (2002)). Hence the models used to evaluate them, 
structured following basic work methods given their complexity, are usually a 
combination of social, economic, demographic and actuarial knowledge. 
The foundation for actuarial models that are consistent with soundly-based efficient 
social security systems consists of gathering and analysing data containing relevant 
statistical information and then projecting demographic, economic and financial variables 
using prudent and realistic assumptions. 
The future financial equilibrium of social security systems is affected by the 
consideration of potential variables (demographic, economic, social, …) and budget 
assumptions, and many of these variables cannot be assumed in isolation or considered in 
the short term with these types of public system. Uncertainty about the future 
development of the variables that determine the system’s benefits - largely paid out in the 
form of annuities - and other social transfers, along with the complexity of their 
interrelationships and interactions with the environment, means that making actuarial 
projections (loosely speaking, actuarial balances) is a complicated, difficult task. Given 
these considerations, sensitivity analysis and stochastic analysis are tools of high added 
value and often essential. 
In this context, the term “actuarial social security theory” refers to the application 
of actuarial principles and methods to quantitative models that include an amalgamation 
of those interrelated variables that to varying degrees have an effect on the long-term 
equilibrium of a social security system. In practice, this equilibrium is captured by 
analysing the system’s long-term solvency or sustainability based on the liquidity ratios 
(contributions/benefits, Melis & Trudda (2012)) or financing/solvency ratios 
(assets/liabilities, Boado et al. (2008)) obtained from the results of these models. 
According to Boado-Penas et al. (2010) some of the most commonly used 
methodologies for projecting spending on pensions or analysing a pension system’s 
sustainability are: 
1) Aggregate or growth accounting models (GAM). This approach relies on making a 
variety of assumptions regarding the economy as a whole, taking into account future 
trends in demography (fertility rates, migration flows and life expectancy), economic 
conditions (participation and employment rates, productivity, wages and interest rates) 
and institutional factors (coverage and pension levels). These are mainly used to make 
aggregate projections of spending on pensions. Despite the fact that these models are 
becoming increasingly complex as they are made heterogeneous, they are easy to apply 
and accurately reproduce the reality of the pension system. They are frequently used by 
public authorities and organizations. The Ageing Working Group, the technical working 
group of the European Union's Economic Policy Committee responsible for spending 
forecasts, follows this basically deterministic approach, although not all the countries 
involved apply it. The US (BOT (2014)), Canada (OSFI (2010)) and the UK (GAD 
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(2010)) use models partly or totally based on GAM models, and some authors refer to 
them as actuarial models. 
2) Micro-simulation models or projections based on individual lifecycle profiles. The 
working lives of a group of individuals are used to project how their pensions will evolve. 
Zaidi & Rake (2001) and Li & O’Donoghue (2013) explain that there are a number of 
variants: dynamic and static, micro-simulations with behaviour, etc. Linked to these 
micro-simulation models are generational accounting models, such as the one applied in 
Slovenia. It is often difficult to distinguish certain hybrid models that combine features of 
this model and features of aggregate accounting models. Micro-simulation models are 
used in Canada (Spielauer et al. (2013)) and Sweden (Flood et al. (2012)). 
3) General equilibrium models. The pension system is placed within an economic 
environment of general equilibrium with endogenous prices which generates explicit 
models of demographic and macro-economic evolution (Imrohoroglu et al. (1999), 
Jimeno et al. (2008)). The main drawbacks of these models are their computational 
complexity, their sensitivity to hypotheses and the fact that they represent a clear shift 
away from the reality of the pension system. They are therefore rarely applied by official 
organizations. General equilibrium models are also linked to generational accounting 
models, some technically complex examples of which can be found in Van Ewijk et al. 
(2006) and Draper & Armstrong (2007). 
4) Indirect models. These are based mainly on the internal rate of return (Murphy & 
Welch (1998), Devesa-Carpio et al. (2000) and Devesa-Carpio et al. (2002)) or the transfer 
component (Sánchez & Sánchez-Marcos (2007)) and are usually used to study 
intergenerational and intragenerational fairness. They are frequently used in conjunction 
with the previous three models.  
5) The Swedish model or Swedish actuarial balance. The actuarial balance sheet for the 
PAYG pension system as compiled in Sweden does not fit into any of the methods 
described above. It can be defined (Boado-Penas et al. (2010)) as a financial statement 
listing the pension system's obligations towards contributors and pensioners at a 
particular date, showing the amounts of the various assets (financial, real and through 
contributions) that back up these obligations. 
This PhD thesis will deal mainly with the so-called Swedish model as it is the most 
suitable for providing an actuarial focus.  
The main objectives of the thesis, which also determine its three-chapter form, are as 
follows: 
1.- To develop a theoretical basis for drawing up a Swedish-type actuarial balance sheet 
(AB) for a defined benefit pay-as-you-go (DB PAYG) pension scheme with retirement 
and disability benefits. The idea of compiling this type of AB from an integrated 
perspective, i.e. combining both retirement and disability contingencies, which are closely 
linked and account for a very high proportion of pension spending in DB systems, has 
not previously been explored. 
2.- To develop a multistate overlapping generations model (MOLG) that integrates the 
retirement and disability contingencies in a generic NDC framework. Given that NDC 
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schemes have positive features1 that could help to improve the efficiency of disability 
insurance, it is not unreasonable to develop a theoretical model that would fully integrate 
the disability contingency into an NDC framework. 
3.-To develop a multistate overlapping generations model (MOLG) that integrates 
retirement and long-term care (LTC) annuities in a generic NDC framework. Prestigious 
researchers (Barr (2010), Colombo et al. (2011), Colombo & Mercier (2012), Forder & 
Fernández (2011), Guillén & Comas-Herrera (2011), Miyazawa et al. (2000), Pitacco 
(2002), Zuchandke et al. (2010)), who use very different methodologies in their work and 
have very different ideas as to what pension systems should be, agree that there are some 
very good reasons for creating collective LTC coverage mechanisms to complement 
family and volunteer care arrangements. 
These objectives are in line with the trend seen in some countries of applying actuarial 
analysis methodology to the field of public PAYG pension system management. 
I.2.-Instruments for improving the PAYG pension system: NDC 
schemes, the actuarial balance sheet (AB), the automatic balance 
mechanism (ABM) and individual pension information (IPI) 
After the Second World War, continuous economic growth and the demographic 
phenomenon known as the baby boom made it possible for developed western countries 
with advanced economies to introduce defined benefit pay-as-you-go pension systems 
(DB PAYG).  
The problem these systems have faced since the final decades of the 20th century is 
basically due to the fact that growth rates have decreased or even become negative, which 
means a lower implicit rate of return, and the population is ageing because of the fall in 
fertility rates combined with greater longevity (life expectancy has risen considerably). In 
graphical terms, the population pyramid has become inverted and the resources generated 
by the base are no longer sufficient to support the top. 
As Holzmann & Palmer (2008) point out, there have also been socioeconomic 
changes - basically greater participation of women in the labour market, changes in family 
structures and increasing globalization, which together mean greater integration of the 
goods and services markets, production factors and knowledge - and these call for a 
reformulation of the basic ideas governing pension system design, some of which have 
remained unchanged for over a century.  
It is therefore time to rethink social welfare policies and, in the case of social security, 
the question is whether the system can be maintained with parametric, piecemeal reforms 
- a trade-off between raising contribution rates and/or reducing pensions, raising the 
retirement age, increasing the number of contribution years, etc - or whether structural 
reforms need be carried out, which would basically mean partly or completely changing 
the system. 
Taking the US social security system as a case in point, the debate can be summed up 
by comparing the proposals made by Diamond & Orszag (2005), who are sceptical about 
introducing individual pension accounts and argue that it would be better to reform and 
improve existing systems in the areas of pensions, disability and survivor benefits 
                                                          
1 As we will see later. 
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(widows, orphans…), and those made by Feldstein (2005), who advocates structural 
reforms in social security pension programmes consisting of a transition from a pure 
PAYG system in which the contributions of current workers are distributed among 
current pensioners - basically a system funded through taxes - to mixed systems that 
combine the benefit payments of a PAYG system with personal retirement accounts. 
According to the author, this proposal could generate welfare gains, basically an increase 
in efficiency associated with the reduction of labour market distortions and an increase in 
the current value of consumption. 
Chile would be an extreme example of structural reform given that it scrapped its 
PAYG system in favour of a new pension system based on the capitalization of individual 
accounts. While not advocating quite such extreme action but following the lines of 
Feldstein’s (2005) proposal, some of the actuarial literature (Vidal-Meliá et al. (2010), 
Regúlez-Castillo & Vidal-Meliá (2012)) looks at the instruments on which the Swedish 
pension system is based: notional accounts, the actuarial balance, automatic balance 
(stabilizing or adjustment) mechanisms and personalized information statements. As 
detailed below, these tools could help improve a PAYG pension system's actuarial 
fairness, transparency, solvency and communication with contributors and pensioners. 
 The notional defined contribution (NDC) system. A notional account is a virtual 
account reflecting each participant’s individual contributions and the fictitious returns 
that these contributions generate over the course of the participant's working life. In 
principle, the contribution rate is fixed. Returns are calculated in line with a notional 
rate that may be the growth rate of GDP, of average wages, aggregate wages, income 
from contributions, etc. When the individual retires, they receive a pension derived 
from the value of the accumulated notional account, the expected mortality of the 
cohort retiring in that year, and, possibly, a notional imputed future indexation rate. 
In this way the notional model combines PAYG financing with a pension formula 
that depends on the amount contributed and the return on it. In short, an NDC 
scheme is a PAYG system that deliberately mimics a financial defined contribution 
scheme (FDC). 
 The actuarial balance (AB) is simply a way of giving structure to a general equation for 
actuarial equivalence or an equation for equilibrium between contributions (pay-in) 
and benefits (pay-out), expressed in the form of a balance sheet. It is therefore an 
essential analytical instrument that basically reflects the results of the quantitative 
model that represents the actuarial system in question. 
 The automatic balance mechanism (ABM) is a set of predetermined measures 
established by law to be applied immediately as required according to the solvency or 
sustainability indicator. Its purpose, through successive application, is to re-establish 
the financial equilibrium of PAYG pension systems so as to make them viable 
without the repeated intervention of the legislators. 
 Individual pension information (IPI) can be defined as all the details that the 
participant/contributor/pensioner needs to receive from the system/plan to which 
they are currently affiliated - i.e. contributions made, projected benefits, replacement 
rate, retirement choices, accrued or consolidated rights, etc. - to enable them to plan 
their retirement period and cover the risks mainly associated with disability and death. 
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These instruments have actually been introduced in the Swedish pension system 
(Pensionsmyndigheten (2014)), which today is an NDC PAYG system with AB, ABM 
and IPI. The main challenge for an NDC PAYG system is to find a balance between 
cross-sectional and longitudinal equilibrium on an individual or cohort level, which is a 
reflection of actuarial fairness. 
NDC schemes have some highly positive features. According to Valdés-Prieto (2005), 
the notional account system is a useful way to minimize the political risk associated with 
PAYG systems. For Marin (2006), it is better at managing and diversifying risk than all 
other pension paradigms as it creates no false expectations about pensions to be received 
in the future, making it difficult for contributors to be tempted to behave 
opportunistically. Diamond (2004) points out that a well-structured NDC system with a 
decent sized buffer stock of assets will be unlikely to need legislative intervention as long 
as economic growth is high enough. And Lindbeck & Persson (2003) argue that the NDC 
scheme will increase the financial stability of the pension system in the sense that 
politicians will not have made any promises concerning future pension benefits. 
Börsch-Supan (2005) notes that NDC systems have a high level of transparency and, 
at least potentially, a degree of credibility that are not usually found in DB systems. This is 
because the basic elements that determine the amount of the pension appear naturally in 
notional accounts, whereas they do not in the more complex formulas needed for 
calculating pensions in DB systems. Marin (2006) argues that NDC systems encourage 
actuarial fairness and stimulate the contributors' interest in the pension system as they 
bring to light any improper or hidden redistribution of benefits to privileged groups and 
reveal who really benefits from legislation. They also force contributors to think about the 
relationship between their contributions, the option to retire at different ages and the 
amount of pension in the form of a life annuity that they will eventually receive. All these 
things make people more interested in and more knowledgeable about the way the 
pension system works. 
Finally, Whitehouse (2010) writes that NDCs are an example of good practices in 
social security because they deliver retirement incomes in an equitable and economically 
efficient manner. Nevertheless, some well-designed DB schemes in OECD countries 
share almost identical characteristics. 
Regularly compiling an official actuarial balance (AB) is standard practice in public 
Social Security Administrations (SSAs) in countries such as the USA (BOT (2013)), Japan 
(AAD (2009)), Sweden (Pensionsmyndigheten (2014)), Canada (OSFI (2010)), the UK 
(GAD (2010)) and Finland (Elo et al. (2010)). According to Ménard et al. (2012) and 
Vidal-Meliá et al. (2010), the AB is becoming an instrument essential to the efficient 
running of PAYG pension systems. As an instrument for determining the financial health 
of public pension systems, it enables solvency and sustainability indicators to be 
constructed and analysed and even allows adjustment mechanisms to be created for use in 
cases of imbalance. It also makes it possible to detect and deal with the various risks that 
can affect a social security system: demographic risk, economic risk, financial risk, 
political risk, etc. 
The classic paper by Thullen (1995) presents the AB as a means of actuarial control 
(through assessment and review). The traditional AB is obtained by calculating the 
current values of probable future contribution sources and public funding minus the 
current values of acquired rights and future benefits. In its dynamic form, the AB is 
underpinned by the projection method and includes future generations. This is 
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characteristic of the so-called American model, prime examples of which are the OASDI 
program in the US (BOT (2014)) and the Actuarial Report on the Canada Pension Plan 
(OSFI (2012)). However, the American-type AB sets projections of future income against 
projections of future spending but does not strictly concern itself with financial-actuarial 
equilibrium. 
A different, “unconventional” (Settergren & Mikula (2005)) way of assessing the 
financial situation of a PAYG pension system is to present it in the form of assets and 
liabilities (the system’s obligations towards contributors and pensioners), in such a way 
that the system’s contributions and benefits should balance out at zero present value 
(assets – liabilities = 0). This is the profile of the Swedish AB, which has a balance sheet 
whose main entries are developed according to the principles of double-entry book-
keeping. In general terms it can be described as an information tool that presents the 
actuarial equilibrium (or disequilibrium) of a pension system in simple language in the 
form of assets and liabilities, without having to use explicit projections. Boado-Penas & 
Vidal-Meliá (2012) have made a detailed study of the main differences and similarities of 
the Swedish and American models, which is essential reading on this subject. 
In the Swedish model, the liabilities or commitments with contributors and 
pensioners have to tally with an implicit asset known as the contribution asset (CA). This 
is based on the system's expected average turnover duration (TD), i.e. the time expected 
to elapse from when a monetary unit enters the system as a contribution until it leaves in 
the form of a pension. Lee (1994a) began the formal development of the TD, describing 
it as a framework for organizing, summarizing and interpreting data on transfer systems 
and the lifecycle. Other pioneering papers that arrive at similar results are those by Arthur 
& McNicoll (1978) and Willis (1988), which will be discussed later. 
According to Boado-Penas et al. (2008), the presence of the CA on the AB is a 
counterargument against those who discredit pure and partial PAYG-financed systems by 
claiming that they are always bankrupt or insolvent. This claim is based on taking the 
system’s liabilities into account but ignoring the assets implicit in contributions. Billig & 
Ménard (2013) point out that the CA acknowledges that a PAYG system has no legal 
requirement to hold assets to fully guarantee its liabilities. Because such a system relies on 
contributions as a major source of its financing, this implies that the flow of future 
contributions represents an asset for the system. An alternative measure of PAYG 
scheme assets can be found in the literature, i.e. what is termed the “quasi asset” by 
Jackson (2004) and the “hidden asset” by Valdés-Prieto (2005). These authors suggest 
that it is valid for drawing up the AB of a DB PAYG scheme. However, as demonstrated 
by Vidal-Meliá & Boado-Penas (2013), the hidden asset supplies a solvency indicator that 
is not always consistent with the system’s financial health. 
The purpose of the automatic balance mechanism (ABM) is to provide what could be 
called automatic financial stability, which Valdés-Prieto (2000) defines as “the capacity of 
a pension system to adapt to financial turbulence without legislative intervention”. It is 
understood that this turbulence can be caused by economic and/or demographic shocks 
that affect the system's solvency or financial equilibrium. 
The most relevant features of ABMs are (or should be): 
 Automation. Decisions that are taken to deal with possible situations of insolvency 
need to be automatic, given that it is easy for politicians to increase benefits or 
reduce contributions but difficult for them to raise contribution rates or cut 
Three Essays on Actuarial Social Security Theory 
37 
benefits. Having future contribution rate increases and future benefit decreases on 
the books lowers the political cost of preserving balance. It is easier to legislate 
future pain than current pain. For Diamond (2004), relying on fully automatic 
adjustment rather than assuming there will be periodic new legislation bears some 
similarity to a familiar distinction from macroeconomics: rules versus discretion in 
monetary policy. 
 Short-term response. As Valdés-Prieto (2000) has pointed out, the strength of a rule 
(ABM) that provides long-term financial stability (i.e. over decades) is irrelevant 
because the rule itself will be modified unpredictably by the political process. If 
adjustments are delayed while imbalances accumulate, the probability that the ABM 
will be reformed increases. 
 Rationality. Börsch-Supan (2007) calls ABMs rational mechanisms as they make the 
process of pension system reform more rational by establishing a number of rules 
that most people would consider reasonable, but then applies them automatically 
only in specific situations in which most people would find it difficult to accept 
legislation of the same measures. 
 Transparency. Turner (2008) points out that ABMs are transparent. It is clear how 
adjustments will be made and who will bear what costs when an adjustment occurs. 
 Gradualness. Andrews (2008) suggests that the measures that derive from applying 
ABMs should take the form of progressive changes without any individual or 
generation carrying too heavy a load in a short period of time. 
The existence of an ABM goes hand in hand with the prior calculation of a financial 
solvency indicator (actuarial balance sheet, actuarial report on the system's disbursements 
and income) or sustainability indicator (dependency rate, demographic indicators) for the 
pension system. Logically the balance mechanism should be triggered when certain 
indicator values appear (triggering event), but this is not always the case. 
Bosworth & Weaver (2011) and Weaver (2011) review the experiences of ABMs in 
three countries - Canada, Sweden and Germany - and the results clearly suggest that the 
sustainability of ABMs should not be taken for granted. They conclude that ad hoc 
interventions by politicians to mitigate potential benefit cuts can be a problem, especially 
when the losses the ABMs would impose are substantial (notably during financial crises) 
and/or when elections are imminent. In Sweden, for instance, the mechanism triggered 
pension cuts in 2010 and 2011, but it was revised to make a slower adjustment and the 
effects on benefits were partially offset by changes in pension taxation. Finally the authors 
point out that ABMs do not seem to be a panacea that will solve the problems faced by 
pension systems with serious solvency problems. This last statement (Vidal-Meliá (2014a)) 
could apply to the Spanish pension system, which is affected by serious actuarial 
imbalances. 
As far as individual pension information is concerned, following Larsson et al. (2008),  
Sunden (2009) and Regúlez-Castillo & Vidal-Meliá (2012), this would basically consist of 
three levels: 
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I. Accounting information. This the most basic level and involves the fundamental 
elements that affect acquired rights (retirement, disability, survival), i.e. 
contributions, amount of contributions, length of time contributed, contribution 
bases, etc. This type of information helps make contributors aware that the 
amount of the old-age benefits they will receive in the future depends to a large 
extent on the amount of the contributions they have made. It conveys the idea 
that retirement pensions are like savings and that contributors should think about 
whether they have adequate coverage for certain risks.  
II. Information about courses of action. This quantifies how the different actions 
that contributors can choose to take (contribute more, take early retirement, etc.) 
or how possible future events (increased longevity, lower than expected economic 
growth, lower than expected financial returns) could affect their future benefits. 
III. Information about uncertainty (risk). Estimating future benefits is not easy even 
though details are given about how the estimate is made. It is important that 
affiliates are able to understand this information. If the forecast provides just one 
result for the amount of future benefit, this might give an impression of certainty 
when in fact the final result is extremely uncertain, especially if the contributor is a 
long way from retirement. It would be useful to provide information explaining 
that the estimated amount could be affected by financial imbalances in the system 
as a whole, which would be shown in the actuarial balance. It is this aspect, 
according to Boado-Penas & Vidal-Meliá (2012) that is the main link between 
general (the system's actuarial balance) and individual information. The 
connection between the two types of information is obvious. If the solvency or 
sustainability indicators deriving from the general information show an uncertain 
financial position, contributors should take this as a sign that they will need to 
increase their contributions or pay them over a longer period of time otherwise 
their benefits may decrease in order to maintain the system's sustainability. 
In short, the instruments detailed above make it possible to deal rigorously and 
effectively with one of the main problems faced by traditional DB PAYG systems, i.e. 
political risk, and this often brings about a clear improvement in fairness, transparency, 
solvency and communication with interested parties.  
Political risk should be understood basically as referring to decisions taken by 
politicians tied to their traditional planning horizon (often only four years), which is 
clearly far shorter than the horizon of the PAYG pension system. Valdés-Prieto (2006a) 
points out that DB PAYG systems tend to require periodic adjustments due to 
demographic and economic uncertainty. Relying on piecemeal discretionary legislation for 
these social security modifications creates political risk for both contributors and 
beneficiaries.  
Cremer & Pestieau (2000) argue that economic and demographic factors play a 
relatively small role in the PAYG pension system's problems, that political factors are far 
more important and that the process of reforming the pension system is mainly a political 
problem. Financial (solvency) problems caused by fluctuations in fertility rates, population 
ageing, increasing longevity and declining productivity growth can easily be addressed by 
the experts, but social security systems are established and reformed through the political 
process. Consequently the outcome is unlikely to be socially optimal. 
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The most negative face of political risk is what Valdés-Prieto (2006b) terms “populism 
in pensions”. This can be defined as a form of competition between politicians in which 
voters are offered subsidies and benefits without their appreciating that it is they 
themselves that will pay through higher taxes, higher contributions, higher inflation or 
lower economic growth.  
Although it does not fall within the scope of this thesis, it would be useful to take a 
brief look at the case of Spain. Barea (2007) singles out one of the most serious problems 
in the Spanish DB PAYG social security system as being “the (confirmed) temptation of 
politicians to use the system as an instrument for winning votes”. This comes as no surprise when 
we consider that it has no official balance sheet of the characteristics mentioned above 
and none of the other instruments either. Nevertheless, despite using different 
methodologies, academic studies exploring this area have for years been pointing out the 
system’s solvency, sustainability and viability problems, and suggesting measures to solve 
them (Balmaceda et al. (2006), Barea (2007), Conde-Ruiz & Alonso (2006), Devesa-
Carpio & Devesa-Carpio (2010), Vidal-Meliá (2014a) and others).  
It is noteworthy that the last measures introduced by the Spanish administration for 
social security reform (Ley 27/2011) establish the rules for obtaining a sustainability 
factor, a parametric-type measure to deal with longevity to be applied when calculating 
the initial amount of pensions. Following this, in June 2013 the report by the committee 
of experts (CESFPPS (2013)) appointed by the government under RD-Ley 5/2013 
proposed that the calculation should be made with reference to two elements, the 
intergenerational fairness index (IFI) and the annual update factor (AUF), which in 
practice means severing the link with the RPI. The government also set an upper and 
lower limit to any increases towards the end of 2013. In short, a kind of pseudo-
automatic adjustment mechanism has been introduced, but it does not include (Vidal-
Meliá (2014a) and Vidal-Meliá (2014b)) most of the relevant properties that these 
instruments need in order to be effective. 
The reform has generated numerous papers of a mainly critical nature including those 
by Díaz-Giménez & Díaz-Saavedra (2011), Devesa-Carpio et al. (2012), Meneu-Gaya & 
Encinas-Goenechea (2012), Conde Ruiz & González (2012), Ayuso et al. (2013), De la 
Fuente & Domenech (2013), Sánchez (2014) and Rosado (2014). With few exceptions 
these focus on the retirement pension system, which is naturally the largest, thereby 
excluding from their analysis a significant part of the general pension system, i.e. widow’s 
and disability pensions. 
As regards proposals for structural reform, Devesa-Carpio & Vidal-Meliá (2004), 
Vidal-Meliá & Domínguez-Fabián (2006) and Boado-Penas et al. (2007) analyse the 
possible repercussions of introducing NDC into the Spanish pension system. Meanwhile 
Boado-Penas et al. (2008), Vidal-Meliá et al. (2009), Vidal-Meliá et al. (2010), Regúlez-
Castillo & Vidal-Meliá (2012) and Vidal-Meliá & Boado-Penas (2013) provide more 
general studies on NDC, AB, ABM and IPI as instruments for improving the fairness, 
transparency, solvency and communication with affiliates in a PAYG system, even 
developing valid expressions for applying a Swedish-style AB in DB PAYG social security 
systems. 
Recent papers by Boado-Penas & Vidal-Meliá (2014) and Vidal-Meliá et al. (2015) 
analyse the importance of considering the so-called survivor dividend (or inheritance 
gains as they are called in the Swedish system (Pensionsmyndigheten (2014)) when it 
comes to maintaining equilibrium in PAYG systems with NDC. 
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Finally, there are a number of papers that carry out a comparative analysis between 
systems on an international level. One of the most relevant is a study by Auerbach & Lee 
(2011) on the implications for welfare and generational fairness. This uses a stochastic 
simulation to compare various real and hypothetical pension designs based on the 
Swedish NDC system, the reformed German system (points system) and the US system.  
I.3.-Integrating the permanent disability contingency into the defined 
benefit actuarial balance and long-term care (LTC) and disability into 
the notional accounts model. 
Many of the studies on the solvency or sustainability of public pension systems over 
time focus on the retirement contingency. This is the case of most of the papers cited, 
whether their main subject is the Swedish actuarial balance model or the notional 
accounts system (NDC) in general. However, this is not the case with the US actuarial 
balance model, which because of its methodology tends to generate studies that include 
other contingencies, basically disability and survivor benefits, as well as retirement. 
In Spain at 31-12-2014, the posted spending on contributory retirement pensions 
accounted for 69.48% of total spending on pensions. With the posted permanent 
disability pensions2 totalling 10.49%, the two contingencies together amounted to 79.97% 
of contribution-based spending. According to the information provided in BOT (2014), 
spending on retirement pensions in the US at 31-12-2013 accounted for 65.11% of the 
total, with disability pensions amounting to 16.06% and the two together 81.77%. 
Based on previous papers that deal with these areas and the AB and NDC, one of the 
main contributions of this thesis is to analyse these models and show that it is possible to 
fully integrate other contingencies into the retirement contingency, be they traditional 
ones such as disability or more modern ones such as dependency (LTC), and that this can 
be done in both DB and NDC contributory public pension systems. The models should 
be considered more as generalizations for covering more than one contingency than as 
extensions. 
Exactly what is understood by permanent disability depends on the social security 
system of each particular state. In the case of Spain, Article 136 of the Social Security Act 
(updated by RD-Legislativo 1/1994 of 20 June) considers permanent disability to apply to 
the situation of a worker who, after being given the prescribed treatment, suffers serious 
physical or functional loss which can be determined objectively, is presumed to be 
permanent, and which diminishes or deprives him or her of their capacity to work. There 
are four levels of disability depending on the physical or functional loss the worker 
suffers and they are always measured in the context of diminishing or depriving the 
worker of their capacity to work: 
 Permanent partial disability to do the usual work. 
 Permanent total disability to do the usual work. 
                                                          
2 In Spain, as in many other countries, pensions for permanent disability are reclassified. One of the many 
negative aspects of this is that it disguises their importance and distorts the true image of pension systems. 
The size of the problem should not be underestimated. According to Pérez-Salamero (2014) using data 
from the Muestra Continua de Vida Laboral (Continuous Sample of Working Lives - 2010), reclassification 
would account for around 18% of total retirement pensions. We will look at the matter in more detail in 
Chapter 2. 
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 Permanent total disability to do any work. 
 Severe total disability. 
In its contributory form, the economic benefit payable for permanent disability when 
certain conditions are met aims to compensate for a person’s loss of earned income 
when, due to the effects of a pathological or traumatic process arising from illness or 
accident, their capacity for work is reduced or lost, presumably for good. 
The website of the International Social Security Association 
(http://www.issa.int/es/topics/disability/introduction, 12/01/2015) recognizes that 
“During the last two decades, disability benefit payments increased significantly in most of the 
industrialized countries, although the rate of this growth has declined over time. This has occurred despite 
increased efforts to prevent disabilities and a clear long-term improvement in physical work conditions, 
including the decline in the prevalence of manual work”. 
There are numerous facets involved in the case of permanent disability cover, and 
therefore analysing it clearly calls for an interdisciplinary approach. Like with DB PAYG 
retirement systems, in most developed countries disability insurance (DI) suffers from 
various complex problems that need to be addressed. It has (serious) financial problems, 
its costs are significantly higher than those for unemployment and only part of the 
increase in the disability rolls is explained by medical factors, the rest being explained by 
non-medical determinants (Autor & Duggan (2006)), especially benefit generosity and 
unemployment rates. It creates strong incentives for early retirement because in some 
countries (Jiménez-Martín et al. (2007) and Benítez-Silva et al. (2010)) it offers more 
attractive after-tax benefit levels than early retirement programmes. It also hampers 
economic growth and reduces the effective labour supply due to the distortions brought 
about by bad screening processes that enable applicants to exaggerate the effect and 
severity of health problems. It hides the redistribution of benefits to certain privileged 
groups of workers and/or it may also be subject to a significant risk of being used 
politically as a vote-buying mechanism, which can aggravate the system´s financial 
problems even further. Finally, as Marin (2006) points out, disability pensions seem to 
have become what might be considered the ‘garbage can’ of the social security system.  
Following the study by Alegre (1990), the actuarial valuation (i.e. obtaining the present 
actuarial value) of any contingency other than that of death requires a probabilistic model. 
This means having sufficient information regarding the distribution of: 
 Mortality for the general population. 
 Mortality for the disabled population. 
 Disability rates. 
Solid technical foundations are therefore needed to provide the appropriate actuarial 
distributions for the collectives according to the following relationship patterns: 
Active persons: 𝑁(𝑥, 𝑡) → 𝑝𝑥, 𝑞𝑥 (probabilities of survival and death at age 𝑥 and 
time 𝑡) 
Disabled persons: 𝐼(𝑥, 𝑡)  𝑖𝑥, 𝑝𝑥
𝑖  (probability of becoming disabled and probability 
of survival at age 𝑥 and time 𝑡) 
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The most basic model rests on three assumptions: it does not consider the possibility 
of a return to work (practical model, which is the most appropriate for dealing with 
permanent disability); it considers that for any age, under the disability contingency, any 
survivor is either active or disabled; and it assumes that an active person can become 
disabled at any age. 
Other models consider that an active person can only become disabled up to a certain 
pre-determined age (e.g. retirement age, 𝑥𝑒 + 𝐴) and that active and disabled persons will 
only be classified separately until that pre-determined age, i.e. all survivors from that age 
onwards belong to the general collective, in this case the retirement collective. In yet 
other models the probabilities depend on the year the risk is assessed as well as on the 
individual’s age, which is a highly realistic assumption as regards longevity risk. 
The idea of considering long-term care (LTC) insurance comes naturally to actuarial 
thinking, especially after dealing with DI. This is not unreasonable because, as Rothgang 
(2010) informs us, LTC as a contributory contingency has been provided in the German 
contributory pension system since the mid-1990s. Other OECD countries with public 
LTC arrangements include Japan, Korea, the Netherlands and Luxembourg. Barr (2010) 
also gives sound reasons for extending social security to provide mandatory cover for 
LTC. As we will see in Chapter 4, the NDC framework could be useful for this purpose. 
LTC involves the need for assistance, including prompting, with activities of daily 
living (ADLs) (Calmus (2013)). ADLs include bathing, transferring, toileting and dressing, 
plus other activities incidental to daily living (IADLs) including cooking, housekeeping, 
transportation and managing finances. LTC is often performed by family, friends, lower-
skilled caregivers or nurses. 
Demand for LTC is highly age-related, although elderly people are not the only target 
group. Less than 1% of those under 65 use LTC, while after that age the probability of 
LTC use increases rapidly. According to Campbell et al. (2009) and Colombo et al. (2011), 
pressures on LTC costs are anticipated to grow for at least four reasons: (1) the number 
of older people is increasing in many countries, (2) traditional family supports are being 
eroded due to fewer children, more women working and changing societal models which 
are likely to contribute to a decline in the availability of informal caregivers and lead to an 
increase in the need for paid care, (3) individuals are increasingly demanding better and 
more responsive social-care systems, and (4) technological change enhances the 
possibilities of LTC services at home but may require care to be organized in a different 
way. In short, as we will see in Chapter 4, it is hard to hide the real importance of this 
topic (Mot et al. (2012) and Bonneux et al. (2012)). The future of LTC will involve greater 
demand and higher spending on services, and this, in line with actuarial principles, 
requires a good funding model. 
According to the white paper on dependency (IMSERSO (2005)), the Council of 
Europe defines dependency as “…a permanent state in which a person who, by virtue 
of his or her age, illness or disability, and linked to his or her lack or loss of physical, 
mental or intellectual autonomy or sensory impairment, requires the attention of another 
person or persons or significant aid for basic activities of daily living or, in the case of 
persons with intellectual disabilities or mental illness, other support for personal 
autonomy.” 
As Colombo et al. (2011) point out, LTC services can generally be provided in kind 
(with the care recipient receiving no actual cash benefit) or as an allowance paid to the 
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family carer or as a cash benefit enabling the care recipient to contract the required 
services as they see fit.   
Cash (or cash-for-care) benefits include cash transfers to the care recipient, the 
household or family caregiver to pay for or obtain care services. They can also include 
payments made direct to carers. These cash programmes (Da Roit & Le Bihan (2008 and 
2010) and Damiani et al. (2011)) aim to give households some choice in care decisions, 
thereby fostering and supporting family care, developing care markets and containing 
costs. There are three main types of programme: (1) personal budgets and consumer-
directed employment of care assistants, (2) payments to the person in need, who can 
spend the money as they see fit as long as they acquire sufficient care, and (3) payments to 
informal caregivers as income support. 
I.4.-Methodology: multi-state transition models and overlapping 
generations models. 
The work methodology followed in this PhD thesis is based on a simplified version 
of the multi-state transition model (Haberman & Pitacco (1999)), which describes a 
subject’s random movements between various states. The subject in this case will always 
be a person (active, retired, dependent, deceased...). The approach also includes the use of 
overlapping generations models, a way of introducing aspects of the lifecycle into 
general or aggregate models that is more plausible and realistic than assuming a world of 
individuals who live a synchronized and finite existence. These types of model play an 
important role in analysing a number of questions: models of pensions and pension 
savings, housing models, education models, public debt models, etc. In short, this thesis 
combines both types of model in what is termed an actuarial or multi-state 
overlapping generations model (MOLG). 
This methodology brings an actuarial approach to the accounting framework for 
organizing, summarizing and interpreting data on transfer systems and the lifecycle 
developed in Lee (1994a), Willis (1988) and Arthur & McNicoll (1978), which to some 
degree inspired the models subsequently developed by Settergren & Mikula (2005), 
Boado-Penas et al. (2008) and Vidal-Meliá & Boado-Penas (2013). 
It is also important to point out the natural relationship that exists between this 
approach and generational accounting (GA), a method used by economists to explore 
the intergenerational distributive effects of fiscal policy by considering intertemporal 
budget constraints (Auerbach et al. (1991) and Auerbach et al. (1999)). The subsequent 
application of GA to the general analysis of intergenerational transfers has given rise to 
stochastic or value-based GA (Ponds (2003)), a method used to assess the 
intergenerational redistributive impact of occupational pension reform and ensure that 
the generations involved are treated fairly. A good example of this is its application in the 
case of Holland (Draper et al. (2014)). 
I.4.1.-Multi-state transition models 
From an actuarial perspective, the methodology presented in Haberman & Pitacco 
(1999) - a synthesis of the specialist literature that can be traced back to Bernoulli (1766) 
and includes work by the authors with other researchers (Haberman (1987), Pitacco 
(1995a), (1995b) and (1999), Renshaw & Haberman (1995), etc.) - is fundamental to the 
objectives of this thesis. The combination of multi-state models in association with 
multiple decrement models makes for a powerful modelling instrument (general, unified 
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and rigorous, according to the authors) that can be applied in many areas of actuarial 
science in addition to life assurance, e.g. disability insurance, sickness insurance, critical 
illness, permanent health and LTC insurance. 
In the introduction to their paper, Haberman & Pitacco (1999) review the history of 
multi-state models, basically Markov and semi-Markov models of stochastic processes, 
and the actuarial contribution to disability insurance. In the first two chapters they 
present an approximation to multi-state models in continuous time and discrete time, an 
approximation on which the methodology applied in this thesis is partly based. 
In summary, a multi-state model is represented by the pair (𝑆, 𝑇), where set 𝑆 denotes 
the state space, in our case discrete 𝑆 =  {1, 2, … ,𝑁}, and 𝑇 denotes the set of direct 
transitions between states. In a Markov model the possibilities of transition (in our 
context called intensities) at moment in time t depend only on whatever the current state 
in that moment might be. In a semi-Markov model, however, some or all of these 
possibilities also depend on the total time interval that elapses while remaining in certain 
states. In more technical terms, the Markov model is represented by process {𝑆(𝑡);  𝑡 ≥
 0}, which considers state space 𝑆, while a semi-Markov model is based on processes 
{𝑆(𝑡), 𝑅(𝑡);  𝑡 ≥  0}, which consider extended state space 𝑆 𝑥 [0, +∞). 
Markov models, the mathematics of which is described in detail in Seal (1977), have a 
well-documented history. Lambert (1772) connected the theoretical ideas in Bernoulli 
(1766) with actuarial multiple decrement tables, thereby providing practical foundations in 
the shape of a procedure for processing data using double-decrement tables. In the 
context of disability insurance, Hamza (1900) supplied the first systematic approximation 
in both continuous time and discrete time, while Du Pasquier (1912, 1913) contributed 
the first presentation and solution of the underlying differential equations for transition 
probabilities in relation to the processes of disability and illness. He even looks at the 
problem with three possible states of critical illness with the possibility of reversion. In 
the course of the 20th century and up to the present, these well-known contributions 
would be followed by a whole series of papers that have been used as a basis for the work 
carried out in this thesis. 
As far as semi-Markov models are concerned, Jansen (1966) is cited as the first to 
apply them to the problem of calculating disability benefits, although the structuring of 
them to deal with actuarial and demographic problems should be attributed to Hoem 
(1972). Promising not only a higher degree of realism, these models also supply greater 
levels of  sophistication and complexity with regard to both technique and analysis, as can 
be seen in more recent papers (Aro et al. (2015), D’Amico et al. (2013) and Zadeh et al. 
(2014)).  
I.4.2.-Overlapping generations models 
Although multi-state models undoubtedly provide a flexible tool for expressing 
actuarial structure, in the case of the actuarial analysis and valuation of contributions and 
benefits in public social security systems they are best used in combination with 
overlapping generations models, a methodology used in economic analysis that has 
subsequently been adapted for use in demographic analysis. 
A generation or cohort, here considered to be synonyms, is a set of individuals, 
𝑁(𝑥, 𝑡), located in a particular place at a particular age, 𝑥  (age of entry into the system: 
𝑥𝑒  0, highest age to which it is possible to survive:  ) and a particular moment or 
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period of time, 𝑡  0. In other words, all individuals of the same generation were “born”, 
as far as the system is concerned, at moment or period 𝑡 − 𝑥. If a fixed value of 𝑡 is 
added for all the values of variable 𝑥, all the significant population is obtained as the sum 
of individuals who survive in 𝑡 of all the generations that coexist at that moment. This 
process is fully compatible with multi-state models and GA when it comes to dealing with 
transfer systems or the reallocation of resources. 
The first classic reference for overlapping generations models is Samuelson (1958). 
The starting point of his work is a basic lifecycle model of two periods, in fact two age 
groups, with perishable resources and no accumulated capital (there is no productive 
capital). The main consequence of this (Diamond (1965)) is that the first theorem of 
welfare economics is not necessarily true: a competitive market does not always lead to a 
Pareto optimal allocation of resources. Social security acts as a social corrective 
mechanism for an incomplete market - those who have yet to be born cannot be party to 
a contract - whose result is not efficient, and intergenerational transfers from the young 
to the old could leave everyone better off. Money is subsequently introduced into the 
basic model giving rise to a more speculative, “bubbly view”. 
It is noteworthy that in a later paper Samuelson (1975) himself introduces social 
security into a stationary state model, characterizing it using two parameters representing 
benefit levels and real capital property. In a lifecycle social security system with 
exponential growth, to reach a stationary state compatible with a “golden-rule” steady 
state it is essential that 𝑟 = 𝑔  (interest rate = growth rate of population), and this 
“golden-rule” steady state can be supported by an infinite number of different social 
security programmes (a trade-off between social capital and current taxes-contributions). 
The main result is therefore an infinite combination of parameter points that form the 
basis of an optimal social security programme that converts the competitive equilibrium 
into a “golden-rule” equilibrium that maximizes the lifetime welfare of each successive 
generation. As a result, in the stationary state it really does not matter whether one saves 
in a purely private capacity or through a democratic social security system. 
Despite their usefulness in obtaining results using more realistic assumptions - as in 
the case of Diamond’s (1965) public debt model - and in classical analyses of comparative 
statics (Gale (1972)), existence, uniqueness and stability of equilibrium in a context of 
pure exchange (Gale (1973), Balasko et al. (1980), Balasko & Shell (1980), Kehoe & 
Levine (1985)) or traditional dynamics in both a pure exchange economy and in a 
productive economy (Gale (1972) and Gale (1973)), economic OLG models with only 
two age groups have certain disadvantages. They are unable to represent the most basic 
characteristics of the human lifecycle, with a person being dependent at the beginning and 
the end but productive during the central period, producing more than they consume. 
Also, in classical economic OLG models, death is only considered at the end of the final 
age group, which means they are not appropriate for models that explore changes in 
mortality patterns. This is a problem that we will look at later. 
Although there was already widespread use of OLG models with N age groups, as in 
Gale (1973), they became essential tools once they were included (from a number of 
different perspectives) in texts dealing with macroeconomics (Sargent (1987), McCandless 
& Wallace (1991), Azariadis (1993) and Farmer (1993)) and public finances (Auerbach & 
Kotlikoff (1987) and Ihori (1996)). These texts present theoretical analyses in which the 
OLG growth model provides a standard context for analysing dynamic economic 
phenomena, making it possible to study intergenerational transfers. The theoretical basis 
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is strong enough to deal rigorously and in depth with developments in the field of social 
security, with efforts having been made to create a suitable balance between theory and 
practical application. 
As far as the central subject of this thesis is concerned, the main contributions from 
the papers cited above include the following: 
 In a PAYG social security system (unfunded system), the contributions of young 
generations obtain a return, 𝐺, composed of the growth rate of population (biological 
rate of interest) and the growth rate of salaries. In a capitalization system (funded 
system) they obtain the market interest rate, 𝑟, and so the marginal productivity of the 
capital becomes relevant. 
 In a simple standard 2-period model with infinite generations, a completely funded 
system (capitalization) does not affect a generation’s consumption pattern and does 
not redistribute income between generations. A PAYG system increases the 
economy’s consumption as a whole but creates income inequality between 
generations bearing the net burden of the generations following the baby boom. The 
increase in consumption comes at the cost of reducing accumulated savings (a Ponzi 
scheme similar to chain-financed public debt, hence 𝐺 >  𝑟 is unfeasible in the long 
term). 
 The intergenerational impact of social security in an aged economy is explored along 
with the implications that changing the design of the social security system from 
PAYG to capitalization would have for welfare. Under certain conditions the gradual 
abolition of the PAYG system using lump-sum transfers in the transition stage could 
lead to an improvement in intergenerational Pareto efficiency. 
 In multi-period models, an increase in the contribution rate in PAYG systems raises 
the long-term interest rate but reduces the long-term accumulation of capital if this 
interest rate is higher than population growth. It also reduces welfare in the long term. 
 The PAYG system is not Pareto efficient in the short term because it distorts the 
work-leisure choice, but gradual abolition using lump-sum transfers in the transition 
stage could lead to an increase in Pareto efficiency. 
However, many of the models presented in these texts are deterministic and 
completely ignore the characteristics of risk distribution provided by social security. When 
uncertainty is taken into account, market balance in OLG models is never optimal (Pareto 
suboptimal) because those yet to be born cannot be party to agreements about risk 
distribution with other generations. As regards this risk distribution, social security can 
correct market flaws (inefficient markets) from an intragenerational perspective or 
substitute non-existent markets (incomplete markets) from an intergenerational 
perspective, leaving everyone better off. 
The contribution made by Auerbach & Kotlikoff (1987) is extremely important. In a 
context of dynamic fiscal policy analysis, they explore some central policy issues such as 
the economic effects of demographic transition and their interaction with social security 
using a multi-period overlapping generations model. Should PAYG systems be retained 
or should capitalization (fully funded) systems be introduced? Unmotivated by 
redistributive or paternalistic concerns, they conclude that a PAYG system with elements 
of progressive social policy - insofar as benefits are independent of contributions, i.e. it is 
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actuarially unfair or imbalanced - make individuals worse off than private or capitalization 
systems. Therefore significant efficiency gains can be obtained by fully offsetting the 
transition cohorts. 
Auerbach & Kotlikoff (1987) apply a large-scale numerical OLG model to simulate a 
lifecycle with 55 periods. It is later applied in Auerbach et al. (1989) to analyse the impact 
of demographic change in 4 OECD countries: the US, Japan, Germany and Sweden. 
Kotlikoff (1998) even uses it to simulate the effects of privatizing social security in the 
US. 
There are also other studies that use OLG models to gauge the macroeconomic 
effects of pension system reform in a context of aged populations. Hviding & Mérette 
(1998) simulate the impact of various reform strategies in 7 OECD countries (the US, 
Japan, France, Canada, Italy, the UK and Sweden): a reduction in the amount of pension 
(20% reduction in the replacement rate), gradual abolition (privatization) of PAYG 
schemes in stages (52 years), a 4-year increase in retirement age, and general fiscal 
consolidation (20% reduction in the debt/GDP ratio). And Verbič (2008) applies an 
OLG model, numerically developed using the GAMD algebraic system, to the pension 
system in Slovenia, the first pillar of which is financed by PAYG and the second by 
capitalization (fully-funded). 
In the tradition of Auerbach & Kotlikoff (1987), Fehr (2009) analyses the general 
structure of a stochastic OLG model (SOLG) and studies how welfare is affected by 
social security reforms and demographic changes, basically population ageing. To this end 
he makes the most of advances made in the field of computable general equilibrium 
(CGE) models. The results from these CGE SOLG models suggest that for many (or 
even most) preference and technology parameter combinations, the (positive) insurance 
and commitment effects of social security outweigh the (negative) incentive and liquidity 
effects. If future studies verify the robustness of this conclusion, it will have enormous 
consequences for public policy consulting. He concludes that the introduction of funded 
pension elements and the move towards contribution-related benefits is the most widely-
believed optimal policy response to population ageing. The introduction of other 
elements such as capitalization and personal accounts along with a move towards a 
relationship between contributions and benefits has become the predominant response as 
regards optimal policy. 
As mentioned earlier, the methodology of MOLG models combines multi-state 
transition models applied to the actuarial field (basically actuarial models for disability 
insurance (Haberman & Pitacco (1999)) and overlapping generations models. It has also 
been pointed out that economic OLG models, even stochastic ones, are not generally 
suitable for use as regards the objectives of this thesis because they do not take into 
account realistic demographic aspects, such as mortality patterns or departure from the 
labour market in general. In this respect attention should be drawn to the pioneering 
papers by Arthur & McNicoll (1978), Willis (1988), Lee (1994a) and Lee (1994b), which in 
steady-state, golden-rule models with N age groups do take into account the problem of 
population ageing and reduced mortality. Along the lines of these papers we again need to 
cite Settergren & Mikula (2005), who present a continuous-time model that serves as a 
basis for applying a method of calculating the cross-sectional internal rate of return in a 
PAYG-financed pension system inspired by the new pensions model in Sweden, and also 
the papers by Boado-Penas et al. (2008), Vidal-Meliá et al. (2009), Vidal-Meliá et al. (2010) 
and Vidal-Meliá & Boado-Penas (2013), although these models are in discrete time. 
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Other sources that have inspired this thesis include Bommier & Lee (2003), who 
present a continuous-time model that provides results for comparative statics and 
dynamics using models of N age groups taking into account realistic demography 
including mortality patterns by age and changes in population. In addition, one of the 
main reasons why the paper is so important as regards the objective of this thesis is that, 
in a context of aggregation typical of the generational accounting (GA) method, the 
authors show that cross-sectional and longitudinal restrictions, although different by 
nature, are not completely independent but dynamically related via an accounting identity 
that, in the form of a differential equation where appropriate, represents the evolution of 
wealth over time. 
I.5.- Structure of the thesis 
This thesis focuses on two of the basic instruments for improving PAYG pension 
systems, the actuarial balance (AB) and the notional account (NDC), and combines 
them with two new contingencies, disability and dependency. In congruence with the 
objectives mentioned at the beginning, it is divided into three main chapters, to which are 
added this introductory chapter, the general conclusions, an overview of critical aspects, 
and suggested future lines of research.  
In Chapter 2 we develop a theoretical basis for drawing up a Swedish-type 
actuarial balance sheet (AB) for a defined benefit pay-as-you-go (DB PAYG) 
scheme with retirement and disability benefits. The idea of compiling this type of AB 
from the integrated perspective of both retirement and disability contingencies, which are 
closely linked and account for a very high proportion of pension spending in DB systems, 
has not previously been explored. 
In Chapter 3 we develop a multi-state overlapping generations model (MOLG) 
that integrates old-age and permanent disability into a generic NDC framework. 
Given that NDC schemes have positive features that could help to improve the efficiency 
of disability insurance (DI), it is not unreasonable to develop a theoretical model that fully 
integrates the disability contingency into an NDC framework. In the model, the account 
balances of participants who do not survive are distributed as inheritance capital to the 
accounts of the (non-disabled) active survivors on a birth cohort basis. 
In Chapter 4 we develop a MOLG model that examines the possibility of 
embedding public long-term care (LTC) insurance within the retirement pension 
system, i.e. introducing life care annuities (LCAs) into a notional defined 
contribution (NDC) framework, and includes the so-called survivor dividend and give 
special attention to the assumptions made about mortality rates for dependent persons 
and LTC incidence rates, which largely determine the contribution rate assigned to LTC.  
I.6.-Main contributions 
Although the thesis presents a series of relevant contributions that are detailed under 
the various headings in each chapter, some of the most important should be mentioned in 
this introductory chapter in order to provide a complete overview of the work carried 
out.  
As far as the first stated objective is concerned, “to develop a theoretical basis for drawing up 
a Swedish-type actuarial balance sheet for a DB PAYG pension scheme with retirement and disability 
benefits.”, this has been achieved and can be considered the first step towards filling the 
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gap in this area of the actuarial literature. The model developed enables us to compile this 
AB from the integrated perspective of both retirement and disability contingencies, both 
of which are closely linked and account for a very high proportion of pension spending in 
DB systems. 
The basic element that makes it possible to compile the AB is what is known as the 
system's contribution asset, which, in the model developed and in line with what the 
author already believed intuitively, is a weighted average of the contribution assets of the 
two contingencies that make up the system and that depend on the economic-
demographic structures of the system's collectives - contributors and pensioners - in the 
so-called mature state. 
Although not actually presented in detail in Chapter 2, the model also makes it 
possible to obtain an actuarial income statement by contingency, thereby providing richer 
information about the sources from which future financial imbalances could appear and 
making it easier to set the contribution rates that should be applied for each contingency.  
On the practical side, the numerical example enables a debate to be opened regarding 
the appropriateness of a widespread practice found in many public SSAs: pension 
reclassification. This involves considering as retirement pensions those pensions being 
paid to disabled people who reach the normal age of retirement. Such a practice can mask 
the system's real solvency situation and make it more difficult to obtain accurate actuarial 
results unless all pension information is broken down into contingencies. It also makes it 
more difficult to make projections for the pensioner collective by mixing two collectives 
(retirement pensioners and disability pensioners of retirement age) with different 
mortality rates. It would be better for SSAs to break down the source of old-age pensions 
in cases of pension reclassification in order to minimize the potential negative effects on 
actuarial reports. 
Our model is clearly linked to actuarial practice in social security and gives partial 
support to the practical adaptation carried out by OSFI (2012) when it applied the 
concept of the contribution asset to the Canadian Pension Plan (CPP) balance sheet, 
which includes disability and survivor contingencies. However, further research needs to 
be done to confirm that it is suitable for survivor contingencies. 
The model we have developed has many other practical implications which could be 
of interest not only to DB systems but also to NDCs, social security actuaries, public 
finance economists and policy-makers. For example, as regards the current pension 
system in Sweden (which is an NDC model covering only the retirement contingency), 
this could be extended to cover disability now that the relationship between both 
contingencies is clear. The AB could be compiled for the two contingencies, thereby 
notably increasing its representativeness as it would include a higher proportion of total 
spending on pensions. The legitimacy of applying an ABM would also be strengthened as 
the action would be based on a more robust solvency indicator. 
Finally, it should be stressed that the model is not intended as a replacement for the 
US-type AB model. Instead it should be seen as an alternative way of measuring the 
financial status of DB PAYG systems because AB results are relatively easy to explain and 
the concept is widely used for pension plans outside social security systems. 
With reference to the second objective, “to develop a multi-state overlapping generations 
model that integrates the old-age and disability contingencies in a generic NDC framework”, this has 
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been achieved and the result can also be used in actuarial practice to help improve the 
efficiency of permanent disability insurance. 
As mentioned earlier, our model is inspired by the Swedish NDC model currently in 
force and we have followed the principle that each monetary unit contributed is paid out 
in the form of benefit. However, this benefit is not necessarily paid to the individual who 
made the contributions, given that the account balances of contributors who do not 
survive are distributed as inheritance capital to the accounts of the (non-disabled) active 
survivors on a birth cohort basis. This is the so-called survivor dividend, but in our model 
there is the added technical difficulty of linking it to the permanent disability contingency. 
In Sweden there is no integration of permanent disability into the NDC model. 
In order to link the survivor dividend and the disability contingency in our model, a 
so-called cumulative inheritance gain factor has been defined on the basis of a transition 
probabilities matrix. Unsurprisingly, the formula for this is very similar in structure to the 
formula used by the Swedish authorities for the NDC system, which only includes the 
retirement contingency. 
The model shows that the survivor dividend has a sound financial basis that enables 
the balanced macro contribution rate applied to be the same as the individual credited 
rate. 
The main implication of this result is that, if the amounts of the initial retirement and 
disability pensions were determined by the individual notional capital without considering 
the survivor dividend, the balanced contribution rate and the credited rate would be 
different because the system's benefits would be lower than they could be. On average for 
the base scenario shown in the numerical example, the effect of including the dividend on 
the initial pension is by no means irrelevant, with the initial benefit rising by 16.07%. 
Similarly, if the survivor dividend had not been included when calculating the amount of 
the benefit, a discrepancy would have arisen between the credited contribution used in 
the example, 16%, and the rate necessary to finance the benefits, 13.78%. 
Another result that draws our attention is the fact that the system's average dividend 
remains constant for any value of , but the effect of any growth in the economically 
active population is a proportionally higher increase in the amount of retirement and 
disability pensions, mainly for those people who become disabled at the last age at which 
it is possible to contribute - or at least close to that age - and who have long contribution 
records. 
Our model can be said to be quite realistic insofar as it takes into account an age 
schedule of mortality and the uncertainty concerning the timing of disability, and allows 
for changes in the economically active population and for a large number of generations 
of contributors and pensioners to coexist at each moment in time.  
On the practical side, the numerical example presented in the paper can also be 
considered as being quite close to reality, not only because the OLG model developed 
works simultaneously with 49 and 85 generations of contributors and pensioners 
respectively, but also because the resulting values for the average turnover duration - 
around 32.2 years for the integrated system - differ very little from those calculated in the 
literature (Settegren & Mikula (2007))  for a large group of countries (32.7 years). 
The results achieved in the numerical example, in the case of zero population growth 
and for when the economically active population changes, confirm that the model really 
works and show an suitable integration of both contingencies into the NDC framework. 
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In spite of the very different assumptions for the disability contingency and even though 
NDCr does not cover disability, the average retirement pension remains virtually the 
same in the three schemes analysed. 
Our model can easily be linked to real practices in social security policies because, to 
mention just a few positive features, it could be implemented without too much difficulty, 
it would help to improve actuarial fairness, it would uncover the real cost of disability and 
minimize the risk of disability insurance being used as a vote-buying mechanism. 
The question of putting the model into practice is by no means a minor topic. It 
would need to thoroughly address the following issues: 
 The transition rules from the old system, whether DB or traditional NDC, to the 
NDC framework. 
 The advisability of introducing a minimum pension for both contingencies. 
 The transition from temporary disability to permanent disability. 
 The updating of the annuity divisors. 
 Communication with the public. A yearly account statement containing individual 
pension information on retirement and disability rights should be sent out to all 
participants. 
 The actual design of the actuarial balance sheet and its automatic balance 
mechanism. 
Finally as regards the third objective of the thesis, “to develop a multi-state overlapping 
generations model that examines the possibility of embedding public long-term care (LTC) insurance 
within the retirement pension system, i.e. introducing life care annuities (LCAs) into a notional defined 
contribution (NDC) framework”, this objective has also been achieved. The model, if put into 
practice, could improve the efficiency of LTC benefits and universalize coverage, or at 
least extend it to a notable extent. 
This model, like the previous one, was partly inspired by the NDC system currently in 
force in Sweden as far as the survivor dividend is concerned, although the idea of making 
the LTC contingency contributory comes from the social protection model used in 
Germany. Our model relies on cash-for-care schemes and LTC insurance in the belief 
that combining retirement and LTC annuities using a contributory NDC framework will 
help to finance the costs incurred by retirement pensioners when they become 
dependent. 
The model developed in previous essay, Chapter III, like the model with permanent 
disability, confirms that the survivor dividend has a sound financial basis that enables the 
balanced macro contribution rate applied to be the same as the individual credited rate in 
the integrated model. The main implication of this is that, if the amount of the initial 
pension were determined by the individual notional capital without considering the 
survivor dividend, the balanced contribution rate and the credited rate would be different 
because the system's benefits would be lower than they could be. 
The model also enables us to assess the cost of introducing the LTC contingency into 
the NDC retirement framework. This is computed from a dual perspective: the reduction 
in the initial retirement pension needed to maintain the system's financial equilibrium, and 
the compulsory increase in the contribution rate needed if it were decided to leave the 
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amount of the initial retirement pension unchanged. For a given framework, the burden 
of introducing the LTC contingency critically depends on the assumptions made about 
mortality rates for dependent persons and LTC incidence rates. It can therefore be said 
that the insurer (i.e. the state in our model) faces significant uncertainty regarding future 
costs for this contingency, and this means it would be important to periodically provide 
accurate data on relevant aspects. 
Also in line with the model for permanent disability, the numerical example 
developed in this thesis is close to reality insofar as it takes into account a schedule of 
mortality based on age and health status, it considers the uncertainty that surrounds the 
timing of becoming dependent (LTC incidence rates by age), it allows for changes in 
population, and it works simultaneously with 49 and 45 generations of contributors and 
pensioners respectively (active and dependent persons). 
The numerical example confirms that our model really works well and shows an 
suitable integration of both annuities into the NDC framework. The results make sense 
and provide us with some useful values regarding: 
 The magnitude of the dividend effect. On average for the base scenario, the effect 
of including the dividend on the initial pension is by no means irrelevant, and the 
initial benefit rises by 10.93%. Similarly, if the survivor dividend were not 
included when calculating the amount of the benefit, a discrepancy would arise 
between the credited contribution used in the example, 16%, and the rate 
necessary to finance the benefits, 14.42%. 
 The effect that the introduction of the new contingency would have on the 
amount of the initial retirement pension. To maintain the system's financial 
equilibrium under the assumption of a 100% enhanced pension if a person 
became disabled, for the best-estimate scenario the initial retirement pension 
would have to be 9.69% lower than before. For the pessimistic scenario the 
reduction would be 13.50%, while for the optimistic scenario it would only be 
4.94%. 
 The compulsory increase in the contribution rate if it were decided to maintain 
the amount of the initial retirement pension. To preserve the system's financial 
equilibrium, under the best estimate scenario the increase in the contribution rate 
over the aggregate contribution base would need to be 1.7163%, while it would be 
2.4963% for the pessimistic and 0.8324% for the optimistic scenario.  
Last but not least it can be said that our model combining retirement and LTC can 
easily be linked to real practices in social security policies. To mention just a few positive 
features, it could be implemented without too much difficulty, it would help to mitigate 
individual risk, it would universalize LTC coverage with a fixed cost, it would make it easy 
to adapt the system to changing realities, it would discourage politicians from making 
promises about future LTC benefits without the necessary funding support, and it would 
encourage actuarial fairness and stimulate contributors’ interest in the LTC contingency.  
I.7.-Directions for future research 
It needs to be said that, although the investigation carried out in this thesis is relatively 
important, research is still at a very early stage, especially when we think about the 
research that still needs to be done and which could easily double the number of papers 
that could be obtained from this PhD thesis. 
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Further work could be carried out on the models developed here, with future research 
objectives extending into at least the following areas: 
 To compile the AB with different degrees of disability and/or the possibility of a 
return to active life. In practice there are usually various degrees of disability 
recognized and these have a direct effect on the amount of benefit paid and the 
likelihood or not of returning to active life. The most natural way to do this would 
be to extend the states shown in Diagram II.1 (in Chapter II), which would 
obviously involve a considerable increase in the complexity of the formulas to be 
obtained, especially if semi-Markov processes are taken into account.  
 To extend the AB by incorporating widows' and/or survivor contingencies, which 
would enable virtually all spending on pensions in DB systems to be included. It 
could also provide definitive theoretical support to the practical adaptation carried 
out in OSFI (2012). 
 To adapt the AB specifically designed for NDC retirement systems to the new 
model with disability and to evaluate the impact of introducing a minimum 
pension on the system's financial equilibrium.  
 To extend the NDC model with LTC to take into account different levels of 
LTC. In practice, various degrees of dependency are usually recognized and these 
have a direct effect on the amount of benefit paid. The classic book by Haberman 
and Pitacco (1999) could be the starting point for this work, which would 
obviously involve a considerable increase in the complexity of the formulas to be 
obtained.  
 To adapt the AB specifically designed for NDC retirement systems to the new 
model with LTC and evaluate what impact the introduction of a minimum 
pension would have on the system's financial equilibrium. 
 To design a fully integrated NDC model with retirement, LTC and permanent 
disability. The model developed in Chapter 3, which integrates old-age and 
permanent disability into a generic NDC framework, could be a reference for this. 
 To develop in detail all the aspects that would enable the models to be introduced 
in practice. These aspects should include integration with other contingencies, 
transition periods, how to update the key coefficients for transforming notional 
accounts into lifetime benefits, the design of the automatic mechanism that would 
rebalance the system if there were any negative deviations, plus other related 
questions. 
Finally, the leap would still have to be made from this determinist model that includes 
scenarios to a model in which one or more of the variables moved in a stochastic 
environment. This final step is still a long way away given the complexity involved in 
tackling the task seriously and rigorously. Nevertheless, in this respect a starting point 
could be found in various papers that have obtained results, although generally using 
simplified or idealistic assumptions far-removed from real actuarial practice in social 
security (Boado-Penas et al. (2007), Iyer (2008), Melis & Trudda (2012) and Alonso-
García et al. (2014)).  
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Chapter II.- AN ACTUARIAL BALANCE SHEET MODEL 
FOR DEFINED BENEFIT PAY-AS-YOU-GO PENSION 
SYSTEMS WITH DISABILITY AND RETIREMENT 
CONTINGENCIES* 
                                                          
* An article based on this chapter has been published in ASTIN Bulletin / Volume 44 / Issue 02 / May 
2014, pp 367-41. DOI: http://dx.doi.org/10.1017/asb.2014.5. Published online: 13 February 2014. 
Preliminary versions of this chapter were presented at the “IV Iberian Congress of Actuaries” in Barcelona, 
at the “XXI Jornadas ASEPUMA — IX Encuentro Internacional” in San Cristobal de La Laguna, Tenerife, 
July 2013, and at the “Pensiones” Seminar organized by the Departament de Matemàtica Econòmica, 
Financera i Actuarial, Universitat de Barcelona, in Barcelona (Spain), June 2014. An extended previous 
version of some sections of this chapter was published by FUNCAS (Fundación de Cajas de Ahorro 
Confederadas) as working paper No. 677/2012.  
Three Essays on Actuarial Social Security Theory 
67 
II.1.- Introduction. 
Regularly compiling an official actuarial balance (AB) is standard practice in public 
Social Security Administrations (SSAs) in countries such as the USA (BOT (2013)), Japan 
(AAD (2009)), Sweden (Pensionsmyndigheten (2014)), Canada (OSFI (2010)), the UK 
(GAD (2010)) and Finland (Elo et al. (2010)). 
According to Ménard et al. (2012) and Vidal-Meliá et al. (2010), the AB is becoming 
an instrument essential to the efficient running of PAYG pension systems. There are 
convincing reasons why Social Security Programs (SSPs) should have one: 
 It tends to minimize the traditional difference between the planning horizons of 
whichever authority is in charge of the system and the system itself. 
 It should “force” politicians to be much more careful about what they say about 
the system, thereby reducing populism in pensions. 
 Its findings are used to prompt decision-makers to take action to correct any 
financial imbalances in the schemes.  
 Stakeholders will have a good idea of how far promises or commitments made to 
them regarding their pensions are being kept. 
 Public interest in how the system is developing is strengthened, making it easier to 
introduce automatic balance mechanisms (ABMs)1.  
 It enables the impact of proposed reforms of the public pension system to be 
assessed with greater reliability. 
When it comes to compiling the AB for PAYG systems, there are basically two 
options to choose from: what are known as the Swedish and US models, although the 
actuarial valuation report (AVR) on the Canadian Pension Plan (CPP) and the Japanese 
actuarial balance (JAB) also present relevant features. 
The two models have very different characteristics and strengths. The so-called US 
model uses explicit projections to highlight future challenges to the financial side deriving 
basically from ageing, the expected increase in longevity and fluctuations in economic 
activity. 
In the Swedish balance sheet (SBS) the main accounting entries are developed using 
the principles of double-entry bookkeeping and can briefly be described as showing the 
actuarial (im)balance in pension systems in understandable language in the shape of assets 
and liabilities, without needing to use explicit projections 2 . However, it can only be 
applied to the retirement contingency. 
The AB for the Old-Age, Survivors and Disability Insurance (OASDI) program3 has 
been compiled in the US since 1941. As Goss (2010) explains, it measures the difference 
in present value - discounted by the projected yield on trust fund assets - between income 
                                                          
1
 An ABM is a set of predetermined measures established by law to be applied immediately as required 
according to the solvency indicator. For more details, see the papers by Barr & Diamond (2011), Vidal-
Meliá et al. (2009) and Börsch-Supan (2007).   
2 See the paper by Boado-Penas & Vidal-Meliá (2012) for an in-depth study of the main differences and 
similarities. 
3
 The OASDI program in the United States provides a basic level of monthly income when insured workers 
become eligible for retirement, and also in cases of death or disability. See the papers by Barr & Diamond 
(2011), DeWitt (2010) and Diamond & Orszag (2005), and also Appendix 1. 
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from contributions and spending on pensions over the next 75 years as a whole, 
expressed as a percentage of the present value of the contribution bases for that time 
horizon, taking into account that the level of financial reserves (trust fund) at the end of 
the time horizon reaches a magnitude of one year's expenditure. The US report, BOT 
(2013), also presents another summary measure called “open group unfunded liabilities”, 
which indicates the size of any shortfall in present-value dollars. 
In Canada, OSFI (2010), similar methodology to that applied in the US has been used 
to draw up an AVR on the Canadian Pension Plan (CPP)4 every three years since 1966. 
This involves projecting revenue and expenditure over a period of 75 years with the aim 
of accurately assessing the future effects of historical and projected trends in demography 
and economic factors. The CPP is considered unsustainable if the projected steady-state 
contribution rate (SSCR) for the next 75 years needs to be greater than that established by 
law (currently 9.9 percent). The SSCR is the key financial measure for evaluating the CPP, 
specifically its adequacy and stability over time. It is defined as the lowest rate sufficient 
to ensure both the stabilization of the ratio of assets to the following year’s expenditures 
over time and the long-term financial sustainability of the Plan without recourse to 
further rate increases. 
The most relevant feature of the Japanese actuarial balance (JAB) is that it includes 
explicit measures for making the system sustainable in the sense that projected benefit 
payments for the time period covered by the actuarial balance, 95 years, cannot exceed 
the total revenue from contributions and subsidies for that period plus the accumulated 
funds existing at the beginning of the valuation period. 
The AB sheet for the NDC5 pension system has been compiled in Sweden6 since 
2001. The legal definitions and specific formulas applied in the Swedish system can be 
found in Pensionsmyndigheten (2014). The SBS does not include a disability contingency. 
In the Swedish system disability pensions are paid from a sickness and accident insurance 
fund, and contributions on behalf of disabled contributors are paid to the state pension 
scheme by the central government. The Swedish pension system does not therefore 
require separate treatment for the disability contingency. 
The SBS can be described as a financial statement listing the pension system's 
obligations to contributors and pensioners at a particular date, with the amounts of the 
various assets (financial and through contributions) which back up these commitments. 
For Settergren (2009), Swedish reporting on financial status bears great resemblance to 
the standard income statement and balance sheet of an insurance company. As we will see 
later, this balance sheet structure is perfectly valid for DB PAYG, especially if the 
contribution rates for different contingencies are clearly separated. 
This chapter will deal exclusively with a Swedish-type AB sheet model, looking 
especially at the two concepts that make the balance sheet possible: the system's expected 
average turnover duration (TD) and the contribution asset (CA). These concepts initially 
                                                          
4 The CPP is an earnings-related program. Disability and survivor benefits are important features of the 
CPP. See the papers by Ménard. (2010) and Billig & Ménard. (2013) and also Appendix 1 for more details. 
5 A notional defined contribution scheme (NDC) is a pay-as-you-go scheme that deliberately mimics a 
financial defined contribution (FDC) scheme by paying an income stream whose present value over a 
person’s expected remaining lifetime equals his or her accumulation at retirement. By doing this it has many 
features of an FDC scheme. For more information about NDCs, see for example the papers by Lindbeck & 
Persson (2003), Holzmann & Palmer (2006 and 2012) and Whitehouse (2010).  
6 Papers on the Swedish pension system include those by Sunden (2006) and Chłoń-Domińczakel al (2012), 
with more information in Pensionsmyndigheten (2014) and Appendix 1 
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appear in connection with NDCs, the general outline of which can be found in Settergren 
(2001) and (2003), while in Settergren & Mikula (2005) both concepts are modelled in 
continuous time, giving theoretical support. 
The search for valid expressions to apply to DB PAYG systems began with the paper 
by Boado-Penas et al. (2008), continuing with that by Vidal-Meliá et al. (2009), which in 
addition links to the concept of the ABM. The paper by Vidal-Meliá & Boado-Penas 
(2013) obtains the analytical properties of the CA and confirms its soundness as a 
measure of the assets of a PAYG scheme. However, all the papers cited limit themselves 
to the retirement contingency, which may be appropriate for defined contribution (DC) 
pension systems in which the contributory contingencies are clearly separated, but in DB 
PAYG systems there tends to be no clear separation between contingencies as far as 
contribution rates are concerned, and disability pensioners are often reclassified as 
retirement pensioners once they reach a certain age. Also, spending on disability pensions 
is considerable7. 
Finally, with the aim of making a comparison with the official AVR of the CPP, OSFI 
(2012) and Billig & Ménard (2013) make a practical adaptation of the methodology used 
to compile the Swedish balance sheet. They draw up a modified ABS for the CPP that 
includes retirement pensions, disability and survivor benefits. However, the theoretical 
basis for making the adaptation is not developed in their papers. Indeed, the authors warn 
us that the exercise of compiling the balance sheet should be viewed simply as an 
illustration. 
The aim of this chapter is to develop a theoretical basis for applying a Swedish type 
ABS model to both the retirement and disability contingencies in a DB PAYG system. 
The possibility of compiling this type of ABS from the integrated perspective of both 
retirement and disability contingencies, which are closely linked and account for a very 
high proportion of pension spending in DB systems, has not previously been explored. 
After this introduction, in Section II.2 we present an ABS model for DB PAYG 
pension systems with disability and retirement contingencies and develop the main entries 
for both liabilities and assets. In Section II.3 we compile the ABS using various 
reasonable assumptions for a numerical example representative of the system. The results 
for the system's assets and liabilities per contingency are also shown and special attention 
is paid to the phenomenon identified as pension reclassification. In Section II.4 we 
discuss some practical issues that can be considered when choosing a value for G (the 
growth of the wage bill) for an already-functioning DB PAYG system. In Section II.5 we 
list our main conclusions, and the paper ends with two appendices where we briefly 
describe the retirement and permanent disability contingencies in the pension systems of 
Canada, Sweden and the USA and develop the process for obtaining the analytical 
expressions for the system's turnover duration (TD), contribution asset (CA) and 
liabilities from the actuarial point of view. 
  
                                                          
7
 According to information provided by BOT (2013), spending on retirement pensions in the USA 
accounted for 63.19% of the total, with disability pensions accounting for 16.40%, together totalling 
79.59%.  
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II.2.- The actuarial balance sheet (ABS) model for DB PAYG pension 
systems with disability and retirement contingencies. 
In this section we present an ABS for DB PAYG pension systems with disability and 
retirement contingencies. To do this we develop the analytical expression of the 
contribution asset (CA), the main methodological innovation that enables the ABS of the 
PAYG system to be compiled. 
According to Boado-Penas et al. (2008), the presence of the CA in the ABS is a 
counterargument against those who discredit pure and partial pay-as-you-go finance by 
claiming that it is always bankrupt or insolvent. This claim is based on accepting the 
system’s liabilities but ignoring the assets implicit in contributions. Billig & Ménard (2013) 
point out that the CA recognizes that a PAYG system does not have any legal 
requirement to hold assets to fully guarantee its liabilities. Since such a system relies on 
contributions as a major source of its financing, this implies that the flow of future 
contributions represents an asset for the system. Also, the IAA (2012a) promotes the 
concept of choosing ABS methodology to actuaries who are "performing, reviewing, advising 
on, or opining on actuarial valuations of SSPs". 
An alternative measure of PAYG scheme assets can also be found in the literature, 
what is termed the “quasi asset” by Jackson (2004) and the “hidden asset” by Valdés-
Prieto (2005). These authors suggest that it is valid for drawing up the AB sheet of a DB 
PAYG scheme, but, as demonstrated by Boado-Penas & Vidal-Melia (2013), the hidden 
asset supplies a solvency indicator which is not always consistent with the system’s 
financial health. 
The CA is based on the system's expected average turnover duration (TD). Lee (1994) 
began the formal development of the TD and described a framework for organizing, 
summarizing and interpreting data on transfer systems and the life cycle. Other 
pioneering papers which arrive at similar frameworks are Arthur & McNicoll (1978) and 
Willis (1988). 
II.2.1.- Description of the system and main assumptions. 
Our model is developed for a case in which the participants’ lives last (w-1-xe) periods, 
(w-1) is the highest age to which it is possible to survive and xe is the age of entry into the 
system. In this case, when the system reaches the mature state, A generations of 
contributors, (w-1-(xe+A)) generations of retirement pensioners and (w-2-xe) generations 
of disability pensioners coexist at each moment in time. 
We adopt the hypothesis that at the earliest age at which one can contribute, xe years, 
there are no disability pensioners. However, people become disabled throughout the 
period and start to receive a pension one year later, i.e. at age xe+1 years. 
We also assume that both the average (insured) wage and the population increase or 
decrease at an annual real rate of g and γ  respectively, which means it must be assumed 
that real GDP and the wage bill also increase or decrease at rate G =(1+g)·(1+ γ )-1 and 
that pensions in payment increase or decrease at an annual rate of λ . 
The pension system's parameters are considered to be in a mature state. As we 
progress we will see that the “mature” condition implies that the dependency ratio (dr) 
stabilizes and the average pension-average contribution base quotient is constant for both 
contingencies due to the fact that they evolve at the rate of variation in wages. Hence the 
Three Essays on Actuarial Social Security Theory 
71 
total contribution rate ( Dθ + Rθ ) that ensures equality between contribution revenue and 
pension expenditure is considered constant over time. 
The contributor collective is open, i.e. the system has a guaranteed perpetual flow of 
new entrants, which means it has to be assumed that the system is ongoing and new 
entrants are taken into account to calculate the system's assets and liabilities. Both the age 
giving entitlement to retirement pension, “xe+A”, and the formula used for calculating 
retirement pension are constant, leading to a fixed replacement rate of size .  
As regards disability pension, it is supposed that initially the ages that give entitlement 
to benefit are to be found in age interval [xe +1, xe+A] and that for each age within that 
interval the calculation formula is a percentage (or adjustment factor) of the wage base. 
The age interval is later widened to [xe +1, w-1]. 
Diagram II.1 shows the relationships (transitions) between the various collectives 
(states) that will be separated in the model. The difference between this model and the 
one found in Vidal-Meliá & Boado-Penas (2013) is that a new state - disability - is 
introduced, along with the new relationships shown by dotted lines in the diagram. 
 
Diagram II.1  
The demographic-financial structure at any moment “t” from the system's inception is 
given by: 
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We adopt the assumption that the contributor cannot contribute and receive pension 
in the same year. However, if an individual becomes disabled at contribution age xe +k  
[xe, xe+A-1], the corresponding disability pension will be payable at age xe +k+1  [xe+1, 
xe+A]. 
2.- Number of contributors by age at time t: 
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               II.2 
where pNN k x, t)(xk, t)(x eee   with pk xe  being the stable-in-time ratio between the number 
of individuals of age xe and xe+k years. Stable ratios or probabilities include the 
decrements due to death and disability associated with each age, with the possibility of a 
return to active life not being considered (practical disability model). It is a different 
matter when it comes to considering decrements or new entries due to migratory 
movements, these being included in parameter γ . 
It is important to bear in mind that for age xe +k  [xe +A; w-1], N k, t)(xe  stands for 
the number of pensioners who will retire at age xe +k in year t. 
3.- Average wage (average contribution base) by age at time t: 
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The demographic framework above implies that the age-wage structure only 
undergoes proportional changes. The slope of the age-wage structure is constant. 
The annual retirement pension is   YβP C,  
r
A, xe 01
 , which is a set percentage, β , 
of the average contribution bases taking into account all the years (A) contributed, with 
A
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0 . It will also be assumed that contributions and benefits are payable 
in advance. 
4.- Number of disabled in age interval [xe+1 , xe+A] at t = 1 
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where: 
1k-xe
d   is the probability that an individual of age xe+k-1 will suffer permanent disability 
without being able to return to active life. 
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)k, (xe
I 1  is the number of people who become disability pensioners in year 1 of age xe+k, 
becoming disabled as far as the system is concerned because their disability really began in 
the previous period [0, 1). 
For t ≥ 2 and age interval [xe+1 , xe+A] we need to consider two types of disabled 
people: those aged xe+k years who became disabled in the current year,  
N
k, txe
I  , and 
those whose disability began earlier or survivors aged xe+k years who continue from 
previous years,  
s
k, txe
I  . The structure for the number of people who became disabled 
during the year in question is always given by: 
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   II.5 
After xe+A+1 years, all the disabled in the system are by definition considered 
survivor disabled because, once the state of activity disappears, nobody can become 
disabled for the purposes of the system. Therefore, and always for t ≥ 2, as far as the 
continuing disabled are concerned a distinction has to be made between two age intervals, 
[xe+2, xe+A]
 8 and from xe+A+1 years onwards.  
The structure of the survivor disabled in [xe+2, xe+A], whose evolution will depend 
on the survival probabilities of a disabled person, 
d
k-xe
p 1 , which may be different from 
that for the active population, 1k-xep  , incorporates all those who became disabled in 
successive earlier periods and have survived.  
In general, when all the disabled people who began in t = 1 have disappeared, this 
means that t = w-xe, and therefore from here on in all this disability band we get k < t,  
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The total number of disabled for each age in t can be calculated by: 
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       II.7 
From xe+A+1 years onwards no more new disabled people are taken into account, 
and so for age interval [xe+A+1, w-1], i.e. k  {1, w-1- (xe+A)}, we get:  
                                                          
8 In k = 1 the disabled are always newly disabled as they come from age xe in t-1, and therefore I(xe +1, t) = 
IN(xe +1, t). 
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        II.8 
If k  [1, A], the initial annual disability pension (in t=1) is  
d
k, xe
P 1 . Then the 
pension amounts for the newly disabled in t ≥ 2 and k  [1, A] are calculated according 
to the following formula: 
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because  
d
k, xe
P 1  is considered to be a variable percentage, 
d
kb , of the contribution base of 
all the wages that contributions had been paid on, k years, at the age of becoming 
disabled, 
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The amounts of the disability pensions for survivors from previous periods, 
 
S
s, tk, kxe
P  , also in t ≥ 2, k  [2, A] and   111  ,k, t,kMaxs  , where xe+k is the 
actual age of the disability pensioner and xe+s is the age at which the disability first began, 
would be obtained in accordance with this formula: 
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It can be seen that for each period t and for each age k there is a vector 1x(k-s) of old 
pension amounts, i.e. of as many components as the difference between the age used for 
calculating the benefit, k, and the age at which it first came into payment, s. 
The disability pensions for ages [xe+A+1, w-1] are all for survivors as no newly 
disabled are considered, but by following them back to age xe+A they may come from 
newly disabled at that age or from survivor disabled from previous ages (a vector of 1x2), 
in such a way that: 
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However, following [II.10], because  
S
A, t-kxe
P     is going to depend on the age at which 
the disability originally began, we get   111  ,A, k t, A Max s     . And once we 
consider  
d
A, t-kxe
P     , the final formula for   ,A, k t, A Max s      11  will be: 
   
 
    skAskAt
y b
d
A, x
d
t skk, AAx λgPP
, Aex
d
A
ee


 

11
1
1,
01
  
 
                                   II.12 
Like we said for equation [II.11],  
d
k, tAxe
P         is also a row vector, in this case of 1x(A-1-
s) with   , Ak tA , Max s       11 . 
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II.2.2.- The actuarial balance sheet. 
Taking into account the rules of the pension system and the demographic and 
economic framework described, the process for obtaining the system's liabilities from the 
actuarial point of view - the analytical expressions for the system's turnover duration (TD) 
and contribution asset (CA) - can be separated into 5 steps for the purposes of clarity, as 
shown in Appendix II.2. 
The idea that the financial position of a PAYG pension system would be presented in 
terms of assets and liabilities, as shown in Table II.1, does not come naturally, and indeed 
it may take some getting used to.  
 
TABLE II.1: THE ABS OF A BALANCED PAYG SYSTEM AT YEAR T. 
ASSETS LIABILITIES 
Contribution asset for disability=
D
tCA  
Liability to pensioners for disability =
r
t
DV  
Liability to contributors for disability =
c
t
DV  
Contribution asset for retirement=
R
tCA  
Liability to pensioners for retirement = 
r
t
RV  
Liability to contributors for retirement = 
c
t
RV  
Total assets = 
S
tCA  Total liabilities =
S
tV  
 
The ABS is compiled using a type of closed group methodology (CGM) that has been 
modified to make it equivalent to open group methodology (OGM). CGM is widely 
applied in fully funded systems and assumes that no new entrants to the pension system 
are permitted. OGM is based on the assumption that the scheme is ongoing, and 
therefore future new entrants are included in the valuations. As stated above, in keeping 
with the PAYG nature of the system, we also adopt the assumption that the system has a 
guaranteed perpetual flow of new entrants. 
The liabilities under OGM consist of the present values not only of benefits in 
payment and benefits expected to become payable for current participants, but also of 
benefits expected to become payable for new entrants. Hence the assets include the 
present values of expected future contributions made by or on behalf of current 
participants and also new entrants.  
Our model can be considered "open group" at any particular year t because it takes 
new entrants into account and assumes that there will be contributions to meet the 
liabilities, but valuation formulas consider only pensioners and contributors at the 
valuation date. Our concept of "open group" is used from a dynamic perspective since 
the model enables us to draw up the ABS at any date t after the system reaches a mature 
state. 
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II.2.3.- Entries on the liabilities side. 
The entries on the liabilities side are: liabilities to pensioners for retirement,
r
t
RV , and 
disability, 
r
t
DV , and liabilities to contributors for retirement,
c
t
RV , and disability, 
c
t
DV . If 
we take into account formula II.22 in Appendix II.2, the liability to pensioners for 
disability can be expressed as: 
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with λ
kx
d
e
a   and 
λ
kAx
d
e
a   being the present value of a lifetime annuity for the disabled of 
1 monetary unit per year payable in advance and growing at real rate ,  valued at age 
“xe+k” years and age “xe+A+k” years respectively, with a technical interest rate equal to d 
= G (see Appendix II.2). 
For the retirement contingency, the liability to pensioners is equal to: 
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with 
λ
kAxe
a   being the present value of a lifetime annuity for the retiree of 1 monetary 
unit per year payable in advance and growing at real rate , valued at age “xe+A+k” years, 
with a technical interest rate equal to d = G. 
The liability to contributors for disability, whose payments have not yet begun but to 
whom a commitment has been made by virtue of the contributions already paid, is 
calculated using the prospective method:  
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[II.15] 
For the retirement contingency, according to Vidal-Meliá & Boado-Penas (2013), the 
liability to current contributors is equal to: 
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The way these liabilities are defined appears to follow CGM, but in fact a modified 
version is applied to make it equivalent to OGM because the plan is considered to be 
ongoing and in a mature state.  
II.2.4.- Entries on the assets side and the solvency ratio. 
The system's contribution asset,
S
tCA , can be understood as the maximum level of 
liabilities that can be financed by the contribution rate determined for the system without 
extraordinary contributions from the sponsor. This is because in a balanced PAYG 
system the difference between the liabilities and current assets (zero financial assets) is 
simply the present value of future contributions, i.e. the system's contribution asset. Also, 
as the CA is derived from linking the assets and liabilities of the pension system in a 
mature state and in cash-flow equilibrium, the population data in the cross-section are 
identical to those applicable to longitudinal projections, so cross-sectional data are just as 
valid as longitudinal data. 
Analytically, the system's contribution asset can be expressed as: 
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The value of the system's contribution asset is the product of the system's turnover 
duration, 
S
tTD , and the value of the contributions, 
S
tC , made in that period for the 
retirement and disability contingencies.  
The system's turnover duration can be calculated either as a weighted average of the 
TDs for both contingencies, the weighting being the spending on pensions by 
contingency as part of total spending, or as the difference between the weighted average 
of the average ages of disability )A(A
D
c
D
r    and retirement )A(A
R
c
R
r    , the weightings 
here being spending on pensions per contingency as a part of total spending and the 
average age of the contributors. 
The system's TD is also the sum of the weighted pay-in, 
S
cpt , and pay-out, 
S
rpt , 
durations of one monetary unit in the system for the year’s contributions and is based on 
population data obtained from a cross-section, not from an explicit projection. 
The TD for the system is interpreted as the number of years expected to elapse 
before the committed liabilities with contributors and pensioners for retirement and 
disability are completely renewed at the current contribution level.  
As Lee (2006) points out, the TD synthesizes into a single number a great deal of 
information about the system’s rules, the age distribution of the population, the age 
patterns of labour supply and earnings, survival and, in our model, disability rates too. For 
Goss (2010), it is often desirable to express the outcome of a complex process in a single 
number. 
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The value of 
D
tCA
  
    is the product of turnover duration 
D
tTD
  
   - formulas [II.31], [II.42] 
and [II.43] in Appendix II.2 - and the value of the contributions made in that period for 
the disability contingency, 
D
tC
  
 .  
For the retirement contingency, the value of 
R
tCA
  
   is the product of turnover duration 
R
tTD
  
  - formulas [II.32], [II.33] and [II.44] in Appendix II.2 - and the value of the 
contributions made in that period, 
R
tC
  
 .  
The solvency index (ratio), 
S
t
S
t
S
t VCASI  , is equal to one in the case of a balanced 
pension system. At the date of the balance sheet, therefore, participants have a realistic 
expectation of receiving the benefits they expect - without the system’s sponsor having to 
make periodic contributions - as long as the system's rules and the economic and 
demographic conditions prevailing at the time of valuation remain constant. Solvency is 
clearly never completely assured in the long term as neither the assets nor the liabilities 
are known in their entirety. 
As Lee (2006) indicated for the case of the retirement contingency, when using this 
framework for actual, non-steady state situations, “we have to imagine stopping time at two 
intervals and using a comparative static comparison between them”. This is the approach developed 
in practice. In the Swedish case, for example, Pensionsmyndigheten (2014), the ABS is 
compiled every year according to verifiable events and transactions, but it tends to 
provide a true and fair view because successive changes are included as they are registered 
in consecutive balance sheets. Consequently, as Auerbach & Lee (2011 and 2009) point 
out, the solvency indicator remains reasonably reliable. 
Last but not least, the model makes it possible to obtain an actuarial income 
statement by contingency, thereby enriching the information on the sources from which 
future financial imbalances in the system may originate and making it easier to set the 
contribution rates that should be applied for each contingency. The results mainly depend 
on annual financial variations (treasury surpluses or deficits, return on financial assets and 
costs of liabilities), on the evolution of economic factors (contributors, contribution 
bases, the structure of the economic activity that has an impact on disability rates), on 
demographic factors (longevity of the various collectives) and on the rules of the pension 
system. 
II.3.-Numerical example. 
The numerical example presented in this section has been calculated using the closed 
formulas developed in Section II.2 and Appendix II.2. Our starting point is the numerical 
example developed by Vidal-Meliá & Boado-Penas (2013). They work with contributors 
and pensioners by age and contributions (wages) and a “mature” pension structure 36 
years after the system's inception, assuming that g grows at an annual accumulative rate of 
1%, the population grows at an annual accumulative rate of 2%, and the pension payable 
to pensioners at age 65 is 80% of the previous 40 years' contributions and constant in real 
terms ( λ=0%). 
With these conditions, see Table II.2, the contribution rate for balance is 16.51% and 
the TD is 27.59 years (weighted average age of pensioners 73.32 years, weighted average 
age of contributors 45.72 years) distributed over 9.32 years for the pay-out and 18.28 
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years for the pay-in. The contributor-pensioner ratio is 4.5 and the financial ratio 0.7427. 
Hence according to formula [II.26] in Appendix II.2, the product of these two ratios is 
the system's contribution rate.   
Let us extend this initial system from the start by adding a disability contingency in 
which a contributor who becomes disabled receives a pension with a variable replacement 
rate that depends on age and contributions made. Hence a contributor who becomes 
disabled at age 64, the last age at which it is possible to contribute, would receive a 
pension identical to that which would be payable on retirement at 65 in the new mature 
state, 75 years after the system's inception. The evolution of the pensioner and 
contributor collectives is shown in Figure II.1. 
 
 
Figure II.1: Evolution of the collectives. 
 
The graph shows the evolution of contributors and pensioners in both systems, with 
base retirement only (Cr, Pr) and with both contingencies separated (Crd, Prd). The two 
separate contingencies are also shown combined (Crd +Prd) so that the result can be 
compared with the base retirement model. 
It can be seen that in the new system there are two types of beneficiary, disability 
pensioners and retirement pensioners, and that the collective as a whole is smaller than 
that of the base system because of two effects: disabled people do not live as long and 
population growth does not affect the two systems in the same way - a large proportion 
of the disabled group consists of survivors and is therefore unaffected by all the increases 
in population. 
Differences by age are shown in the graph by ellipses and reach their maximum at age 
65, after which they are decreasing. The two collectives would only coincide under the 
additional assumption of equal longevity for both disabled and non-disabled (active or 
retired) and when zero population growth is assumed. If population growth has a positive 
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value, then given the way in which disability is determined, the growth rate of the disabled 
is lower than that of the contributing population. Therefore, if both collectives are 
compared, there are always fewer members for all ages in the (Crd +Prd) collective. The 
greatest difference occurs at about age 65. If there is a decrease in the population the 
opposite occurs. 
Figure II.2 shows the evolution of average pensions, wages and initial pensions by 
age, and also average pensions by contingency, the total for the system, the total average 
wage and the system's average initial pension. The average disability pension (APd) by age 
is growing, given that a higher pension is awarded when more contributions have been 
made, while the average retirement pension (APr) and disability pension (APd) strictly for 
the retirement period is decreasing because once the pension is awarded it remains 
constant in real terms. 
 
  
Figure II.2: Average pensions, wages and initial pensions. 
The main values making up the new system's equilibrium and their comparison with 
the previous situation are shown in Table II.2. 
Our attention is drawn to two aspects in particular: 
1.-The slight increase in the contribution rate for the system as a whole when compared 
to the base system, despite the fact that there is a new contingency. This is mainly due to 
two reasons. Firstly there is a transfer of beneficiaries who were previously considered 
retired but who, in the new system, despite being of retirement age, originate in disability. 
Secondly, as mentioned earlier, disabled people have a lower life expectancy, which 
lowers the cost of the contingency. 
According to ISSA (2012), in many countries when a pensioner reaches statutory 
retirement age, his or her disability benefits are classified as retirement benefits, a 
phenomenon known as “pension reclassification”. If we were to consider those disabled 
people who reach retirement age as retirement pensioners, the apparent cost of retirement 
would increase noticeably. Indeed, if it were supposed that those disabled people who 
reach or pass normal retirement age were reclassified as retirees, the contribution rate 
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assigned to retirement would increase from 0.12461 to 0.15177, while the rate for 
disability would go down from 0.05297 to 0.02581. The image of the system as a whole 
would not change from 0.17758, but there would be some not very transparent transfers 
between contingencies because of the change in the average TD for each contingency. 
Table II.2: Pension system with two contingencies: some selected values. 
Comparison with the base scenario obtained by Vidal-Meliá 
& Boado-Penas (2013). 
Items 
Base* Retirement + Disability 
Retirement Retirement Disability System 
θ  0.16511 0.12461 0.05297 0.17758 
fr 0.743 0.752 0.581 0.691 
dr 0.222 0.166 0.091 0.257 
rA  (years) 
73.316 73.316 64.890 70.802 
cA ( years) 45.724 44.954 44.954 44.954 
tTD ( years) 27.592 28.362 19.936 25.849 
tx ( years) 64.000 64.000 54.614 61.200 
cpt ( years) 18.276 19.046 9.661 16.247 
rpt ( years) 9.316 9.316 10.276 9.602 
Base scenario with G=(1.01)(1.02)-1=0.0302 
 
2.-The slight variation in the base system's TD along with that of the retirement 
contingency in the integrated system, which is brought about by the slight change in the 
average age of the contributors after considering decrements through disability. The system's 
TD does change more noticeably due to the effect of the disability contingency, which makes the 
weighted average age at which the last contribution is made almost ten years earlier than 
for the retirement contingency. 
It can also be shown that the system's TD is a weighted average of the TDs for the 
contingencies, the weighting element being the contribution rate per contingency. This is 
due to the fact that the annual income from contributions coincides with the annual 
spending on pensions and in turn corresponds to the new pensions awarded during the 
year. 
Our example is not far from reality because the resulting values for the turnover 
duration - around 28 years for the retirement contingency - do not differ to any great 
extent from those calculated by Settegren & Mikula (2007) for a large group of countries 
(32.7 years). The discrepancy in value stems mainly from the population structure by ages 
and the age of entry to the labour market. 
As regards the liabilities that the system takes on with contributors and pensioners for 
both contingencies and their relationship with the contribution asset, the profiles by age 
seen from various perspectives are shown in Figures II.3 and II.4. 
The first part of Figure II.3 - the system's assets and liabilities by contingency - which 
corresponds to the retirement contingency, shows a profile in line with the initial 
assumptions that the system's total commitments increase with the age of the contributor, 
given that contributions accumulate until the age at which one becomes entitled to 
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receive retirement pension. From that moment on, due to the fact that pensions are 
decreasing with age because they were awarded in earlier periods and because the number 
of pensioners is also decreasing, they gradually become smaller.  
The liabilities for retirement perfectly match the CA for retirement. The liabilities for 
retirement is the area beneath the curve for contributors and pensioners, while the CA for 
retirement is the area represented by the base rectangle, the difference between the 
weighted average ages of pensioners and contributors. The height is the amount of the 
contributions made per contingency9. 
  
Figure II.3: The system's assets and liabilities by contingency 
The second part of Figure II.3 is for the disability contingency. The system's total 
commitments for this contingency, in which contributors and pensioners are 
superimposed, is the result of aggregating the commitments with pensioners and 
contributors which present a different dynamic. 
As far as contributors are concerned, and unlike in the case of retirement, the profile 
for the system's disability commitments follows an outline typical of risk contingencies, 
an increase up to a maximum at a particular age, and then a decrease until it disappears. 
The explanation is obvious. The obligation to contribute comes to an end and the 
system's commitment with the contributor is extinguished because disability can no 
longer come about.  
In the case of disability pensioners, the commitments increase with age until they 
reach a maximum at age 64, from which time no more disability pensions can be awarded. 
From here on, due to the fact that pensions are decreasing with age, the commitments 
gradually become smaller because the pensions were awarded in earlier periods and 
because the number of pensioners is also decreasing.  
                                                          
9 This is equivalent to the present value of benefits awarded during the period, as can be seen in Appendix 
II.2.  
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The total liabilities for disability match perfectly with the contribution asset for 
disability. The total liability for disability is the area below the total curve. The CA for 
disability is the area represented by the base rectangle, the difference between the 
weighted average ages of the disability pensioners and contributors, while the height is the 
amount of contributions paid for the contingency10.   
Figure II.4 shows the perspective from the system's point of view. The system's 
liabilities is the aggregation of the liabilities by contingency or collective, while the 
contribution asset derives from the system's turnover duration, which is a weighted 
average of the TDs for each contingency multiplied by the spending on pensions for each 
contingency. The profile for the system's total liabilities mainly follows the outline for the 
main contingency. 
  
Figure II.4: The system's assets and liabilities by collective 
Everything shown in Figures II.3 and II.4 is quantified and included in the ABS 
presented in Table II.3, which shows the values for each of the items that make up the 
balance and in which it is possible to have a numerical view of the “matching” of the 
system's different capital amounts that go to determine a solvency indicator equal to the 
unit. 
  
                                                          
10 As demonstrated in Appendix II.2 and like in the case of the retirement contingency, this is equivalent to 
the present value of the disability benefits awarded during the period. 
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Table II.3: The ABS of a balanced PAYG system. Numerical example.   
ASSETS LIABILITIES 
Items Amount (monetary units) % Items Amount % 
D
tCA
  
    879,191.64 23.005 
r
t
DV  453,158.65 11.858 
c
t
DV  426,032.99 11.148 
R
tCA
  
    2,942,507.93 76.995 
r
t
RV  966,488.69 25.289 
c
t
RV  1,976,019.25 51.705 
S
tCA
 
   3,821,699.57 100.000 
S
tV  3,821,699.57 100.000 
Base scenario with G=(1.01)(1.02)-1=0.0302 
The picture that the same system would provide with pension reclassification, Table 
II.4, would have noticeable effects on the structure of the ABS by contingency, although 
the final outcome as regards assets and liabilities is identical to the system without 
reclassification. The so-called true and fair view of the system would be distorted. 
Table II.4: The ABS of a balanced PAYG system. Numerical example with pension 
reclassification.  
ASSETS LIABILITIES 
Items Amount  % Items Amount  % 
D
tCA
  
    250,580.11 6.557 
r
t
DV  43,013.95 1.126 
c
t
DV  207,566.16 5.431 
R
tCA
  
    3.571,119.46 93.443 
r
t
RV  1,164,380.68 30.468 
c
t
RV  2,406,738.77 62.976 
S
tCA
 
   3,821,699.57 100.000 
S
tV  3,821,699.57 100.000 
Base scenario with G=(1.01)(1.02)-1=0.0302 
It can be said that the reclassification of pensions, which is normal practice in some 
public SSAs, leads to distortions when assigning both assets and liabilities. Although this 
has no consequences in overall terms when the system is balanced, it may indeed have 
consequences and very serious ones when a real unbalanced system is studied. In order to 
avoid distorting the system's real status and obtain accurate actuarial results by 
contingency, it would be a good idea for SSAs to provide further pension information, i.e. 
a breakdown of the sources of old-age pensions in the case of pension reclassification. 
It should be pointed out that private capitalization pension systems that cover 
retirement and disability contingencies do not reclassify pensions once they are in 
payment as this would prevent them from correctly determining the actuarial result by 
contingency. 
II.4.- The ABS for an already-functioning DB PAYG system. 
When compiling an ABS for an already-functioning DB PAYG system, other 
elements may be involved, as shown in Table II.5. These include financial assets 
resulting from an accumulation of treasury surpluses, financial liabilities resulting from an 
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accumulation of treasury deficits, actuarial deficits resulting from an accumulation of 
actuarial losses, and actuarial surpluses resulting from an accumulation of actuarial profits.  
 
 
TABLE II.5: THE ABS OF AN ALREADY FUNCTIONING DB PAYG SYSTEM AT YEAR T. 
ASSETS LIABILITIES 
Financial assets Financial liabilities (explicit debt, to finance treasury deficits) 
Contribution asset for disability 
Liability to pensioners for disability  
Liability to contributors for disability  
Contribution asset for retirement 
Liability to pensioners for retirement  
Liability to contributors for retirement   
Accumulated deficit Accumulated surplus 
Total assets Total liabilities  
 
The system's actuarial profit or loss - which should not be confused with the treasury 
surplus or deficit (the difference between income from contributions and expenditure on 
pensions) - is determined by comparing the system's assets and liabilities in two 
consecutive periods, while the real solvency index must consider these elements in order 
to provide a true and fair view of the pension system.  
Therefore, when compiling an actuarial balance for an already-functioning DB 
pension system, at least four options can be considered when choosing the value of G: 
1.- An estimated value of G based on the most recently observed data (the previous 3 or 
5 years), which is in keeping with the principle that assets and liabilities are valued mainly 
on the basis of events and transactions that are verifiable at the time of valuation. In our 
model we have to consider g and γ  to determine G. It is not unlikely that further revisions 
will have to be made because official data are published with a certain delay and/or 
corrections are frequently made due to failures in the quality of the information originally 
supplied. Clearly the position of solvency that the ABS shows will vary depending on 
which choice is made, and we will only have a single deterministic value for the solvency 
index.  
2.-A projected value of G based on official macroeconomic projections. Like in the 
previous case, we will only have a single deterministic value for the solvency index, but it 
will be based on projections instead of events and transactions that are verifiable at the 
time of valuation.  
3.-Three estimated values of G based on alternative macroeconomic projections, IAA 
(2010), also known as scenario testing. This methodology, the best alternative to 
stochastic models, examines the outcome of a projection under alternative sets of 
assumptions: Alternative I, a low-cost or optimistic forecast; Alternative II, the 
intermediate or “best estimate” forecast; and Alternative III, a high-cost or pessimistic 
forecast11. The extent of the divergence between these scenarios can provide valuable 
information concerning the range of possible outcomes for the system's solvency at the 
valuation date, but in the absence of stochastic model projections, no probability measure 
can be assigned to the three scenarios. Based on the paper by Lee & Tuljapurkar (1994), 
                                                          
11
 This is the approach used by Vidal-Meliá (2014) to compile the ABS for the Spanish public retirement 
pension system at 31-12-2010. 
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Buffin (2002, 2007) suggests for the US AB that it is possible to develop a virtual 
stochastic model for the solvency index in a practical way using the three projections. In 
this case the “best estimate” result is at approximately the 50% percentile of a probability 
distribution, while the high-cost and low-cost results are represented by a percentile at the 
tails of the probability distribution, e.g. the 95th and 5th or the 99th and 1st percentiles. 
4.-A value of G based on stochastic modelling techniques. The primary purpose of a 
stochastic model is to simulate a distribution of possible outcomes - in our case for the 
solvency index - that reflect the random variations in the inputs, e.g. by determining a 
range of reasonably possible values of G (independent variable) and assigning a 
probability to each value. There are several ways to go about this:  
One approach, AAA (2005), bases the probability distributions of G on empirical 
studies. The value chosen for each year of the projection period (in our case the TD 
period) is independent of the values chosen for the other years. 
Another approach, that used by US Social Security actuaries (in their stochastic 
projections, BOT (2013)), bases the value of an independent variable for each year on the 
values for previous years, along with some random yearly fluctuation. More specifically, 
the fluctuation of each variable over time is simulated using historical data and standard 
time-series techniques. Generally speaking, each variable is modelled using an equation 
that (a) captures a relationship between current and previous years’ values of the variable, 
and (b) introduces year-by-year random variation as observed in the historical period. For 
some variables the equations also reflect relationships with other variables. The equations 
contain parameters that are estimated using historical data for periods between 25 and 
110 years, depending on the nature and quality of the available data. Each time-series 
equation is designed so that, in the absence of random variation over time, the value of 
the variable for each year equals its value under the intermediate assumptions (Alternative 
II). This approach would need to be adapted to the DB actuarial balance sheet, so 
considerable research would be needed to put the model into practice. Another approach 
could be mentioned here, Iyer (2008), which uses an analytical model in which projections 
of demographic and financial variables are made based on the assumption that they 
evolve according to stochastic processes.  
A third approach, also based on stochastic processes, is presented by Boado-Penas et 
al. (2007). This uses a stochastic additive Brownian process to model the value of G, 
where past information is incorporated as well as a future estimate based on official 
macroeconomic projections. The model is NDC and would also therefore need to be 
adapted to the DB ABS. The way in which uncertainty is introduced is simple but 
encompasses both past experience and simple extrapolation of macroeconomic 
performance to take care of possible divergences. 
Certainly, as the IAA (2012b) warns, when using stochastic models the results should 
be interpreted with caution and with an understanding of the limitations. Results are very 
sensitive to equation specifications and the historical periods used for the estimates. For 
some variables, recent historical variation may not provide a realistic representation of the 
potential variation for the future. Model risk is also a significant issue. 
II.5.- Concluding remarks and future research. 
Concern about the financial health of public pension systems in all its various 
designations - solvency, sustainability, viability and equilibrium as affected by population 
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ageing, reduced economic growth and bad practices in system management - occupies a 
very prominent place on the agenda of many governments and international organizations 
such as the World Bank, the OECD and the ILO, and can therefore be said to be a 
matter of world importance. It is no exaggeration to say that the problems of pension 
systems are a recurring theme in economic policy and are of permanent topical interest 
for many citizens in various countries. 
A basic element for improving pension system management and bringing the 
planning horizons of the authority in charge of the system and the contributors and 
pensioners closer together is full information. As Regúlez-Castillo & Vidal-Meliá (2012) 
point out, the aim is to show the situation of the pension system by providing an 
indicator of financial solvency or sustainability, the most vital goal being to convey to 
contributors and pensioners the message that their pensions depend on two things: the 
individual effort deriving from their actions - amounts contributed, contribution history, 
retirement age - and the collective situation, i.e. the system's ability to fulfil all its acquired 
obligations.  
The instrument from which the overall indicators are derived is the one known as the 
actuarial balance sheet, the main examples of which are the “US” and “Swedish” models. 
The biggest drawback of the Swedish model, from the perspective of applying it to 
defined benefit systems, is that its theoretical base was only developed for use with the 
retirement contingency.  
In this essay we have developed a theoretical base for applying a Swedish-type ABS to 
both retirement and disability contingencies in a DB PAYG system, thereby taking a step 
towards filling the large gap in the literature in this area. Also, this model starts to make it 
possible to assess the degree of solvency from the integrated perspective of both 
retirement and disability contingencies, which are linked together and represent a very 
high proportion of spending on pensions in DB systems. 
The basic element that enables the ABS to be compiled is what is known as the 
system's contribution asset, which, in the model developed and in line with what the 
authors already believed intuitively, is a weighted average of the contribution assets of the 
two contingencies which make up the system and which depend on the economic-
demographic structures of the system's collectives, contributors and pensioners, in the so-
called “mature” state.  
The model makes it possible to obtain an actuarial income statement by contingency, 
thereby providing richer information about the sources from which future financial 
imbalances could appear and making it easy to set the contribution rates that should be 
applied for each contingency.  
On the practical side, the numerical example developed enables a debate to be opened 
regarding the appropriateness of a generalized practice carried out by many public SSAs: 
pension reclassification. This practice involves considering as disability pensions those 
pensions being paid to disabled people who reach the normal age of retirement. This 
widespread practice can mask the system's real solvency situation and makes it more 
difficult to obtain accurate actuarial results by contingency unless further pension 
information becomes available. It also makes it more difficult to make projections of the 
pensioner collective by mixing two collectives (retirement pensioners and disability 
pensioners of retirement age) with different mortality rates. It would be best for SSAs to 
break down the source of old-age pensions in cases of pension reclassification with the 
aim of minimizing the potential negative effects on actuarial reports.  
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Our model is clearly linked to actuarial practice in social security and gives partial 
support to the practical adaptation carried out by OSFI (2012) when it applied the 
concept of the contribution asset to the Canadian Pension Plan (CPP) balance sheet, 
which includes disability and survivor contingencies. However, further research needs to 
be done to confirm its suitability for survivor contingencies. 
The model developed has many other practical implications which could be of 
interest not only to DB systems but also to notional defined contribution schemes 
(NDCs), social security actuaries, public finance economists and policy-makers. For 
example, as regards the current pension system in Sweden, which is an NDC model 
covering only the retirement contingency, this could be extended to cover disability now 
that the relationship between both contingencies is clear. The ABS could be compiled for 
both contingencies, which would thus notably increase its representativeness as it would 
include a higher proportion of total spending on pensions. The legitimacy of applying an 
ABM would also be strengthened as the action would be based on a more reliable 
solvency indicator. This would be one of the points where this research could most 
naturally be extended, by having to integrate one of the peculiarities of the Swedish NDC 
model, Boado-Penas & Vidal-Meliá (2014), the so-called survivor dividend. 
Finally we would like to emphasize that our model is not intended as a replacement 
for the US AB model. Instead it should be seen as an alternative way of measuring the 
financial status of DB PAYG systems because ABS results are relatively easy to explain 
and the concept is widely used for pension plans outside social security systems. 
Further work could be carried out on the model developed here, with future research 
extending into at least three additional areas: 
1.- Considering different degrees of disability and/or the possibility of a return to active 
life. In practice there are usually various degrees of disability recognized and these have a 
direct effect on the amount of benefit paid and the likelihood or not of returning to active 
life. The most natural way to do this would be to extend the states shown in Diagram 
II.1, which would obviously involve a considerable increase in the complexity of the 
formulas to be obtained. 
2.- Extending the ABS by incorporating widows' and/or survivor contingencies, which 
would enable virtually all spending on pensions in DB systems to be included. 
3.- Extending the ABS by incorporating long-term care (LTC) as a contributory 
contingency, as has been offered in the German contributory pension system, Rothgang 
(2010), on a PAYG basis with income-related contributions since the mid-1990s. Given 
the accelerated ageing process taking place in developed countries, LTC is an area of 
considerable interest that needs to be specifically taken into account as a cost with 
fundamental links to retirement and certain degrees of disability. 
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Appendix II.1: Brief description of the pension systems of Canada, 
Sweden and USA (retirement and permanent disability) 
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Appendix II.2: The process for obtaining the analytical expressions for 
the system's turnover duration (TD) and contribution asset (CA). 
1.-Description of the system and determination of the year in which it reaches a 
mature state.  
In the scenario described in the Section II.2, the stability of the total contribution rate 
( Dθ + Rθ ) that ensures equality between contribution revenue and pension expenditure 
depends on the stability of the dependency ratios of both contingencies. For the 
retirement contingency, the contribution rate from year “w-xe-A”, counting from the 
system's inception, can be considered constant from the actuarial point of view because 
from that moment the ratio between retirement pensioners (R) and  contributors (C), (
Rdr
C
R
 ), stabilizes. 
The same moment “w -xe-A” can be considered for disability pensioners from 
retirement age onwards, but for continuing disability pensioners these pensions end up 
being dependent on pensions from before retirement age. Hence the ratio between 
disability pensioners (D) and contributors (C), (
Ddr
C
D
 ), does not stabilize until “w-xe-
1”. Given that it is clear that w-xe-1 > w-xe-A and it is assumed that t >= w-xe-1, the 
contributor/pensioner ratio must be stable because all three collectives - disability 
pensioners, retirement pensioners and contributors - evolve (growing or shrinking) at a 
rate exactly the same as γ . 
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From that year onwards the system is “mature” and the expressions for the 
contribution rates for both contingencies (retirement/R and disability/D), which can be 
separated, are:  
Chapter II 
100 
 
RR
tA
k
)+k, (x) +k, (x
kAxw
k
) k, A(x
r
A, x
on basecontributiAggregate 
A
k
)+k, (x)+k, (x
fitsement benee on retirExpenditur
Axw
k
)k, A(xC, 
R
t θ...θ
Ny
G
λ
NP
NyG) (
N λ) (G) ( Yβ
ee
e
ee
ee
t
e
kkt
e












 












 
11
0
11
1
0
11
1
0
11
1
0
10
1
1
1
11
θ
  
  
 
      II.19 
and also  like in the case of disability, the retirement pension can be expressed as:  
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while the contribution rate for the disability contingency is:  
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If the system's average disability pension is considered to be: 
   
   
  
  
  
  
s pensionerDisability
Axw
k
d
sxk-s A
A
s
)s, (x
d
sxk-s
A
k
k
s
)s, (x
s)rement agefits (retiility benee on disabExpenditur
Axw
k
A
s
d
sxk-sA
k-s A
s, x
d
s, x
t
s pensionerDisability
Axw
k
d
sxk-sA
A
s
)s, (x
d
sxk-s
A
k
k
s
)s, (x
ing ages)fits (workility benee on disabExpenditur
A
k
k
s
d
sx k-s
 k-s
s, x
d
s, x
t
D
t
e
e
s-A-k
ee
sk
e
e
eee
e
e
s-A-k
ee
sk
e
eee
p γ) (Ip I γ)( 
p
G
λ
  I Pg)(
     
                                                          
p γ) (Ip I γ)( 
 p
G
λ
 I  Pg)(
    P
 
 
 
 
 
 





 


 









 

 




































































1
1 1
1
1 1
1
1
1 1
11
1
1
1 1
1
1 1
1
1 1
11
1
11
1
1
1
11
1
1
1
           
II.22 
 
Three Essays on Actuarial Social Security Theory 
101 
then the system's average retirement pension, taking into account II.20., can be 
expressed as: 
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with the average contribution base being: 
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In the “mature” state reached, the average pension/average contribution base 
quotient is already constant for both contingencies because the numerator and 
denominator evolve at the rate of variation in wages: 
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Therefore the contribution rate that ensures equality between revenue and 
expenditure is the product of the demographic dependency ratio and the financial ratio: 
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2.- Obtaining the analytical expressions for the system's liabilities from the 
actuarial point of view. 
Once the contribution rate has been determined for both contingencies, it is time to 
calculate the system's liabilities with contributors and pensioners to enable us to continue 
the process of obtaining the system's average turnover duration and the contribution 
asset. The formulas were shown in section II.2. 
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3.- Obtaining the analytical expression for the system's TD in the form of pay-out 
and pay-in duration. 
To obtain the TD in a financially sustainable PAYG system that includes both 
contingencies, like in the process described by Settergren & Mikula (2005) and Boado-
Penas et al. (2008) which only considered the retirement contingency, the total liabilities 
are divided by the annual contribution flow. Also, in line with Gronchi & Nisticò (2008), 
the interest rate for discounting future pensions and contributions is taken to be the 
internal rate of return (IRR), i.e. the growth of the wage bill in the mature system. 
Therefore, the 
D
tTD  for the disability contingency is:  
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[II.27] 
By substituting formula [II.21] into equation [II.27], the 
D
tTD  can be expressed as: 
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 [II.28] 
If we assume that Gdγ)(g)(  111 , the numerator of the third term of 
[II.28.], after some transformations, is equal to:  
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[II.29] 
and if we consider that the denominator of the first 3 terms of expression [II.28] -the 
present value of disability benefits awarded in year t - is equivalent to the year's disability 
contributions, i.e. expenditure on disability pensions in year t, then 
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The same result was obtained in the paper by Vidal-Meliá & Boado-Penas (2013) for 
the case of a system with a retirement contingency. Therefore it can be said that the 
system's income from contributions is equivalent to the present actuarial value of the 
pensions awarded in that year (commitments the system takes on with pensioners who 
have just retired). 
Then, after algebraically manipulating the numerator of the fourth term of formula 
[II.28], 
D
tTD  works out as: 
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[II.31] 
The third addend of the expression is a weighted average of years contributed until 
entry into the state of disability starting at age xe +1 for current contributors,   , A k
D
t 1 . 
Also, as happened in the case of retirement, the average TD is clearly disaggregated into 
two sub-periods termed pay-in, pt
D
c , and pay-out, pt
D
r , which correspond to the time 
that one monetary unit contributed to the disability contingency forms part of the 
liabilities to contributors and pensioners respectively. The pay-out could be broken down 
further into sub-periods, one part deriving from the disability age band in which there are 
contributors, pt
D
r
1  
, and the other deriving from the disability age band in which there are 
retirement pensioners, pt
D
r
2  
. 
According to Vidal-Meliá & Boado-Penas (2013), the 
R
tTD
  
 for the retirement 
contingency is:  
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After some algebraic manipulations and taking into account that the second term of 
[II.32] is equal to A, the formula for the generations of contributors coexisting at each 
moment in time can be expressed as: 
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[II.33] 
4.- Obtaining the expression for the TD as the difference in the weighted average 
ages of the pensioners and contributors. 
The expressions obtained so far are the basis for determining the TD according to the 
ages of the contributor and pensioner collectives. This will make it possible to calculate 
representative values for the items forming part of the system's contribution asset and, by 
comparing them with the liabilities, obtain solvency indicators. 
The weighted average age at which contributions cease to be made to the disability 
contingency, D
tx , would be
1: 
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[II.34] 
It is important to bear in mind that for the retirement contingency in this model, 
determining the average age of entry into retirement needs no further calculation because 
it is assumed that there is just a single retirement age, xe+A, and contributions for this 
contingency cease one year earlier. However, formula [II.34] is similar if not identical in 
structure to the formula used by the Swedish authorities for the NDC system which only 
includes the retirement contingency2.  
                                                          
1
 The weighted average age for receiving the first disability benefit would be one year later given the 
hypotheses we considered regarding prepayment of contributions and pensions. 
2
 See Pensionsmyndigheten (2014), Appendix B. Mathematical Description of the Balance Ratio, formula 
2.0. 
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If we take the expression for the TDDt determined by formula [II.31] and add to it and 
subtract from it the weighted average age at which disability contingency contributions 
cease, 
D
tx , the TD can be expressed as the difference between the weighted average age of 
the disability pensioners, A
D
r , and the weighted average age of the contributors, AA
D
c
R
c  :  
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    [II.35] 
Note that, unlike what happens in the retirement contingency, the pay-in can have a 
negative value in the disability contingency if the weighted average age at which 
contributions to the disability contingency cease is lower than the weighted average age of 
the contributors. In fact it is difficult for this situation to come about, but it could happen 
if the probabilities of becoming disabled were decreasing with the age of the contributors 
and the system's structure had many more younger contributors than older ones.  
If the first term (the weighted average age at which contributions to the disability 
contingency cease) is added to the second and third addends (pay-out) and it is 
considered that total spending on disability pensions for beneficiaries aged xe+k years and 
xe+A+k years respectively can be expressed by: 
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then after some algebra we get: 
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[II.38] 
Once this has been developed as necessary, the numerator of the first addend (1) of 
expression [II.38.] can be expressed as: 
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[II.39] 
Continuing along similar lines with the numerator of the second summand (2) of 
expression [II.38.], we get:  
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[II.40] 
If the results of [II.39.] and [II.40.] are added, we get: 
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[II.41] 
If the values for (1) and (2) shown in formula [II.41] are substituted into equation  
[II.38], the expression for the TD for disability can be formulated according to the 
difference between the average ages of those receiving disability benefits (by aggregating 
the first two addends) and the average age of the contributors: 
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[II.42] 
An alternative formula is: 
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[II.43] 
The second addend of 
D
rA in [II.42] is just a weighted average of the years that the 
disabled people in age bands [xe+1, xe+A] and [xe+A+1, w-1] have been receiving 
disability benefits. 
Vidal-Meliá & Boado-Penas (2013) obtained the equivalent expressions to [II.42] and 
[II.43] for the retirement contingency: 
Three Essays on Actuarial Social Security Theory 
109 
AA 
A
Ny
k) (xN  y 
A
G
λ
N
G
λ
k)Ax( N
       
                                                     
Ny
)(kNy  
AAx
G
λ
N
G
λ
a N
)A(x
)ptA(xpt)A(xD
R
c
R
rA
k
)+k, (x) +k, (x
A
k
e)+k, (x)+k, (x
k-A-w-x
k
)k, A(x
k
e
-A-w-x
k
)k, A(x
ibutorsment contrhe  retirege  for  taverage  aweighted  
A
k
)+k, (x)+k, (x
A
k
)+k, (x) +k, (x
e
onersment pensihe  retirege  for  taverage  aweighted  
k-A-w-x
k
)k, A(x
k
λ
kAx
-A-w-x
k
)k, A(x
e
ibutorsment contrhe  retirege  for  taverage  aweighted  
R
ce
onersment pensihe  retirege  for  taverage  aweighted  
R
re
R
t
R
c
ee
ee
R
r
e
e
e
e
ee
ee
e
e
e
e
e











































































    
  
  

  
  
1
0
11
1
0
11
1
0
1
1
0
1
1
0
11
1
0
11
1
0
1
1
0
1
1
1
1
1
1
1
1
1
1
1
1
11T
 
[II.44] 
5.- Obtaining the system's TD and CA as weighting for the TDs and CAs for each 
contingency. 
Once the TD for each contingency has been determined, it is time to formulate the 
TD for the system, 
S
tTD
  
 , which derives from the weighting of the various contingencies 
the system contains. The starting point for obtaining the expression is the value of the 
system's commitments with contributors and pensioners for the two contingencies: 
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If we develop the second term of this expression, the pay-in for the whole system, 
pt
S
c
   
  
, we get: 
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substituting  R D,θ θ  with their developed expressions and 
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can be substituted in the numerator, and given that [30.] and   
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[II.48] 
can be substituted in the denominator, the minuend of expression [II.46] turns out to be a 
weighted average of  k Dt and of A, with the weightings being the respective present 
actuarial values of the pensions in payment for each contingency, which is equivalent to 
pension spending for each contingency. In other words, it is a weighted average of the 
number of years until entry into the pensioner state beginning from age xe +1 for current 
contributors,  :1, A k St   
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[II.49] 
The weighted average age at which contributions cease to be paid for both of the 
system's contingencies, 
S
tx , is a weighted average of 
D
tx  (the weighted average age at 
which contributions cease to be paid for the disability contingency) and “xe+A-1” years 
(the weighted average age at which contributions cease to be paid for the retirement 
contingency) for the spending on pensions for each contingency. Its expression is: 
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If we work out the second term, 2, of formula [II.46], which expresses total future 
contributions, then the system's pay-in total, pt
S
c , is notably simplified:  
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Returning to the first term, the system's total pay-out, pt
S
r
   
 , of formula [II.46.], after 
substituting  R D,θ θ  by their values in [II.19] and [II.21], we get: 
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where 
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And, if we consider the following expressions for simplifying the weighted formulas: 
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the denominator for the system's TD, its total spending on pensions, can be expressed by: 
 
R
t
D
t
S
t PTPTPT 
                                                                
[II.57] 
If the TDs for the disability and retirement contingencies      RtDt ,TDTD  are weighted 
by their respective total spending on pensions as part of the system's total spending on 
pensions, and given that the denominators of      RtDt ,TDTD  are respectively RD ,PTPT , 
we get: 
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[II.58] 
an expression in which the numerator, 
S
tNTD , is the sum of the numerators, 
 R
t
D
t NTDNTD , , of the TDs for disability and retirement, the same as in [II.46.], 
R
t
D
t
S
t NTDNTDNTD                                                        [II.59] 
and the denominator is the system's total spending on pensions, 
 S
tPT , in the equilibrium 
of our model (the mature state), like to the value of contributions, 
 S
tC . 
Thus, given that the numerator, NTDS, and the denominator, PTS, are the same as in 
[II.45], the expression coincides with the definition of the system's TD and we can 
therefore conclude that it can be calculated as a weighted average of the TDs for both 
contingencies, the weighting being the spending on pensions by contingency as a part of 
total spending. 
Just like what happens with the TDs for the contingencies, the system's total TD can 
also be calculated according to the difference between the average ages of all the 
beneficiaries for both contingencies and the average age of the contributors. 
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To put it a different way, the 
S
tTD  can be obtained as the difference between the 
weighted average of the average ages of disability and retirement, the weightings being the 
spending on pensions per contingency as part of total spending, and the average age of 
the contributors. 
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III.1.-Introduction. 
A notional defined contribution scheme is a pay-as-you-go system (PAYG) that 
deliberately mimics a financial defined contribution scheme (FDC) by paying an income 
stream whose present value over a person’s expected remaining lifetime equals the 
amount accumulated at retirement. It therefore has many of the features of an FDC 
scheme, but not all of them. This type of pension scheme is based on a notional account, 
which is a virtual account reflecting each contributor’s individual contributions and the 
fictitious returns that these contributions generate over the course of the participant’s 
working life. In principle the contribution rate is fixed.  
The NDC system has many well-known positive features1, although here we only 
highlight two of them that have to do with the aim of this paper: 
 It has stronger immunity against political risk 2  than more traditional defined 
benefit (DB) PAYG systems because NDC increases the financial stability of the 
pension system by making it very difficult for politicians to make promises about future 
retirement benefits. 
 It encourages actuarial fairness and stimulates contributors’ interest in the pension 
system as it brings to light any improper or hidden redistribution of benefits to 
privileged groups and reveals who really benefits from the legislation. 
For Holzmann & Palmer (2006) and Chłoń-Domińczak et al. (2012), compared to an 
FDC scheme, the three most important differences are: 
 The internal rate of return (G) in a generic NDC account is a function of 
productivity growth, labour force growth and factors linked to contribution and benefit 
payment streams as opposed to the financial market rate of return.  
 The only financial saving that can arise under the NDC scheme is in the form of a 
buffer fund as opposed to the funded character of the FDC scheme. 
 The way the pension balances of deceased persons are used (i.e. inheritance gain, 
also known as the survivor dividend). In FDC schemes the survivor dividend is usually 
inherited by the late contributor’s survivors. It can be used to enhance the survivor’s 
retirement savings or be paid out as a lump sum or as a phased withdrawal survivor 
benefit. However, among the countries in which NDC systems are in place, only Sweden 
applies what is called “inheritance gains”. These will be technically defined later. 
Another important difference, not often mentioned in the literature, is the way 
disability benefits are integrated into the scheme. In most Latin American countries with 
mandatory private pension systems based on individual capitalization accounts, disability 
and survivor benefits are linked to the funded individual account. However, Wiese (2006), 
people who become disabled at a young age might lack sufficient capital in their 
                                                          
1
 See the papers by Lindbeck & Persson (2003), Williamson (2004), Börsch-Supan (2006), Holzmann & 
Palmer (2006), Palmer (2006 a), Vidal-Meliá et al. (2010), Auerbach & Lee (2009), Whitehouse (2010), 
Auerbach & Lee (2011), Chłoń-Domińczak et al. (2012) and Holzmann et al. (2012) to name just a few. 
2
 The most negative face of political risk is what Valdés-Prieto (2006) terms ‘‘populism in pensions’’. 
Populism manifests itself in higher spending on the pension system generated by unjustified increases in 
minimum pensions, the increase or extension of payments without the contributions to cover them, or the 
awarding of disability pensions without rigour. 
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individual accounts to finance an adequate disability pension. The standard solution to 
this shortfall problem has been to allow disability benefit to remain a defined benefit, and 
to adopt various measures to stitch together the defined benefit (DB) and defined 
contribution (DC) components of the system into a coherent whole. Nevertheless, as 
described by Reyes (2010) and Kritzer et al. (2011), big differences can be found in the 
way the benefits are integrated into the scheme. 
In Chile, James & Iglesias (2007), disabled workers who qualify are guaranteed a DB 
for the balance of their lives: 70% of their average wage (if totally disabled) and 50% (if 
partially disabled), i.e. disability insurance tops up the capital accumulated in the 
individual account if the balance is less than the minimum required to finance a 
permanent disability pension. The difference between the capital necessary to pay the 
pension and the balance available at the time of the disability or death event is called the 
‘additional contribution’ and is one of the main cost components of disability and 
survivor insurance3. 
In NDCs, retirement and permanent disability are not fully integrated. In Sweden, for 
example, the current regulations on disability pension are closely linked to the old-age 
pension system but not integrated into it. According to Palmer (2006 b) and Chłoń-
Domińczak et al. (2012), the Swedish model for retirement pension rights for persons 
receiving disability benefits involves imputing contributions for insured periods of 
disability and paying them into the retirement contingency. These payments, which are 
made annually from general tax revenues, are entered as a cost for the disability system in 
the country’s accounts and are part of the transfer from state revenues to the NDC 
pension fund. Permanent disability benefits are converted into retirement benefits at age 
654. Indeed the Swedish actuarial balance sheet (SABS)5 does not include liabilities to 
contributors for disability or liabilities to disability pensioners during their working ages.  
In Italy, disability pensions are based on the notional capital at the time of disability, 
and this is integrated taking into account the gap between the individual’s age when the 
pension is granted and the reference age of 60 years. However, as Gronchi & Nisticò 
(2006) have pointed out, the formula used to calculate the disability pension provides only 
a weak link between benefits and contributions, and as far as we know the Italian system 
does not call for an actuarial balance sheet to be drawn up disclosing the real cost of 
disability insurance.  
Working-age disability policy today is one of the biggest social and labour market 
challenges for policy makers and currently occupies an important place on the economic 
policy agenda in many developed countries. According to the OECD (2010), disability 
benefit in a number of countries has become the benefit of last resort for people unable 
                                                          
3 Chilean law stipulates that members who die or become disabled before legal retirement age generate a 
survivor or disability pension respectively. The pension fund manager (a sole purpose public company 
called AFP) is responsible for topping up the account to the required level. Readers interested in learning 
more about how the Chilean disability pension system really works can consult the papers by James et al. 
(2009) and Reyes (2010). 
4
 As Wiese (2006) pointed out, a disabled individual’s replacement rate may increase or decrease upon 
reaching the retirement age because disability benefits are defined by a formula, while old age benefits are a 
function of interest rates, mortality rates and the accumulated notional capital. 
5  The SABS can be described as a financial statement listing the pension system’s obligations to 
contributors and pensioners at a particular date, with the amounts of the various assets (financial and 
through contributions) that back up these commitments. See the papers by Boado-Penas & Vidal-Meliá 
(2012) and Chapter II of this PhD. 
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to remain in, or enter, the labour market. Encouraged by the economic crisis, most of 
these countries, Burkhauser et al. (2013), are now considering how best to reform their 
disability pension schemes.  
Many social security systems, ACEC (2007), De Jong et al. (2010) and OECD (2010), 
face ever higher disability costs6. Spending on disability pensions has become a significant 
problem for public finances in most OECD countries. Apparent public spending on 
disability benefits totals 2% of GDP on average across the OECD, rising to as much as 4-
5% in countries such as Norway, the Netherlands and Sweden7. On average around 6% 
of the working-age population relies on disability benefits, with this figure reaching 10-
12% in some countries in the north and east of Europe.  
The US Social Security Disability Insurance (USDI) programme, BOT (2013), is 
suffering serious financial problems. Since 2009, it has been paying out more in annual 
benefits than it receives in contributions and interest from its trust fund. Based on current 
growth, it is projected to be insolvent by 2016. Burkhauser et al. (2013) point out that the 
factors driving unsustainable USDI programme growth are similar to those that led to 
unsustainable growth in four other OECD countries (Australia, the Netherlands, Sweden 
and the United Kingdom). 
According to Koning & Van Vuuren (2007), employers and trade unions have 
cooperated in the past on the use of disability benefits as a substitute for unemployment 
and early retirement programmes, notably in the Netherlands and Sweden. In Norway, 
Rege et al. (2009) find that downsizing substantially increases the disability entry rate of 
workers in the plants affected, while Støver et al. (2012) conclude that becoming 
unemployed increases the risk of receiving subsequent disability pension. However, after 
adjusting for baseline health status, health behaviour and education considerably 
attenuated the impact of unemployment. Milligan & Wise (2012) point out that disability 
insurance programmes still play a big role in the departure of older persons from the 
labour force, as many pass through disability insurance on their path from employment to 
retirement8. 
Benítez-Silva et al. (2010) find international evidence that the business cycle has much 
to do with explaining both the stock of disability benefit claimants and inflows to and 
outflows from that stock. They conclude that the rise in unemployment due to the 
current global economic crisis is expected to increase the number of disability insurance 
claimants. Laun & Wallenius (2013) find that generous early retirement benefits create 
strong incentives for early retirement, in large part through disability insurance, in France, 
Spain, Sweden and to a lesser extent Germany.  
Political risk also seems to play an important role in disability insurance. According to 
Marin (2006), it enables short-term political popularity to be achieved at the cost of long-
term sustainability. Easier access to early retirement, broader coverage, more generous 
replacement income and a more relaxed screening of eligibility and assessment of claims 
buy the immediate satisfaction of interest groups and voters. In the US, Iyengar & 
                                                          
6
 The high societal burden of work disability can be studied from multiple perspectives, as can be seen in 
Prins (2013), Coutu et al. (2013) and Tompa (2013). 
7 The word “apparent” has been used because public spending is generally underestimated due to the 
practice known as conversion, Zayatz (2011), or pension reclassification, see Chapter II of this PhD. 
8 For detailed information on the countries included in the study, see the book by Wise (2012). 
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Mastrobuoni (2010) provide fairly strong evidence that some governors are using the 
USDI as a vote-buying mechanism. Similarly in the case of Spain, Jiménez-Martin et al. 
(2007) have shown that there are significant regional differences in the probabilities of 
receiving a benefit without deserving it, which seems to suggest, although the authors do 
not actually put it into words, that permanent disability benefits have been used as an 
electoral tool, especially in the less developed regions of Spain.  
To sum up, in most developed countries and in a similar way to DB PAYG 
retirement systems, disability insurance (DI) has many complex problems that need to be 
addressed. It has (severe) financial problems, its costs are significantly higher than those 
for unemployment, and only part of the increase in disability rolls is explained by medical 
factors, the rest being explained by non-medical determinants, Autor & Duggan (2006), 
most especially benefit generosity and unemployment rates. It creates strong incentives 
for early retirement because in some countries, Jiménez-Martin et al. (2007) and Benítez-
Silva et al. (2010), it offers more attractive after-tax benefit levels than early retirement 
programmes. It also hampers economic growth and reduces the effective labour supply 
due to the distortions induced by bad screening processes that enable applicants to 
exaggerate the incidence and severity of health problems9, it hides the redistribution of 
benefits to certain privileged groups of workers and/or it may be subject to a significant 
risk of being used politically as a vote-buying mechanism, which can aggravate the 
system´s financial problems even further. Finally, as Marin (2006) pointed out, disability 
pensions seem to have become what might be considered the ‘garbage can’ of the social 
security system. 
The aim of this essay is to develop a multistate overlapping generations model 
(MOLG) that integrates old-age and permanent disability into a generic NDC framework. 
In the model, the account balances of participants who do not survive are distributed as 
inheritance capital to the accounts of surviving contributors on a birth cohort basis. The 
model includes realistic demography insofar as it takes into account an age schedule of 
mortality and the uncertainty concerning the timing of disability, and it allows for changes 
in the economically active population and for a large number of generations of 
contributors and pensioners to coexist at each moment in time. The results achieved in 
the numerical example we present endorse the fact that the model really works and show 
an suitable integration of both contingencies into the NDC framework. 
As far as we know, the model proposed is an innovation in this field and we have 
been unable to find similar models in the economic literature. The model can easily be 
linked to real practices in social security policies because, to mention just a few positive 
features, it could be implemented without much difficulty, it would help to improve 
actuarial fairness, it would uncover the real cost of disability and minimize the political 
risk of disability insurance being used as a vote-buying mechanism. 
                                                          
9
 The term ‘morale hazard’ is often applied to the less conscious type of conduct, and ‘moral hazard’ to the 
more conscious. Both problems exist in all insurance but are thought to be especially troublesome with 
respect to disability benefits. Morale hazard is an attitude (by the insured person or/and the monitor) that 
increases the probability of loss from a peril. Moral hazard involves imperfect information that makes it 
difficult for the programme’s sponsor to monitor the extent of the condition that causes the disability. 
Moral hazard in disability welfare, Marin (2006), may become contagious, spreading over to others, 
demoralizing previously innocent bystanders who see what they may consider to be malingering at their 
own expense by free-riding recipients. 
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The structure of the essay is as follows. After this introduction, Section 2 presents an 
actuarial OLG model that integrates retirement and permanent disability into a generic 
NDC system. For the sake of clarity, this section is separated into three subsections 
dealing with the determination of the year in which the system reaches a mature state, the 
definition and determination of the survivor dividend, and the effect of the survivor 
dividend on the system's financial equilibrium. Section 3 shows a numerical illustration 
representing a generic NDC pension system with two contingencies. This section is 
divided into two different parts according to the assumptions made about the growth of 
the economically active population. Section 4 shows our conclusions and discusses some 
issues that would have to be taken into account when putting the model into practice. 
The essay ends with the bibliographical references and an appendix in which the main 
formulas shown in Section 2 are developed. 
III.2. The Model. 
This section develops a multistate overlapping generations model (MOLG) that 
integrates retirement and permanent disability into a generic NDC system taking into 
account the survivor dividend. To a great extent the model includes realistic demography, 
Bommier & Lee (2003), insofar as it takes into account an age schedule of mortality and 
the uncertainty concerning the timing of disability and allows for changes in population.  
We build on the models developed by Boado-Penas & Vidal-Meliá (2014) and 
Chapter II, based on those first put forward by Settergren & Mikula (2005), Boado-Penas 
et al. (2008) and Vidal-Meliá & Boado-Penas (2013). Boado-Penas & Vidal-Meliá (2014) 
develop a model to show whether it would be justified to include the survivor dividend 
when calculating affiliate pension balances in a generic NDC framework. They conclude 
that the survivor dividend has a strong financial basis which enables the macro 
contribution rate applied to be the same as the individual rate credited. The model of 
Chapter II presents a theoretical base for applying a Swedish type actuarial balance sheet 
(ABS) to both retirement and disability contingencies in a DB PAYG system, thereby 
taking a step towards filling the large gap in the literature in this area. They indicate that 
their model has many other practical implications which could be of interest not only to 
DB systems but also to NDCs.  
These papers were to some extent inspired by the accounting framework for 
organizing, summarizing and interpreting data on transfer systems and the life cycle 
developed in Lee (1994), Willis (1988) and Arthur & McNicoll (1978). 
In the model the affiliates contribute for retirement and disability contingencies and 
there is a defined contribution rate (fixed over time) to cope with both contingencies. The 
initial disability and retirement pensions depend on the value of the accumulated notional 
account, the expected mortality of the cohort in the year the contributor becomes 
disabled and a notional imputed future indexation rate λ , i.e. pensions in payment 
increase or decrease at an annual rate of λ . 
The capital accumulated in the notional account reflects each participant's individual 
contributions and the fictitious returns these contributions generate over the course of 
the participant’s working life, plus the inheritance capital. The account balances of 
participants who do not survive to retirement are distributed as inheritance capital to the 
accounts of the (non-disabled) active survivors on a birth cohort basis. 
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We adopt the hypothesis that the accumulated notional capital is not split into 
contingencies because permanent disability10 is considered a type of compulsory early 
retirement for health reasons. It is common in the literature to distinguish between ‘health 
disability’, which arises from clearly diagnosed medical conditions, and ‘work disability’, 
which may also have its roots in economic and social circumstances11.  
The system does not provide a minimum pension and it is assumed that contributions 
and benefits are payable yearly in advance. We also assume that participants’ lives last (w-
1-xe) periods, where (w-1) is the highest age to which it is possible to survive and xe is the 
earliest age of entry into the system. The age giving entitlement to retirement pension, 
xe+A, is fixed. This assumption does not imply loss of generality because, as we will see 
later for the disability contingency, the ages that give entitlement could be defined as an 
interval. 
As regards disability pension, it is supposed that initially the ages that give entitlement 
are to be found in age interval [xe+1, xe+A]
12. The age interval is later widened to [xe 
+A+1, w-1]. 
It is considered that the only reason for a disabled worker’s benefit to terminate is 
through the death of the pensioner, and we do not take conversions13 or recoveries14 into 
account, i.e. conversion and recovery rates are null in our model. 
The contribution base (coinciding with earnings) grows at an annual rate of g and the 
economically active population increases or decreases over time at an annual accumulative 
rate of γ , affecting all groups of contributors equally. Consequently, the system's income 
from contributions (wage bill growth) also grows (decreases) at rate G = (1+g)(1+ γ )-1. 
The system has a guaranteed perpetual flow of new entrants. This assumption is in line 
with open group methodology based on the principle that the scheme is ongoing. It is 
similar to the ‘going concern’ principle in accountancy, which assumes that a company 
will continue to exist long enough to carry out its objectives and commitments. 
When the system reaches the mature state t = w-xe-1 years from inception, A 
generations of contributors and (w-(xe+1)) generations of pensioners coexist at each 
moment in time. Being in a mature state means that the system is paying benefits to all 
generations of disability and retirement pensioners. 
Once the main assumptions have been detailed, for the sake of clarity this section will 
be divided into three subsections dealing with the determination of the year in which the 
                                                          
10 Permanent disability is also referred to in the literature as permanent incapacity, Plamondon et al. (2002), 
permanent impairment, Tompa (2013) or permanent invalidity.  
11 Interested readers can consult Loisel & Anema (2013), García-Gómez et al. (2012), Zayatz (2011) or 
OECD (2010) amongst others. 
12 Indeed a person of xe years may become disabled after having paid contributions and therefore starts to 
receive disability pension at age xe+1 years. Similarly, a person of xe+A-1 years may become disabled at that 
age after contributing and will therefore receive benefit for being disabled at age xe+A years. 
13
 In many countries a disability pensioner is automatically converted into a retirement pensioner in the 
month that they reach the ordinary retirement age. This is a bad social security practice described in 
Chapter II as “pension reclassification” 
14
 When beneficiaries who have had a medical recovery or successful re-entry into the workforce are taken 
off disability benefit. 
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system reaches a mature state, the definition and determination of the survivor dividend, 
and the effect of the survivor dividend on the system's financial equilibrium. 
III.2.1.-Description of the system and determination of the year in which it 
reaches a mature state. 
Diagram III.1 shows the relationships (transitions) between the various collectives 
(states) that will be separated in the model. The difference between this model and the 
one found in the Chapter II is that the pension system is NDC instead of DB PAYG and 
the survivor dividend is explicitly taken into account. With regard to the model developed 
by Vidal-Meliá et al. (2013), a new state - disability - is introduced, along with the new 
relationships shown by broken lines in the diagram. 
We work with a simplified type of “multiple state transition model”, Haberman & 
Pitacco (1999), which is a probability model that describes a subject's movements among 
various states: active (a), disabled (i), retired (r) and dead (d) 
 
 
Diagram III. 1  
 
1.-Transition probabilities: 
The discrete model could be expressed as a four-state non-homogeneous Markov 
chain with the following transition probabilities, in which no more than one transition 
within a year is assumed:  
NDC scheme with permanent disability 
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aa
kxe
p  , the probability that an active person aged xe+k will reach age xe+k+1 being active,  
ai
kxe
p  , the probability that an active person aged xe+k will become disabled during the 
year,   
ar
kxe
p  , the probability that an active person aged xe+k will be retired one year later, 
ad
kxe
p  , the probability that an active person aged xe+k will die during the year, 
ii
e kx
p  , the probability that a disabled person aged xe+k will reach age xe+k+1 in the same 
state, 
ir
e kx
p  , the probability that a disabled person aged xe+k will be retired one year later, 
id
kxe
p  , the probability that a disabled person aged xe+k will die during the year, 
rr
kxe
p  , the probability that a retired person aged xe+k will reach age xe+k+1 in the same 
state, 
rd
kxe
p  , the probability that a retired person aged xe+k will die during the year. 
 
2.-Age: 
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We assume that the affiliate cannot contribute and receive pension in the same year. 
If an individual becomes disabled at contribution age xe +k  [xe, xe+A-1], the 
corresponding disability pension payable will be at age xe +k+1  [xe+1, xe+A]. 
 
3.-Number of contributors by age at time t: 
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              III.2 
where 
aa
xk, t)(x, t)(x eeke
pNN     and 
aa
xk e
p  is the stable-in-time ratio between the numbers of 
individuals aged xe and xe+k years. Stable ratios or probabilities include the decrements 
due to death and disability associated with each age, with the possibility of a return to 
active life not being considered. It is a different matter when it comes to considering 
decrements or new entries due to migratory movements; these are included in parameter 
γ . 
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4.-Average wage (average contribution base) by age at time t: 
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The demographic framework above implies that the age-wage structure only 
undergoes proportional changes. The slope of the age-wage structure is constant.  
5.-Number of disabled people: 
In age interval [xe+1 , xe+A] at t = 1 
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where:  
ai
kxe
p 1  is the probability that an active person aged xe+k-1 will become disabled during 
the year.  
aa
x k e
p1  is the probability that an active person aged xe will reach age xe+k−1 being 
active. 
)k, (xe
I 1  is the number of people who become disabled in year t of age xe+k, becoming 
disabled as far as the system is concerned because their disability really began in the 
previous period [0, 1). 
For t ≥ 2 and age interval [xe+1, xe+A] we need to consider two types of disabled 
people: those aged xe+k years who became disabled in the current year,  
N
k, txe
I  , and 
those whose disability began earlier or survivors aged xe+k years who continue from 
previous years,  
s
k, txe
I  . The structure for the number of people who became disabled 
during the year is always given by: 
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                       III.5 
After age xe+A+1 years, all the disabled in the system are by definition considered 
survivor disabled because, once the state of activity disappears, nobody can become 
disabled for the purposes of the system. Therefore, and always for t ≥ 2, as far as the 
continuing disabled are concerned a distinction has to be made between two age intervals, 
[xe+2, xe+A]
15 and from age xe+A+1 years onwards.  
                                                          
15 In k = 1 the disabled are always newly disabled as they come from age xe  in t-1, and therefore I(xe +1, t) = 
IN(xe +1, t). 
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The structure of the survivor disabled in [xe+2, xe+A], whose evolution will depend 
on survival probabilities 
ii
k-xe
p 1 , which are different from those for the active population
16,  
aa
k-xe
p 1 , incorporates all those who became disabled in successive earlier periods and have 
survived.  
In general17, when all the disabled people who began in t = 1 have died, this means 
that t ≥ w-xe, and therefore from here on for all this disability band we get k < t, 
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where 
ii
sx k-s e
p   is the probability that a disabled person aged xe+s will reach age xe+k in 
the same state. 
 
The total number of disabled for each age in t can be calculated by: 
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From age xe+A+1 years onwards, no more new disabled people are taken into 
account, and so for age interval [xe+A+1, w-1], i.e. k  {1, w-1- (xe+A)}, we get: 
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According to the starting assumptions, the amount of initial pension for disability 
paid at age xe+k with k  {1, …, A} and c  {1, …, k} is: 
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16 According to Pittaco (2012), the mortality of disabled people contains an “extra-mortality” term and can 
be represented either as a specific mortality (via the appropriate numerical tables or parametric mortality 
laws) or via adjustments to the standard age pattern of mortality. Plamondon et al. (2002) show that 
considering specific mortality for permanently disabled people is standard practice in social security. 
17  In order to make the paper more readable, equations and formulas are presented with their final 
expressions. Whole proofs and demonstrations are shown in Appendix III.1. 
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where  
ac
,t,ckxe
K 111  : Accumulated notional capital at time t-1 for one individual aged 
xe+k-1 who has been contributing for the last c -1 years, 
where for k = 1 
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and for k = A 
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Whereas for the retirement contingency: 
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with 
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a   respectively being annuity factors (Af
 D, Af R), i.e. the present 
value of a lifetime annuity for the disabled or retired of 1 monetary unit per year payable 
in advance and growing at real rate , valued at age xe+k years and age xe+A years, with a 
technical interest rate equal to d=G. In formula [III.12] the term 
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For c = k, these pensions would be for people with a full contribution history, i.e. 
those who enter the labour market at the earliest age xe and exit aged xe + k-1 and xe + A 
years for disability and retirement respectively. 
I
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P   is the average pension for disabled individuals at age xe+k, with k {1, 2, , 
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P   is the average pension for individuals who retire at the ordinary 
retirement age. The former is a weighted pension of the k different disability pensions 
once settled, while the latter is a weighted pension of the k different retirement pensions 
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The total accumulated notional capital in year t for the generation aged xe+k, K
Tac
k, t)(xe
 
includes contributions made by all contributors in t−1 plus the credited account balances 
of contributors in year t−1 corresponding to those dying in the period [t−1, t) and active 
contributors in year t, both capitalized for a period. However, we have to remove the 
credited account balances of active participants in year t-1 who become disabled during 
the year because they receive the disability pension in year t, i.e. contributions allocated to 
the disabled have to be deducted from total contributions: 
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If we include contributions made in year t for the generation aged xe+k years and take 
into account formula [III.15], we get k, t)(xk, t)(xa
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the total accumulated notional capital in year t for the generation aged xe+k, with 
contributions for time t being included at age “xe+k”  {xe+1,…, xe+A-1} for all 
contributors who reach that age, the spending on disability pensions in year t ≥ w−xe−1 
for beneficiaries aged xe+k years is: 
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The spending on new retirement pensions awarded in year t and the amount of the 
annual average pension paid at retirement age are: 
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where  K
Tac
A, t)(xe  is the total accumulated notional capital at age xe+A of all the 
contributors who reach that age:  
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The average expected replacement rate for disability and retirement are respectively: 
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In the financially sustainable NDC framework, the spending on pensions has to be 
equal to the aggregate income from contributions according to balanced rate θt , and 
therefore: 
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where 


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G
F
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1 
 is an indexation factor which depends on  (indexation of pensions in 
payment) and G. 
This leads to:          
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It can be said that the system's income from contributions is equivalent to the present 
actuarial value of the pensions awarded in that year (commitments the system takes on 
with pensioners who have just retired or become disabled), i.e. the accumulated notional 
capital belonging to new beneficiaries in year t.  
From year w-xe-1=t counting from the system’s inception, the ratio between the number 
of pensioners ( RD  , ) and the number of contributors (C) – ( tdr ) – stabilizes and the 
average pension-average contribution base quotient (
W
P
W
P RI
, ) – ( tfr ) – is already 
constant due to the fact that the numerator and denominator evolve equally (at the rate of 
variation in wages). Therefore the contribution rate, also called the macro contribution 
rate, is the product of the demographic dependency ratio and the financial ratio (the 
system’s average replacement rate): 
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III.2.2.-Definition and determination of the survivor dividend. 
Like with the Swedish NDC model, we follow the principle that each monetary unit 
contributed is paid out in the form of retirement benefit but not necessarily to the 
individual who made the contributions. The main difference between the Swedish NDC 
model and ours is that we consider two integrated contingencies. Therefore, for the 
individual who becomes disabled or reaches retirement age, there is an accumulated 
survivor dividend. The account balances of participants who do not survive to retirement 
are distributed as inheritance capital on a birth cohort basis to the accounts of surviving 
contributors. 
For population growth, 0γ  , for age xe+k there are k different contribution 
trajectories as contributors might be working for 1 year, 2 years…, k years. The only exits 
considered are death and disability. Therefore: 
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.                                                          III.24 
For a given credited contribution rate, θa , the accumulated survivor dividend (or 
accumulated inheritance gain) at age xe + k in t for one contributor who belongs to the 
initial group and has contributed since entering the system,  D
ac
k, k, t)(xe , is the difference 
between the accumulated notional capital,  K
ac
k, k, t)(xe , including contributions and 
indexation on contributions from members of the same cohort who died while active 
(not disabled), and the individual accumulated notional capital,  K
i
k, k, t)(xe . 
The accumulated survivor dividend, at a specific age, is the portion of the credited 
account balances of participants resulting from the distribution, on a birth cohort basis, 
of the account balances of participants who do not survive to retirement while active. In 
this case for k  {1, …, A-1}: 
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Because the accumulated notional capital, K
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k, k, t)(xe 
, can be expressed as18: 
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If  is the cumulative inheritance gain factor, and the 
result is a formula that is very similar in structure to the formula used by the Swedish 
authorities for the NDC system, which only includes the retirement contingency19. 
The survivor dividend, D(xe+k,k,t) , generated over the interval (k-1, k] can also be 
expressed by means
 
of the cumulative inheritance gain factor: 
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Similarly for k = A: 
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18 See proof in Appendix III.1 
19 See Pensionsmyndigheten (2014), Appendix A. Inheritance gain factors for the Inkomstpension. 
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and because at age xe+A years there are no more contributions, the accumulated notional 
capital in year t is determined from the accumulated notional capital in year t-1, capitalized 
for one period using notional rate G, plus the inheritance gains generated over the period 
[t-1, t).  
III.2.2.1.-The survivor dividend when the economically active population 
increases. 
Assuming that the population changes at rate 0γ , i.e.  contributors are joining the 
system at all ages, if one contributor enters the system at age xe+s, they will contribute for 
(k-s) years, k{s+1, …, A-1}, until the age they become disabled when their notional 
capital will be: 
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retirement age, A, when their notional capital will be: 
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Like in formula III.25, the accumulated dividend at the age the contributor becomes 
disabled, assuming they enter the system at age xe+s, is: 
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while the accumulated dividend at retirement age, assuming that the contributor enters 
the system at age xe+s, can be expressed as: 
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Because the contributions of individuals who die before reaching retirement age are 
included in the notional capital, the dividend distributed at age xe + s, with s  A, is 
measured as: 
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Finally, for k {1, …, A}, the average accumulated dividend can be expressed 
according to the inheritance gain factor: 
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and 
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III.2.3.-The effect of the survivor dividend on the system's financial equilibrium. 
The relationship between the credited contribution rate and the balanced rate 
according to equation [III.22] is: 
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Equation [III.38] expresses that in the mature state reached, the system's income from 
contributions (retirement and disability) at t are equivalent to the present actuarial value of 
the pensions awarded in that year (commitments that the system takes on with pensioners 
who have just retired and with those who become disabled), i.e. the accumulated notional 
capital belonging to the new beneficiaries in year t for both contingencies. This means
that liabilities to pensioners and contributors remain constant over time.  
In Appendix III.1 it is demonstrated that the second member of equation [III.38], the 
amount of accrued notional capital belonging to new beneficiaries in year t, matches the 
first member, the system's income from contributions. Consequently, 
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So what does this result imply for the system's financial equilibrium?   
If the amount of the pension is determined using the individual notional capital 
without considering the survivor dividend, then the balanced contribution rate and 
credited rate are different since the benefits are strictly lower than they could be (as the 
survivor dividend is not distributed among the survivors).  
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The amount of the pension ignoring the survivor dividend is calculated for disability 
and retirement respectively as follows: 
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and 
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Therefore the spending on pensions is: 
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and this has to be equal to the aggregate income from contributions according to the new 
balanced rate 
*
tθ : 
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The previous expression, after some algebra, can be rewritten as:  
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Consequently 1Df t  results from not including the survivor dividend in the 
calculation of the contribution rate. Therefore θθ
*
ta   due to the system’s “savings” after 
the non-inclusion of the survivor dividend. Det is a weighted average of the two dividend 
effects for both contingencies, the weighting being the balanced contribution rates by 
contingency as part of the total balanced contribution rate for the system, θ
*
t . 
If θθ at   were contributed instead of θ
*
t , the system would continuously accumulate 
financial reserves because ignoring the survivor dividend produces savings. In practice 
these reserves could finance the increase in spending on pensions resulting from increases 
in longevity. They could even be used as a source of finance for other social security 
commitments with no specified source, e.g. legacy costs from old pension systems. 
III.3.-Numerical illustration. 
This section shows the results obtained for a numerical example representative of the 
model developed in the previous section. More specifically, for the three generic NDC 
schemes analysed, we present the main values that make up the system's equilibrium 
including the contribution rates assigned to each contingency, the dependency ratio, the 
financial ratio and the dividend effect. We pay special attention to the assumptions made 
about the mortality rate for disabled people and the disability incidence rate, which largely 
determine the contribution rate assigned to disability. The effects of population changes 
on the dividend effect by cohort is also analysed in detail.  
The section is divided into two different parts according to population growth. Part a) 
assumes that the active population will remain constant. This is in line with the 
assumption made by the Swedish authorities when valuing the system’s assets and 
liabilities, Pensionsmyndigheten (2014). Meanwhile Part b) incorporates population 
changes over time. 
a) Baseline case: the active population will remain constant 
Our starting point is the numerical example developed by Boado-Penas & Vidal-Meliá 
(2014) for an NDCr (retirement) scheme after the inclusion of the survivor dividend. It is 
assumed that individuals can join the labour market from age 16 upwards, that the 
credited contribution rate is constant and equal to 16% and that the fixed retirement age 
for all individuals is 65, i.e. the highest age that individuals can join the labour market is 
64.  
This initial system, NDCr, is extended from the start by adding a disability 
contingency, so the resulting scheme is now called NDCdr. However, with the aim of 
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emphasizing the important role of the assumptions made about the mortality rate for 
disabled people and the disability incidence rate, in the numerical example we work with 
two integrated schemes: NDCdr1 and NDCdr2.  
With regard to the disability contingency, a contributor who becomes disabled in year 
t-1 receives an initial disability pension based on formulas [III.10] and [III.11], i.e. the 
accumulated notional capital at time t-1 divided by the disability annuity factor 
corresponding to the age of the disabled person. It is important to remember that a 
contributor who becomes disabled at age 64, the last age at which it is possible to 
contribute, despite having made exactly the same contributions, would receive an initial 
pension that was different from (higher than) the initial retirement pension because the 
annuity divisor is not the same for both contingencies. 
The mortality table 20  used for the active population (contributors and retirement 
beneficiaries) is the same in all three schemes (NDCr, NDCdr1 and NDCdr2). Figure 
III.1 shows the mortality rates (in black, first vertical axis) for active contributors and 
retirement pensioners by age.  
 
Figure III.1: Mortality and disability incidence rates by grouped age structure. 
NDCdr1 (blue in Figure III.1) and NDCdr2 (red in Figure III.1) show the differences 
in mortality rates for disabled people (Ds) (MR Ds1 and MR Ds2 in Figure III.1, first 
vertical axis) and disability incidence rates (Dr) by age (Dr1 and Dr2 in Figure III.1, 
second vertical axis). The disability incidence rate can be defined as the ratio between the 
new beneficiaries awarded benefits each year and the disability-exposed population21. The 
disability incidence rates are based on Spanish Social Security experience (Dr1) and EVK 
tables (Dr2) which rely on the Swiss federal government plan (no longer in existence). 
                                                          
20  Observed mortality rates for Poland in 2009, obtained from the Human Mortality Database 
(http://www.mortality.org/).  
21  The disability incidence rate should not be confused with the disability prevalence rate, the latter being 
the ratio between the number of disabled pensioners in current-payment status each year and the insured-
worker population (contributors). 
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As mentioned in Section III.2 and shown in Figure III.1, disabled people have a lower 
life expectancy than active people, but the difference in longevity tends to decrease 
notably with the increase in the age of the individuals 22. The mortality rate for disabled 
people has been derived from that for the active population by adding an extra-mortality 
rate which decreases with the age of the individuals23. However, as Pitacco (2012) 
points out, the picture is much more complex given that the mortality of disabled people 
basically depends on the cause24 and severity of their disability. 
The evolution of the pensioner and contributor collectives is shown in Figure III.2 as 
a percentage of the initial group (contributors aged 16). 
 
Figure III.2: Evolution of the collectives by grouped age structure. 
Figure III.2 shows the evolution of contributors and pensioners for the three 
schemes: NDCr (contributors (Cr NDCr) and retirement pensioners (Pr NDCr)) in black; 
NDCdr1 (contributors (Cr NDCrd1), disability pensioners (Prd NDCrd1), retirement 
pensioners (Pr NDCrd1) and total (T NDCrd1)) in blue; and, NDCdr2 (contributors (Cr 
NDCrd2), disability pensioners (Prd NDCrd2), retirement pensioners (Pr NDCrd2) and 
total (T NDCrd2)) in red.  
It can be seen that in the new model (NDCrd1 and NDCrd2) there are two types of 
beneficiary, disability pensioners and retirement pensioners, and that the collectives as a 
whole are smaller than the base system because the disabled have a lower life expectancy. 
Differences by age are shown in the graph by ellipses and reach their maximum at age 65, 
                                                          
22
 The RP-2000 Mortality Tables graduated by the US Society of Actuaries, SOA (2000), show the same 
mortality rate for healthier annuitants and disabled male pensioners from age 90 onwards. 
23
 According to OSFI (2011), the mortality rates for male and female Canadian disability beneficiaries aged 
55 to 59 are on average five to six times higher than the mortality rates for the general population for that 
age group and for each sex. Similar relationships are observed for other age groups.  
24
 The main causes of disability are musculoskeletal system and connective tissue diseases, circulatory 
system diseases, mental and behavioural disorders, neoplasms, nervous system diseases, injury and others.  
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after which they are decreasing. The three collectives would only coincide under the 
additional assumption of equal longevity for both disabled and non-disabled (active or 
retired). If population growth had a positive value, then given the way in which disability 
is determined, the growth rate for the disabled would be lower than that for the 
contributing population. The differences between the NDCrd1 and NDCrd2 collectives 
basically arise due to the differences in the mortality rates for disabled people, as shown in 
Figure III.1. 
Figure III.3 shows the evolution of average pensions and initial pensions by age and 
average pensions by contingency for the three schemes. The average disability pension 
(APd1 and APd2) by age is growing given that a higher pension is awarded when more 
contributions have been made. The maximum value is reached at age 64, from which time 
no more disability pensions can be awarded, and therefore for the retirement ages the 
amount is decreasing because once the pension is awarded it remains constant in real 
terms. The initial disability pension (IPd1 and IPd2) by age is also growing, and the 
differences between both can be explained by the annuity divisors used to calculate them 
that take into account different longevity for the disabled. 
So what about retirement pensions? As can be seen in Figure III.3, the average 
retirement pension (Pr) represents this value for the three schemes because, despite the 
very different assumptions for the disability contingency and although NDCr does not 
cover disability, the average retirement pension remains virtually the same in all three 
schemes. The average total pension by retirement (APTr) also remains virtually the same 
for all three schemes. This can be considered a sound result for our model and indicates 
an suitable integration of both contingencies into the NDC framework. 
 
Figure III.3: Average and initial pensions by grouped age structure. 
The main values making up the system's equilibrium under the three generic NDC 
schemes (NDCr, NDCdr1 and NDCdr2) are shown in Table III.1. We adopt the 
assumption that the contribution rate is the same for all schemes, but when disability is 
integrated into them (NDCdr1 and NDCdr2), the contribution rate is assigned to each 
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contingency as a proportion of the spending on pensions per contingency as part of total 
spending. The contribution rate assigned to disability (3.97% in NDCdr1 versus 5.08% in 
NDCdr2) largely depends on the disability incidence rates and mortality rates of disabled 
people by age, which determine the stable prevalence disability rate of each scheme 
(7.88% in NDCdr1 versus 10.50% in NDCdr2), though the average disability pension 
also matters. 
Table III.1: NDCdr system with two contingencies: some selected values. 
Comparison with NDCr 
Items NDCr 
NDCdr1 NDCdr2 
Disability Retirement System Disability Retirement System 
θθ ta   0.1600 0.0397 0.1203 0.1600 0.0508 0.1092 0.1600 
tdr  0.3020 0.0788 0.2246 0.3034 0.1050 0.2042 0.3092 
tfr  0.5298 0.5041 0.5355 0.5273 0.4835 0.5349 0.5175 
tDe  0.1832 0.0880 0.1869 0.1607 0.1117 0.1893 0.1635 
θ
*
t  0.1352 0.0365 0.1013 0.1378 0.0457 0.0918 0.1375 
tTD ( 
years) 
33.0800 25.5474 34.0325 31.9247 29.2994 33.7903 32.3650 
rA  (years)
  74.4500 65.9693 74.4544 72.3466 69.9635 74.4544 73.0291 
cA ( years)  41.3800 40.4219 40.4219 40.4219 40.6641 40.6641 40.6641 
tx ( years) 64.0000 56.1786 64.0000 62.0571 59.3199 64.0000 62.5146 
cpt  ( years) 18.2760 15.7567 23.5781 21.6352 18.6558 23.3359 21.8505 
rpt ( years) 9.3160 9.7907 10.4544 10.2895 10.6436 10.4544 10.5145 
Base scenario with G=(1.016)(1.00)-1=0.016 
The three schemes are in financial equilibrium because the contribution rate (see 
formula [III.23]) is the product of the financial ratio (
tfr ) and the dependency ratio ( tdr ), 
and these ratios present slight variations across the schemes. In the integrated schemes 
each contingency taken individually is also in financial equilibrium. 
As shown by Boado-Penas & Vidal-Melia (2014), the effect of including the survivor 
dividend, tDe , on the initial pension is by no means irrelevant, and the pension rises by 
18.32% in the NDCr scheme. The integration of disability into the NDC framework 
(NDC) keeps the dividend effect high. However, as the new contingency decreases the 
weighted average age at which contributions to the system cease25 - 64 years in the NDCr 
plan against 62.05 years in the NDCdr1 scheme - the dividend effect is smaller. 
The dividend effect for the integrated system, NDCdr, is a weighted average of the 
dividend effects for both contingencies, the weighting being the spending on pensions by 
contingency (without including the survivor dividend) as part of total spending. As shown 
in the previous section, the dividend effect can be calculated as that part of the total 
accumulated notional capital originating from contributions made by deceased 
contributors which belongs to new beneficiaries in the same year, divided by the yearly 
                                                          
25 For details on how to calculate the weighted average age at which contributions cease, tx , interested 
readers can consult Chapter II, formula [II.50]. 
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total spending on pensions (without including the survivor dividend). Although we do 
include the survivor dividend when calculating the amount of the retirement and disability 
pensions, if it were not included, then a discrepancy would arise between the credited 
contribution rate equal to 16% and the rate necessary to finance the benefits, θ*t , 13.78% 
and 13.75% for the NDCdr1 and NDCdr2 schemes respectively. Therefore, as already 
shown in the previous section, this numerical example illustrates the equivalence between 
the macro balanced contribution rate and the credited individual contribution rate in the 
new NDCdr framework introduced in this paper, and the fundamental role played by the 
survivor dividend in achieving the system's financial equilibrium. 
Table III.1 also shows the values for the turnover duration (TD), a well-known 
concept used for compiling the ABS of NDC systems 26 . Chapter II developed the 
system’s expected average TD for a DB PAYG scheme with retirement and disability 
benefits. Its application to NDCdr schemes is almost immediate. The system’s TD is 
interpreted as the number of years expected to elapse before the committed liabilities 
with contributors and pensioners for retirement and disability are completely renewed at 
the current contribution level. Each monetary unit enters the system as if it were paid by a 
contributor of Ac years and remains within the contribution liability until retirement age is 
reached (pay-in). It is then received by the pensioner of Ar years after remaining within 
the liability to pensioners during the pay-out. 
A system's TD can be calculated either as a weighted average of the TDs for both 
contingencies, the weighting being the spending on pensions by contingency as part of 
total spending, or as the difference between the weighted average of the average ages of 
disability )A(A
D
c
D
r    and retirement )A(A
R
c
R
r    , the weightings here being spending on 
pensions per contingency as a part of total spending and the average age of the 
contributors. 
A system's TD is also the sum of the weighted pay-in, 
S
cpt , and pay-out, 
S
rpt , 
durations of one monetary unit in the system for the year’s contributions and is based on 
population data obtained from a cross-section, not from an explicit projection. 
The TD for retirement in the integrated schemes (34.03 and 33.79 years for NDCdr1 
and NDCTdr2 respectively) is slightly different to the base system's TD (33.08 years). 
This comes about due to the slight change in the average age of the contributors after 
considering decrements through disability. The systems' TDs do change more noticeably 
(31.9 and 32.3 years for NDCdr1 and NDCdr2 respectively) due to the introduction of 
disability, which makes the weighted average age at which the last contribution is made 
between 5 and 8 years earlier than for the retirement contingency.  
To end these comments regarding Table III.1, it is worth mentioning that our 
example is quite close to reality, not only because the OLG model developed works 
simultaneously with 49 and 85 generations of contributors and pensioners respectively, 
                                                          
26  The legal definition and specific formulas used in the Swedish NDC system can be found in 
Pensionsmyndigheten (2014). This concept initially appears in connection with the contribution asset (CA) 
for NDCs, the general outline of which can be found in Settergren (2001) and (2003), while in Settergren & 
Mikula (2005) both concepts are modelled in continuous time, giving theoretical support. The search for 
valid expressions to apply to DB PAYG systems began with Boado-Penas et al. (2008), continuing with 
Vidal-Meliá et al. (2009), which in addition links to the concept of automatic balance mechanisms (ABMs). 
Vidal-Meliá & Boado-Penas (2013) obtain the analytical properties of the CA and confirm its soundness as 
a measure of a PAYG scheme’s assets. 
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but also because the resulting values for the turnover duration - between 31.9 and 32.4 
years for the integrated system - differ very little from those calculated by Settergren & 
Mikula (2007) for a large group of countries (32.7 years). 
b) Population changes: the active population will not remain constant 
The NDCdr1 scheme is taken as a reference when analysing the effect of active 
population changes, whether increases or decreases. Two additional assumptions are 
explored in this section: 1) the number of contributors of all ages grows at an annual rate 
of γ  =0.01 over time (henceforth NDCdr1+), and 2) the number of contributors of all 
ages decreases by an annual rate of γ  =-0.01 over time (henceforth NDCdr1-). 
Table III.2 shows that although the ratio between the numbers of contributors and 
pensioners (
tdr ) and the ratio between the average salary and pension ( tfr ) change due to 
variations in the active population, the effect of the survivor dividend ( tDe ) remains 
unchanged for both contingencies. 
Table III.2: NDCdr system with survivor dividend when the active population will not remain 
constant: some selected values. 
Items 
NDCdr1 NDCdr1+ NDCdr1- 
D R S D R S D R S 
θθ ta   0.0397 0.1203 0.1600 0.0397 0.1203 0.1600 0.0397 0.1203 0.1600 
tdr  0.0788 0.2246 0.3034 0.0708 0.2012 0.2700 0.0886 0.2524 0.3435 
tfr  0.5041 0.5355 0.5273 0.5613 0.5976 0.5925 0.4486 0.4765 0.4658 
tDe  0.0880 0.1869 0.1607 0.0880 0.1869 0.1607 0.0880 0.1869 0.1607 
θ
*
t  0.0365 0.1013 0.1378 0.0365 0.1013 0.1378 0.0365 0.1013 0.1378 
λ
kx
D
e
a   11.2443 n.a. 
13.8284 
10.3129 n.a. 
12.6356 
12.3544 n.a. 
15.2336 
λ
Ax
R
e
a   n.a. 15.0483 n.a. 13.7320 n.a. 16.5928 
AYC 38.6779 49.0000 45.6899 31.9944 38.9740 36.7358 38.6779 49.0000 45.6899 
D
k, t)(xe
β   0.8019 n.a. 
0.8484 
0.8812 n.a. 
0.9369 
0.7247 n.a. 
0.7632 
R
A, t)(xe
β   n.a. 0.8703 n.a. 0.9632 n.a. 0.7814 
G 0.0160 0.0262 0.0058 
The system's sustainable return (G) derives from an adjustment to the average initial 
pensions that are awarded in each case, directly linked to the annuity factors 
λ
kx
D
e
a 
27 and 
λ
Ax
R
e
a   and the accumulated notional capital reached at retirement or disability age. 
Despite the growth in population, the average initial pensions (retirement and 
disability) for NDCdr1+, expressed in Table 3 through the average replacement rate for 
each contingency (
D
k, t)(xe
β 
28 and 
R
A, t)(xe
β  ), are higher than in the other two cases. The 
                                                          
27 This is a weighted average calculated from the disability pensions awarded in year t. 
28 Like 
λ
kx
D
e
a  , the average replacement rate for the disability contingency is a weighted average calculated 
from the disability pensions awarded in year t. 
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growth of the economically active population modifies the average years of contribution 
(AYC). As can be seen in Table III.2, the average contributor, awarded a pension in year 
t, has been contributing for 36.74 years as opposed to 45.69 years for NDCdr1 and 
NDCdr1-. All contributors who reach retirement age are considered to have started 
working at the entry age of 16, i.e. A years ago. Likewise all contributors who become 
disabled at age xe+k years started working k years ago. If the population grows over time, 
the retirees’ generation and the generation of disabled people can be split into A and k 
different cohorts respectively, whose common factor is the number of years contributed 
since joining the labour market. 
In our example, generation members who retire at age 65 could come from 49 
different cohorts depending on the number of years contributed. This determines 49 (A) 
different amounts of pension that set the average initial pension of the generation, linked 
to the average number of years contributed by those who reach retirement age. Similarly, 
generation members who become disabled at age 46 could come from 30 different 
cohorts depending on the number of years contributed. 
Figure III.4 shows initial retirement and disability pensions awarded at the ordinary 
retirement age broken down by years contributed as a percentage of the system's average 
wage. The pension amount for retirement (R NDCdr1+) and disability (D NDCdr1+) 
with an equal number of contribution years when the economically active population 
grows over time is much higher than for NDCdr1 (ARP NDCdr1 and ADP NDCdr1, in 
blue), and higher for NDCdr1 than for NDCdr1- (ARP NDCdr1- and ADP NDCdr1-, in 
red). This is only to be expected given that the sustainable return of the system with 
population growth (decline) is higher (lower) and, if the scheme is well designed, 
automatically increases (decreases) the amount of benefits awarded to retirement and 
disability pensioners. 
 
Figure III.4: Breakdown of initial retirement and disability pensions by years contributed. 
In line with the paper by Vidal-Meliá et al. (2015), another essential concern is 
whether or not the variation in population has an influence on the dividend effect. For 
the NDCr model they find that, despite the fact that the dividend effect remains constant 
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for any value of γ , growth in the economically active population enables cohorts with 
more years of contributions to benefit to a greater extent from the dividend effect, i.e. the 
more contributors there are, the larger the retirement pension for those cohorts with 
more years of contributions compared to what it would have been without including the 
survivor dividend. 
Can the same cohort effect be seen in the integrated NDC model with disability? The 
answer can be found in Figures 5 and 6, which show the effect of the survivor dividend 
for each of the cohorts that make up the pensioner generation under the assumption that 
the economically active population grows at a constant rate of 1%, 2% or 4% per year. 
The value assigned to γ  has an inverse influence on the average number of years 
contributed for the pensioner generation that retires at time t. For a value of γ  = 0.01, as 
Table 3 shows, the average number of years contributed (AYC) is 31.99 (disability), 38.97 
(retirement) and 36.64 (system). The AYCs for γ  = 0.02 and γ  = 0.04 are (26.90, 31.67, 
30.14) and (19.89, 22.20, 21.46) respectively. 
Figure III.5 shows that the growth of the economically active population enables 
cohorts with more years of contributions to benefit to a greater extent from the dividend 
effect. Indeed some cohorts get a higher dividend effect than the average dividend 
achieved by the system. Also, retirement pensioners benefit from a higher effect than 
disability pensioners because, although both types of pension are awarded in the same 
year, the contributors who become disabled that year do not benefit from a distribution 
of the survivor dividend that year. 
 
Figure III.5: Dividend effect with population growth by years of contributions 
Figure III.6 shows the (relatively small) impact of the dividend effect on the amount 
of the disability pensions awarded to contributors who become disabled in earlier years. 
Even with a high rate of growth in the active population (0.04), the survivor dividend 
effect is small, much lower than the system's average dividend (0.1607), and lower even 
than the average survivor dividend effect for disability (0.0880). 
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In short, the system's average dividend remains constant for any value of γ , but the 
effect of the growth in active population is an increase in the amount of retirement and 
disability pensions, mainly for those people who become disabled at the last age at which 
it is possible to contribute - or at least close to that age - and who have long contribution 
records. 
 
Figure III.6: Dividend effect for disability pensions 
III.4.-Conclusion, discussion and future research. 
An NDC scheme is widely defined as a PAYG system that deliberately mimics a 
financial defined contribution scheme (FDC). However, this is not strictly true since the 
way disability benefits are integrated into the scheme varies greatly. In most countries 
with mandatory individual capitalization accounts, disability insurance (DI) is fully 
integrated into the FDC scheme. 
Like (badly designed and managed) DB retirement PAYG systems, DB DI is today a 
big challenge for policy makers mainly because it faces high and growing costs, and in 
most countries the real cost is underestimated because of the phenomenon identified as 
“pension reclassification”, it creates strong incentives for early retirement, it hampers 
economic growth and reduces the effective labour supply, it hides the redistribution of 
benefits, and it faces significant political risk.  
Hence, given that NDC schemes have positive features that could help to improve 
the efficiency of DI, it is not unreasonable to develop a theoretical model that fully 
integrates the disability contingency into an NDC framework.  
For the above reasons, in this paper we have developed a multistate OLG model that 
integrates old-age and permanent disability into a generic NDC framework. Inspired by 
the Swedish NDC model currently in force, we have followed the principle that each 
monetary unit contributed is paid out in the form of benefit. However, this benefit is not 
necessarily paid to the individual who made the contributions, given that the account 
balances of contributors who do not survive are distributed as inheritance capital to the 
accounts of the (non-disabled) active survivors on a birth cohort basis.  
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To develop the model, DI has been considered as a contingency close to retirement 
because permanent work disability insurance enables people to get lifetime benefits 
before the age for early retirement if they are unable to work. Nevertheless, the authors 
are fully aware that disability policies have multiple implications for society that go 
beyond the scope of this paper. 
With the aim of linking the survivor dividend and the disability contingency in the 
model, the so-called cumulative inheritance gain factor has been defined on the basis of a 
transition probabilities matrix. Unsurprisingly, the formula for this is very similar in 
structure to the formula used by the Swedish authorities for the NDC system, which only 
includes the retirement contingency. 
The model shows that the survivor dividend has a sound financial basis that enables 
the balanced macro contribution rate applied to be the same as the individual credited 
rate. The main implication of this result is that, if the amount of the initial retirement and 
disability pensions were determined by the individual notional capital without considering 
the survivor dividend, the balanced contribution rate and the credited rate would be 
different because the system's benefits would be lower than they could be. On average for 
the base scenario shown in the numerical example, the effect of including the dividend on 
the initial pension is by no means irrelevant, and the initial benefit rises by 16.07%. 
Similarly, if the survivor dividend had not been included when calculating the amount of 
the benefit, a discrepancy would have arisen between the credited contribution used in 
the example, 16%, and the rate necessary to finance the benefits, 13.78%. 
Another result that can be highlighted is the fact that the system's average dividend 
remains constant for any value of , but the effect of any growth in the economically 
active population is a proportionally higher increase in the amount of retirement and 
disability pensions, mainly for those people who become disabled at the last age at which 
it is possible to contribute - or at least close to that age - and who have long contribution 
records. 
Our model can be said to be quite realistic insofar as it takes into account an age 
schedule of mortality and the uncertainty concerning the timing of disability, and allows 
for changes in the economically active population and for a large number of generations 
of contributors and pensioners to coexist at each moment in time.  
On the practical side, the numerical example presented in the paper can also be 
considered as quite close to reality, not only because the OLG model developed works 
simultaneously with 49 and 85 generations of contributors and pensioners respectively, 
but also because the resulting values for the turnover duration – around 32.2 years for the 
integrated system - differ very little from those calculated in the literature for a large 
group of countries (32.7 years). 
The results achieved in the numerical example, in the case of zero population growth 
and for when the economically active population changes, confirm that the model really 
works and show an suitable integration of both contingencies into the NDC framework. 
In spite of the very different assumptions for the disability contingency and even though 
NDCr does not cover disability, the average retirement pension remains virtually the 
same in the three schemes analysed. 
This model can easily be linked to real practices in social security policies because, to 
mention just a few positive features, it could be implemented without too much difficulty, 
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it would help to improve actuarial fairness, it would uncover the real cost of disability and 
minimize the risk of disability insurance being used as a vote-buying mechanism. 
The question of putting the model into practice is by no means a minor topic. It 
would call for a new paper because at the very least it would need to thoroughly address 
the following issues: 
 The transition rules from the old system to the NDC framework. 
Good transition rules are a key element in the phasing in of NDCs. The experiences of 
those countries that have implemented NDC schemes, Chłoń-Domińczak et al. (2012), 
may be a valuable example to follow.  
 The advisability of introducing a minimum pension. 
According to Holzmann & Palmer (2006), NDC schemes should be supplemented with a 
minimum income (pension) guarantee. For Barr & Diamond (2009), the purpose of 
pensions is to provide an adequate income stream when the individual is unable to work 
due to disability or retirement, so it would be advisable to introduce a minimum pension 
in order to maintain a minimum standard of living. To maintain the system's financial 
equilibrium, the insurer (the state) should finance the difference between the actuarial 
present value of the minimum pensions awarded and the account balances of participants 
available at the time of the disability or retirement. 
 The transition from temporary disability to permanent disability. 
In most countries permanent and temporary disability are fully integrated, Plamondon et 
al. (2002), but the rules and costs allocated to each contingency should be clearly 
established.  
 The updating of the annuity divisors. 
In practice, the annuity divisors applied to convert the notional capital into an annuity 
have to be updated yearly because the expected longevity of active and disabled people 
changes over time.   
 Communication to the public. 
According to Larsen et al. (2008), the success of a reform in achieving its goals will 
depend on how successfully the principles of NDC are conveyed to the population. For 
Regúlez-Castillo & Vidal-Meliá (2012), a yearly account statement containing individual 
pension information on retirement and disability rights should be sent out to all 
participants.   
 The actuarial balance sheet (ABS) and the automatic balance mechanism (ABM). 
The ABS is specifically designed for NDC pension systems and, Boado-Penas & Vidal-
Meliá (2012), does not fit into any of the classical methods used for measuring the 
financial health of the pension system, such as aggregate or growth accounting, 
microsimulation, general equilibrium or indirect models. The natural way to correct 
solvency problems in the NDC framework is by means of the so-called automatic balance 
mechanism (ABM). This mechanism is based on the solvency indicator that emerges from 
the ABS. Hence the ABS and the ABM should be modified to include the disability 
contingency. 
Finally, based on the model presented in this paper, at least three important directions 
for future research can be identified: 
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 To adapt the actuarial balance sheet (ABS) specifically designed for NDC systems 
to the new model with disability and to evaluate the impact of introducing a minimum 
pension on the system's financial equilibrium.  
 To extend the model to take into account different degrees of disability and/or 
the possibility of a return to active life. In practice there are usually various degrees of 
disability recognized and these have a direct effect on the amount of benefit paid and the 
likelihood of returning to active life. The papers by Aro et al. (2015) and Zadeh et al. 
(2014) could be useful for this purpose. 
 To incorporate insurance innovation into the model, as embedding long-term care 
(LTC) insurance within the retirement pension system, i.e. introducing life care annuities 
(LCAs). The NDC framework could be useful for this purpose. This is not an 
unreasonable idea because LTC as a contributory contingency has been provided in the 
German contributory pension system, Rothgang (2010), since the mid-1990s. Barr (2010) 
also gives sound reasons for extending social security to provide mandatory cover for 
LTC.  
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Appendix III.1: Proofs of formulas/equations included in Section III.2. 
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1.4.-Formula [III.15] 
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1.6.-Formula [III.17] 
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1.7.-Proof of the second member of equation [III.21].  
The second member of equation [III.21] expresses the total expenditure on pensions in the 
year t  w-xe-1: 
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Formula [III.51] can be disaggregated as:  
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And as formula [II. 30] (Appendix II.2, Chapter II) show for the disability contingency:  
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and Vidal-Meliá & Boado-Penas (2013) for the retirement contingency: 
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1.8.-Formula [III.21] 
 
      
NPpIP
pIPNyθ
                                                                         
NPG)(1 pIPG)(1 
                                                              
pIPG)(1 NyG)(1θ 
pensionst  retiremenon eExpenditur
k
1-t
0k
1) k,A(x
R
1) A,(x
ages)t (retiremen pensions disability on eExpenditur
1t
1k
A
1s
ii
sxskA
skA
1) s,(x
I
1) s,(x
ages)(working  pensions disability on eExpenditur
A
1k
k
1s
ii
sxsk
sk
1) s,(x
I
1) s,(x
onscontributi  Aggregate
1A
0k
1) +k,(x 1) +k,(xt
pensionst  retiremenon eExpenditur
k
1-t
0k
1) k,A(x
R
1) A,(x
ages)t (retiremen pensions disability on eExpenditur
1t
1k
A
1s
ii
sxskA
skA
1) s,(x
I
1) s,(x
ages)(working  pensions disability on eExpenditur
A
1k
k
1s
ii
sxsk
sk
1) s,(x
I
1) s,(x
onscontributi  Aggregate
1A
0k
1) +k,(x 1) +k,(xt
eeeee
eeeee
ee
1t
eee
1t
eee
1t
ee
1t
    
  
  
    
  
  
FF
F
FF
F






























 
 
 
 



 



 








 



 







 
III.55 
 
Three Essays on Actuarial Social Security Theory 
 
161 
1.9.-Formula [III.23] 
From year “w-xe-1=t” counting from the system’s inception, the ratio between the number of 
pensioners and the number of contributors - ( tdr ) – stabilizes. Therefore the contribution rate, 
also called the macro contribution rate, is the product of the demographic dependency ratio and 
the financial ratio (the system’s average replacement rate): 
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because all groups evolve (growing or shrinking) at a rate exactly equal to γ . From that year 
onwards the system is in a “mature” state and the balanced contribution rates for both 
contingencies (retirement/R and disability/D) will be:  
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and also in the case of disability, while the contribution rate for the contingency is:  
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In the “mature” state reached, the average pension-average contribution base quotient is 
already constant due to the fact that the numerator and denominator evolve equally (at the rate of 
variation in wages):  
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Therefore the contribution rate, also called the macro contribution rate, is the product of the 
demographic dependency ratio and the financial ratio (the system’s average replacement rate): 
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1.10.-Proof for xe+ 2 in formula [III.24] 
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1.11.-Proof for xe+ k in formula [III.24] 
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1.13.-Proof of formula [III.26] 
By development from its own definition and taking into account the probabilities shown in 
matrix 1a, the accumulated notional capital can be disaggregated as: 
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where  hsks, tkh, tsxe
I   is the disabled persons in [t-k+s+h-1, t-k+s+h), h > s, who entered the 
system in t-k+s. Simplifying the result: 
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And simplifying the resulting quotients we get: 
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Given that , then
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Also K
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k, k, t)(xe 
, which includes the contribution made at the beginning of period t, can be 
expressed recursively as: 
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1.14.-Formula [III.25] 
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1.15.-Formula [III.27] 
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1.16.-Formula [III.30] 
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And the accumulated notional capital at age xe + k in t of one contributor who enters the 
system at age xe+s, with s < k (i.e. having contributed (k-s) years), is expressed recursively as 
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1.17.-Formula [III.32] 
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1.19.-Formula [III.35]
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1.20.-Formula [III.36] 
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1.21.-Formula [III.37] 
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1.22.-Proof of the second member of expression [III.38] 
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According to equation [III.18], the accumulated notional capital of all the individuals who 
reach age xe+A in year t is:   
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Formula [III.79] disaggregates the total accumulated notional capital at retirement age with 
the aim of obtaining the credited notional rate as a common factor. To determine the accrued 
notional capital we use the retrospective method, taking into account all the contributions made 
by the generation that retires at age xe+A years, discounting at each moment the contributions 
made and returns allocated to those who become disabled at any time. This process is specified 
for each annual contribution. 
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And according to equation [III.15], the accumulated notional capital belonging to the new 
disabled in year t can be expressed as: 
   
       
       
 
 
  
    
    
 

















































































































 
 

ai
Ax
A
s
A
sh
ai
hxs, t)(xs, t)(xa, t)A(x, t)A(x
ai
Ax
A
s
A
sh
ai
hxs, t)(xs, t)(xa, t)A(x, t)A(x
ai
x
ai
x, t)(x, t)(xa, t)(x, t)(x
ai
x, t)(x, t)(x
a
ai
Ax), tA(x), tA(xa
ai
Ax
Tac
), tA(x
ai
Ax), tA(x), tA(xa
ai
Ax
Tac
), tA(x
ai
x), t(x), t(xa
ai
x), t(x), t(xa
ai
x), t(x), t(xa
ai
Ax
Tac
), tA(x
ai
Ax
Tac
), tA(x
ai
x
Tac
), t-(x
ai
x
Tac
), t(x
A
k
ai
kx
Tac
), t-k(x
eeeeee
eeeeee
eeeeee
eee
eeeee
eeeee
eeeeee
eee
eeee
eeee
ee
p)p(NyθNy
p)p(NyθNy
                           
p)p(NyθNy
pNy
θ
                                  
pNyθG)p(K
pNyθG)p(K
                                    
pNyθG)p(Nyθ
pNyθ
G
                                   
GpKGpK
GpKGpK
                                   
GpK
1
2
0
2
11
2
3
0
3
22
111
11111222
21212323
1111122
11
111212
1111
1
111
1
1
1
11
11
11
1
11
11
1



    III.80 
Formula [III.80] disaggregates the total accumulated notional capital for the interval of 
disability ages with the aim of obtaining the credited notional rate as a common factor. To 
determine the accrued notional capital we use the retrospective method, taking into account all 
the contributions made by each generation that becomes disabled at age xe+k  {xe+1,…, xe+A-
1}, discounting at each moment the contributions made and returns allocated to those who 
become disabled at any time. This process is specified for each annual contribution. 
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According to expressions [III.79] and [III.80], the second member of formula [III.78] can be 
developed as: 
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The last two rows of the previous expression can be aggregated as: 
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Rewriting the result: 
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By substituting [III.83] into [III.81], we get: 
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The penultimate and antepenultimate rows of [III.84] can be rewritten as: 
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By substituting [III.85] into [III.84], we get: 
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and if we continue the backward procedure: 
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Finally, after the long backwardation procedure it is demonstrated that: 
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1.23.-Formula [III.44] 
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Multiplying both sides of expression [III.89] by the credited contribution rate, and operating 
according to [III.79] and [III.80]: 
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where the dividend factor can also be expressed as: 
 
   
1
1
1
1
11
1
11111
11
1
111


































  
  
  
  
  
  
pensions onSpending 
Retirement
Disability
dividendsurvivor  the of  inclusionnon the to due Reserves
Retirement
Disability
A, t)(x
i
A, t)(x), tk(x
A
k
ai
kx), tk(xa
i
), tk(x
A, t)(x
ac
A, t)(x), tk(x
A
k
ai
kx
ac
), tk(x
t
eeeeee
eeeee
NKNGpyθK
NDNGpD
Df  
III.91
  
 
 
 
 
 
 
 
 
 
 
 
 
Chapter IV.- LIFE CARE ANNUITIES (LCA) EMBEDDED IN A 
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IV.1.-Introduction 
As Costa-Font & Font-Villalta (2009) point out, the ageing of the European population calls 
for insurance mechanisms to be extended to finance new social risks, such as that of needing 
long-term care (LTC) as one gets older1.  
Despite the inevitable uncertainty surrounding projections, De la Maisonneuve & Oliveira 
(2013) suggest there will be a rapidly rising trend in public health care expenditure over the next 
50 years. Starting from around 6% of GDP in 2010, the combined public health and LTC 
expenditure for OECD countries is projected to reach 9.5% in 2060 in the optimistic scenario 
assuming that policies will act more strongly than in the past to rein in some of the expenditure 
growth. In the worst scenario, which assumes no stepped-up policy action, spending could reach 
14% of GDP. 
There are some very good reasons (Barr (2010), Colombo et al. (2011), Colombo & Mercier 
(2012), Forder & Fernández (2011), Guillén & Comas-Herrera (2011), Miyazawa et al. (2000), 
Zuchandke et al. (2010)) for creating collective LTC coverage mechanisms to complement family 
and volunteer care arrangements: 
 The cost of care can be high, thus placing a significant burden on users, especially those 
living on low incomes or with high levels of dependency. 
 There are significant uncertainties about the need for long-term care that individuals have 
to consider, especially the time when the need will come about, its duration and its 
intensity. It is understandable that they will want to cover this risk, but the costs can be 
high and access limited when covered exclusively by private insurance. 
 Mechanisms for pre-paying and pooling LTC costs, such as LTC insurance, allowances 
and targeted assistance, provide an answer to high uncertainty and high cost. 
 Social insurance systems give service users a right or an entitlement to a pre-defined level 
of support (in services or cash) depending on the person’s need. 
 The perception of financial security in relation to LTC needs to increase in all segments 
of the population. 
 The introduction of public LTC insurance would probably increase efficiency in a moral 
hazard economy. 
LTC as a contributory contingency has been provided in the German contributory pension 
system since the mid-1990s. Other OECD countries with public LTC arrangements include 
Japan (Campbell et al. (2009) and (2010)), Korea ((Wook-Kim & Jun-Choi (2013), Chon (2014)), 
the Netherlands (Schut & Van den Berg (2010)) and Luxembourg (Colombo et al. (2011)). 
The German contributory LTCI (Long-Term Care Insurance) system is a very valuable 
benchmark to follow in the field of public LTC arrangements. The LTCI Act of 1994 (Rothgang 
(2010)) established social LTCI and mandatory private LTCI in Germany, which together cover 
almost the whole population2. Statutory Health Insurance affiliates became members of the social 
LTCI scheme, and those with private health insurance were obliged to buy private LTCI. Social 
                                                          
1
 LTC involves (Calmus (2013)) the need for assistance, including prompting, with activities of daily living (ADLs). 
ADLs include bathing, transferring, toileting and dressing, and activities incidental to daily living (IADLs) including 
cooking, housekeeping, transportation and managing finances. LTC is often performed by family, friends and lower-
skilled caregivers or nurses. 
2
 According to Geraedts et al. (2000), the insurance model was adopted because it was compatible with Germany´s 
cultural values of social responsibility. The model was consistent with existing social insurance coverage for health, 
accident, pension and unemployment insurance.   
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LTCI financing follows the pay-as-you-go principle. It is funded almost exclusively by 
contributions and, according to Colombo et al. (2011), retirees are also required to contribute 
depending on how much pension they receive. LTCI benefits are set by law, whereas private 
mandatory LTCI is a partially-funded scheme. Beneficiaries can choose between home care, day 
and night care and nursing home care. In home care there is choice between in-kind benefits for 
community care and cash benefits. Cash benefits are given directly to the dependent person, who 
can choose whether to pass the money on to a family caregiver. 
With regard to the issue of linking the retirement and LTC contingencies, Chen (1994) 
proposed the creation of a social insurance program to provide basic LTC coverage by diverting 
a small portion of a retiree's social security cash benefits for LTC. She called this trade-off plan 
“social security long-term care”. Some years later, Chen (2001) provided more detail to her 
original proposal by suggesting a more widespread use of the insurance principle for both private 
and public sector programs, linking several pre-existing sources of funds in each sector so as to 
increase the efficiency with which these resources could be used. More specifically, her 
suggestion relies on building a three-legged stool for financing LTC that would begin with the 
creation of a compulsory social insurance program for a basic amount of long-term care 
coverage. This program would then be supplemented on a voluntary basis by more private LTC 
insurance coverage and personal savings. 
As a way of improving the diffusion of LTC insurance coverage, Pitacco (2002) proposed the 
establishment of an LTC insurance scheme embedded in the retirement pension system, 
specifically the introduction of enhanced pension annuities (EPA) funded with contributions. For 
a given amount of single premium, the “price” of the LTC coverage is a reduction in the amount 
of the initial retirement pension. Forder & Fernandez (2011) also suggest that linking LTC 
insurance to retirement pensions is a good way to extend coverage. 
Costa-Font et al. (2014) observed that LTC finance needs to be considered as part of an 
overall retirement strategy rather than just a simple extension of health insurance, even if one can 
separate the goals of consumption smoothing (retirement) from insurance (LTC). 
In the field of private insurance, as proposed by Brown & Warshawsky (2013) for financial 
defined contribution schemes (FDCs,) the life care annuity (LCA) is designed to deal with major 
problems in the currently separate markets for life annuities and LTCI. This is a prominent idea 
among specialists (Davidoff (2009)) because the combination of both insurance arrangements 
can alleviate problems not only of supply (selection) but also of demand (liquidity) in these 
markets. According to Pestieau & Ponthiere (2011), the problems of private LTC can be 
described by the concept of the LTC insurance puzzle3. For Spillman et al. (2003), a combined 
benefit simplifies and integrates two aspects of retirement planning often treated separately. It 
embodies a recognition that the potential for needing LTC is just one of the contingencies that 
retirement planning should take into account. 
In a previous essay, Chapter III, I explore the idea of integrating old-age and permanent 
disability into a generic notional defined contribution (NDC) framework. An NDC scheme, 
according to a widely-disseminated definition, is a pay-as-you-go system (PAYG) that deliberately 
mimics a financial defined contribution scheme (FDC) by paying an income stream whose 
present value over a person’s expected remaining lifetime equals the amount accumulated at 
                                                          
3
 There is a very rich literature on these questions that goes beyond the scope of this paper. Interested readers can 
consult Brown et al. (2012), Costa-Font & Courbage (2014), Courbage & Roudaut (2008) or Zhou-Richter et al. 
(2010) to name just a few. 
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retirement4. Consequently the idea of integrating retirement and LTC annuities comes naturally to 
actuarial thinking, especially after dealing with disability insurance.  
Finally, demand for LTC is highly age-related, although elderly people are not the only target 
group. Less than 1% of those under 65 use LTC, while after that age the probability of LTC use 
increases rapidly. According to Campbell et al. (2009) and Colombo et al. (2011), pressures on 
LTC costs are anticipated to grow for at least four reasons: (1) the number of older people is 
increasing in many countries, (2) traditional family supports are being eroded due to fewer 
children, more women working and changing societal models which are likely to contribute to a 
decline in the availability of informal caregivers and lead to an increase in the need for paid care, 
(3) individuals are increasingly demanding better and more responsive social-care systems, and (4) 
technological change enhances the possibilities of LTC services at home but may require care to 
be organized in a different way.  
In short, it is difficult to hide the real importance of this topic. The future of LTC will 
involve greater demand and higher spending on services which, in line with actuarial principles, 
requires a good funding model. To put in another way (Colombo & Mercier (2012)), the right 
balance needs to be found between fair protection and financial sustainability in the long run5¸ 
without shifting too large a financial burden onto future generations. 
The aim of this essay is to explore the possibility of embedding a public LTC insurance 
scheme within the retirement pension system, specifically by introducing enhanced pension 
annuities (EPAs) into an NDC framework. As Habermann & Pitacco (1999) explain, EPAs are a 
combination of the retirement annuity paid while the individual is healthy and an uplifted income 
paid while the individual is claiming LTC benefits. For Pitacco (2013), the EPA is a particular 
LCA paid as a pension benefit, in which the uplift is financed by a reduction (with respect to the 
basic retirement pension) of the benefit paid while the policyholder is healthy. We develop a 
multistate overlapping generations model (MOLG) that includes the so-called survivor dividend 
(also known as inheritance gains), i.e. the distribution of the account balances of participants who 
do not survive to retirement to the accounts of surviving contributors on a birth cohort basis. 
Special attention is given to the assumptions made about mortality rates for dependent persons 
and LTC incidence rates, which largely determine the contribution rate assigned to LTC. The 
proposed model has many practical implications for policymakers because it could be 
implemented without too much difficulty, it would universalize LTC coverage with a "fixed" cost, 
and it would discourage politicians from making promises about future LTC benefits without the 
necessary funding support. As far as we know, the model proposed is an innovation in this field 
and we have been unable to find similar models in the economic literature. 
The structure of the essay is as follows. After this introduction, Section IV.2 briefly describes 
LTC funding models and cash-for-care (CFC) schemes. Section IV.3 presents a multistate OLG 
model that integrates retirement and LTC annuities into a generic NDC framework. For the sake 
of clarity, this section is divided into three subsections dealing with (1) the determination of the 
year in which the system reaches a mature state, (2) the definition and determination of the 
survivor dividend, and (3) the effect that the introduction of the new contingency would have on 
the initial retirement pension and the contribution rate if it were decided to maintain the amount 
of the initial retirement pension. Section IV.4 shows a numerical illustration representing a 
generic NDC pension system with retirement and LTC annuities. The paper ends with the 
                                                          
4 See for example Lindbeck & Persson (2003), Williamson (2004), Börsch-Supan (2006), Holzmann & Palmer (2006), 
Palmer (2006 a), Vidal-Meliá et al. (2010), Auerbach & Lee (2011), Chłoń-Domińczak et al. (2012) and Holzmann et 
al. (2012). 
5
 The funding model, as Costa-Font (2010) pointed out, has to be designed in conjunction with the prevalent social 
values in each country, an area that goes beyond the scope of this paper. 
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conclusions, possible directions for future research and three appendices: the first develops the 
main formulas shown in Section IV.3, the second derives the mortality for dependent people 
used in the numerical example, and the third presents a sensitivity analysis for when the 
population changes. 
IV.2.- Description of cash-for-care (CFC) schemes and LTC insurance 
models. 
In this section we briefly describe some LTC insurance models and CFC schemes.  We focus 
on these types of arrangement since the model we develop in Section IV.3 relies on this approach 
because the combination of retirement and LTC annuities using a contributory NDC framework 
helps to finance the costs incurred for retirement pensioners when they become dependent. A 
cash-for-care program aims to contribute to the costs of care, but without necessarily providing 
sufficient payment to buy all the care needed. 
As Colombo et al. (2011) point out, LTC services can generally be provided in kind (with the 
care recipient solely in the position of care receiver), or as an allowance paid to the family carer, 
or as a cash benefit enabling the care recipient to contract the required services as they see fit.   
In-kind benefits are those provided to LTC recipients as goods, commodities or services 
rather than money. They may include care provided by nurses, psychologists, social workers and 
physiotherapists, domestic help or assistance, or special aids and equipment. They might also 
include assistance to family caregivers, such as respite care.  
An allowance paid to family carers is the financial support provided in the form of cash 
benefits paid either directly to them as a carer allowance or to those in need of care, who can use 
part of it to compensate family carers. A carer’s allowance recognizes that providing care involves 
costs for the carers. It may help carers to manage their responsibilities by having some income to 
compensate for reduced working hours or for additional expenses incurred as a result of the 
caring. 
Cash (or cash-for-care) benefits include cash transfers to the care recipient, the household or 
family caregiver to pay for, purchase or obtain care services. They can also include payments 
directed to carers. These cash programmes (Da Roit & Le Bihan (2007 and 2010) and Damiani et 
al. (2011)) aim to give households some choice in care decisions, thereby fostering and 
supporting family care, developing care markets and containing costs. There are three main types 
of programme: (1) personal budgets and consumer-directed employment of care assistants, (2) 
payments to the person in need, who can spend the money as they please as long as they acquire 
sufficient care, and (3) payments to informal caregivers as income support. 
Cash-for-care schemes that provide older and disabled people with cash payments or access 
to a specified cash resource instead of allocating them services in kind (Moran et al. (2013)) are 
increasingly common in parts of Europe, Australia, Canada and the United States. In some 
countries these schemes are available to older people as part of the arrangements for funding 
LTC. Elsewhere cash payments are only available to younger disabled people as part of a move to 
support independent living, while in other countries cash-for-care schemes are open to all user 
groups.  
According to Arksey & Kemp (2008), when compared with traditional services in kind, the 
outcomes of this choice generally include a care package that better suits the recipient’s needs and 
preferences and which therefore provides them with a higher level of satisfaction, enhanced 
feelings of control and self-esteem, greater independence, and the ability to participate more fully 
in normal, everyday activities. 
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Cash-for-care schemes vary greatly in their specific regulations with regard to eligibility rules, 
the use of cash transfers, the funding and copayment system, the kind of working relations 
promoted by the schemes, and their mix of formal and informal care. Table IV.1 briefly describes 
the main regulation of cash-for-care schemes in seven European countries: Austria, France, 
Germany, Italy, the Netherlands, Sweden and Spain. 
Following the classification established by Da Roit & Le Bihan (2010), 3 models can be 
distinguished:  
(1) LTC systems based on services in kind: the Netherlands and Sweden. Particularly in the 
Netherlands and to a lesser extent in Sweden, care allowances are instruments through which free 
choice and care sector markets are encouraged to develop. Given the greater importance of 
formal services in the system and the voluntary nature of informal family caregiving, the 
introduction of cash-for-care schemes was also an attempt to bring care back to the family 
through the use of cash payments. For Schut & Van den Berg (2010), a second reason for 
introducing personal care budgets in the Netherlands was to encourage the use and provision of 
informal care as a cheap alternative to professional formal care given that, in comparison to most 
other OECD countries, both total and public expenditures on LTC in the Netherlands are high, 
particularly since the percentage of elderly people is similar to the OECD average. 
(2) LTC systems based on highly regulated cash-for-care schemes: France (and Spain can also be 
included here). This model is exemplified by France, where the development of a social 
protection scheme in this field is relatively recent and has taken the place of the earlier, piecemeal 
approach based mainly on family responsibilities. Access, care management and use of the 
benefit, along with an explicit attempt to boost employment in the care sector, are strictly 
regulated by social services. 
(3) LTC systems based on loosely regulated cash-for care transfers: Austria, Germany and Italy, 
the difference being the route that led to the system’s consolidation. In Austria and Germany, the 
current LTC system is the result of an explicit new policy initiative that took shape in the early-
1990s, whereas in Italy it was inherited from the traditional system of social protection for the 
disabled and extended to elderly care. In all three cases, however, the cash-for-care system is the 
most important form of intervention in LTC. 
According to Colombo et al. (2011) (see Diagram IV.1), public LTC coverage for personal 
care can be clustered in three main groups: universal coverage within a single programme 
(UCSP), mixed systems (MS) and means-tested safety-net schemes (MTS). The classification uses 
two main criteria to distinguish the scope of entitlement to LTC benefits across country types: 
whether there is universal6 or means-tested7 entitlement to public funding, and whether LTC 
coverage is through a single system or through multiple benefits, services and programmes. 
 
  
                                                          
6 The term ‘universal’ means that anyone needing LTC because of their dependency status would receive it, including 
higher-income groups, although individuals may still be required to pay a share of the cost. 
7 Means-testing refers to the assessment of a person’s financial means (income and assets) to determine whether they 
are eligible for LTC benefits. 
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1.- Universal coverage within a single programme (UCSP): 
In this cluster, LTC coverage is provided through a single system which may or may not be 
part of health coverage. Systems with single universal LTC coverage provide publicly-funded 
nursing and personal care to all individuals assessed as eligible due to their care-dependency 
status. Co-payments, user charges or up-front deductibles are required even in universal 
coverage systems. 
There are three main sub-models: 
1.1.- Tax-based models (TB) 
Nordic countries are the most typical example. Norway, Sweden, Denmark and 
Finland provide universal, tax-funded LTC services as an integral part of welfare and 
healthcare services for the entire population. 
1.2.- Public LTC insurance model (PLTCI) 
This consists of stand-alone, dedicated social insurance arrangements for LTC 
services. Germany (Rothgan (2010)), Japan (Campbell et al. (2009)), Korea (Wook-
Kim & Jun-Choi (2013)), the Netherlands (Schut & Van den Berg (2010)) and 
Luxembourg, all of which typically finance health care via social health insurance, 
belong to this group. 
The arrangements in these countries share three main features. First, there are 
separate funding channels for LTC and health insurance, although they follow the 
same social insurance model. Second, participation in the scheme is mandatory for 
the whole population or at least a large section of it. Third, the scheme is 
predominantly financed through employment-based payroll contributions, but retired 
people may also be required to pay contributions and in most countries a share of the 
cost is funded out of general taxation.  
Table IV.2 (above) shows some selected features of these contributory LTC 
schemes. The model developed in Section IV.3 will rely on this public LTCI 
approach. 
1.3.- Personal care through the health system (HS) 
In this case all LTC costs are covered through the health system. LTC is thus viewed 
as a health risk, and institutional arrangements reflect a “medical model” of care 
delivery (as opposed to a social model), with care services being carried out primarily 
by professional nurses. Belgium is the typical example. 
2.-Mixed systems (MS) 
Under mixed systems, LTC coverage is provided through a mix of different universal 
programmes and benefits operating alongside each other, or a mix of universal and means-
tested LTC entitlements.  
As Colombo et al. (2011) indicate, it is difficult to give an accurate account of the variety and 
complexity of the institutional arrangements belonging to this group, but three main sub-
models can be identified: 
2.1.-Parallel universal schemes (PU) 
These rely on various different coexisting coverage schemes, each providing 
universal coverage for a different type of care. Typically, universal nursing care is 
financed through the health system, while universal personal care is financed through 
a separate scheme. Scotland, Italy, Hungary and the Czech Republic (Österle (2010)) 
can be included in this sub-group. 
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2.2.-Income-related universal benefits (IRUB) 
This sub-group includes countries such as Ireland, Australia, Austria and France (Le 
Bihan & Martin (2010)). All those assessed as eligible on care-need grounds in these 
countries receive a public benefit, but the amount is adjusted depending on the 
recipient’s income and the adjustment can be very steep. There may also be 
additional benefits covered through the health system or by local government. 
2.3.-Mix of universal and means-tested (or no) benefits (UMT) 
The third sub-group includes countries with a mix of universal and means-tested (or 
no) benefits. Generally, universal entitlement tends to apply: health-related, skilled 
nursing care (either at home or in institutions) (e.g. Switzerland) and/or nursing and 
personal care in home-care settings (e.g. New Zealand and some Canadian 
provinces). In countries with limited formal service delivery, however, universal 
benefits may apply only to certain services, for example to institutional care (subject 
to available places) as in Greece, or to cash benefits (relative to in-kind alternatives) 
as in Spain. 
3.- Means-tested safety net schemes (MTS) 
Under means-tested schemes, LTC coverage is provided through safety-net programmes. In 
these countries, income and/or asset tests are used to set thresholds for eligibility to publicly-
funded personal care. Only those claimants falling below a set threshold are entitled to 
publicly-funded LTC services or benefits, with care being prioritized to those with the highest 
care needs. The United States8 (Brown & Finkelstein (2008 and 2011) and Calmus (2013)) and 
England (Comas-Herrera et al. (2010)) belong to this group. 
To end this section it should be stressed that the classification presented in Diagram IV.1 
(above) is not the only possible taxonomy of LTC coverage. Another very valuable example can 
be found in the paper by Kraus et al. (2010), which classifies 14 European LTC systems 
according to their characteristics, summarized in terms of organizational depth and financial 
generosity. To derive country clusters they apply formal methods rather than pursue a purely 
qualitative analysis. Table IV.3 (below) shows the results achieved based on care use and funding. 
The clusters are characterized by the amount of public spending on LTC (corrected for income 
and needs), the share of private funding, the support given to informal caregivers and – 
somewhat less important – the use of formal and informal care.  
The countries can be divided into two broad groups, each consisting of two clusters: one 
group with a low share of private funding and one with a much higher share of private funding. 
The two clusters with a very modest role for private funding can be distinguished by the amount 
of public funding they receive. In Denmark, the Netherlands and Sweden, public spending on 
LTC is high and private funding is low, while the use of formal care is high and the use of 
informal care is low. 
These countries have generous, accessible and formalized systems of LTC and still provide a 
great deal of support for informal caregivers. The role of cash benefits is modest. Belgium, 
Germany, the Czech Republic and Slovakia combine a low level of private funding with rather 
low public spending, although in Belgium the public spending is moderate rather than low. In the 
countries in this group, the use of informal care and support for informal caregivers are both 
high. Their systems can be seen as more oriented towards informal care, with a low level of 
private funding.  
                                                          
8 Medicaid is the primary public insurance programme for LTC in the US. 
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Table IV.3. Typology of LTC systems based on care use and funding 
Nature of the system Countries Features 
Oriented towards informal 
care9, low private funding 
Belgium, Czech Republic, 
Germany, Slovakia 
Low spending, low private 
funding10, high institutional 
care (IC)11 use, high IC 
support, modest cash benefits 
Generous, accessible and 
formalized (formal care)12 
Denmark, the Netherlands, 
Sweden 
High spending, low private 
funding, low IC use, high IC 
support, modest cash benefits 
Oriented towards informal 
care, high private funding 
Austria, England, Finland, 
France, Spain13. 
Medium spending, high 
private funding, high IC use, 
high IC support, high cash 
benefits 
High private funding, 
informal care seems a 
necessity 
Hungary, Italy 
Low spending, high private 
funding, high IC use, low IC 
support, medium cash 
benefits 
Source: Based on Kraus et al. (2010) 
In Austria, England, Finland, France and Spain, a high level of private funding is combined 
with moderate public spending. Accessibility to the formal system is rather low but, as in the case 
of the cluster with Belgium, the use of and support for informal care are high. These might be 
described as informal care-oriented systems that also use a fairly high amount of private funding. 
In other words, individual responsibility is large. The remaining cluster with a high level of 
private funding consists of Hungary and Italy. Public spending is low and the use of informal 
care is high. Yet support for informal care is low. It seems that the high use of informal care is 
not so much a policy choice as a necessity. 
IV.3.- The model 
This section extends the actuarial overlapping generations model developed by Boado-Penas 
& Vidal-Meliá (2014) to include an LTC annuity. The model incorporates insurance innovation 
into the NDC framework by integrating retirement and LTC annuities. Yakowosky (2002) states 
that, among LTC policyholders, the probability of becoming dependent and needing LTC is an 
integral part of retirement planning. Likewise, Murtaugh et al. (2001) and Webb (2009) observe 
that the risks of LTC needs and retirement (longevity) are negatively correlated, creating a 
selection-based supply-side complementarity that reinforces the demand-side argument for 
                                                          
9 Informal care is that provided by informal caregivers (carers) such as spouses/partners, other members of the 
household and other relatives, friends, neighbours and others, usually but not necessarily associated with an already 
existing social relationship with the care recipient. Informal care tends to be provided in the home and is typically 
unpaid. 
10 Private funding can be understood as a synonym for beneficiary cost-sharing or copayment.  
11 This form of LTC is provided in an institution that at the same time serves as a residence for the care recipient. 
12 Formal care includes all care services that are provided in the context of formal employment regulations, e.g. 
through contracted services provided by contracted paid care workers and declared to the social security/tax 
systems. 
13  According to Colombo et al. (2011), private contributions are determined by each autonomous region and 
differentiated according to care setting and type of service. The extent of cost-sharing depends on an assessment of 
financial capacity, which typically considers available capital, the estate of the beneficiary and also household income. 
Depending on the individual’s economic capacity, the contributions they are expected to make towards residential 
care range from 70% to 90% and from 10% to 65% for home help. 
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combining the two products. There is therefore increasing consensus among economists that 
bundling LTCI with illiquid annuities may broaden the appeal of both. 
To a great extent the model includes realistic demography (Bommier & Lee (2003)) insofar as 
it takes into account an age and health status schedule of mortality and the uncertainty that 
surrounds the timing of becoming dependent (LTC incidence rates by age). It also allows for 
changes in population and for a large number of generations of contributors and pensioners 
(active and dependent) to coexist at each moment in time. 
This model brings an actuarial approach to the accounting framework for organizing, 
summarizing and interpreting data on transfer systems and the life cycle developed in Lee (1994), 
Willis (1988) and Arthur & McNicoll (1978), which to some degree inspired the models 
developed by Settergren & Mikula (2005), Boado-Penas et al. (2008), Vidal-Meliá & Boado-Penas 
(2013) and essay of Chapter II. 
In this model affiliates contribute to both retirement and LTC contingencies, the state of 
dependency is linked to the retirement annuity, and there is a defined contribution rate (fixed 
over time), θa, to cover both contingencies.  
As too much specificity would further complicate the notation and calculations and reduce 
the transparency of the results, only one level of dependency is considered and dependent 
persons are thus assumed to be unable to recover their previous health status (active or 
autonomous). 
We assume that becoming dependent means that the amount of the retirement pension is 
automatically increased by a certain percentage, ξ, to help to pay for care services, i.e. those 
dependent on care obtain additional cash to hire the required services as they see fit.  
It is considered that the system does not provide a minimum pension and that participants’ 
lives last (ω-1-xe) periods, where (ω-1) is the highest age to which it is possible to survive and xe is 
the earliest age of entry into the system, and the age giving entitlement to retirement pension, 
xe+A, is fixed. When the system reaches the mature state t = ω-xe-A years from inception, A 
generations of contributors and (ω-(xe+A)) generations of pensioners coexist at each moment in 
time. 
As regards the supplementary amount for dependency, it is assumed that the ages that give 
entitlement are to be found in age interval [xe+A+1, ω-1].   
It is assumed that contributions and benefits are payable yearly in advance. 
The contribution base grows at an annual rate of g and the economically active population 
increases or decreases over time at an annual rate of γ, affecting all groups of contributors 
equally, consequently, the system's income from contributions (wage bill growth) also grows 
(decreases) at rate G = (1+g)·(1+γ)-1. 
The model includes the so-called “survivor dividend” (Boado-Penas & Vidal-Meliá (2014) 
and Vidal-Meliá et al. (2015)), i.e. the account balances of participants who do not survive to 
retirement are distributed as inheritance capital to the accounts of the surviving participants on a 
birth cohort basis. 
The initial retirement pension basically depends on the value of the accumulated notional 
account, the expected mortality of the cohort in the year the contributor reaches retirement, the 
expected LTC incidence rates by age, the stipulated percentage increase in the amount of the 
retirement pension if the retiree becomes dependent, the expected mortality of dependent 
persons, and a notional imputed future indexation rate, α, i.e. pensions in payment increase or 
decrease at an annual rate of α. 
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The NDC system is considered to be in a mature state. As we will see later, the main 
implications of this are that it pays full benefits to all generations of retirement pensioners, the 
dependency ratio14, drt , stabilizes, and the financial ratio, frt , is constant due to the fact that the 
average pension and average contribution base evolve at the rate of variation in wages. Hence the 
total contribution rate (θt) that ensures equality between contribution revenue and pension 
expenditure is constant over time. The explicit consideration of the survivor dividend (Vidal-
Meliá et al. (2013)15) guarantees the equivalence between the macro (balanced) contribution rate, 
θt , and the credited individual contribution rate, θa . 
Now that the main assumptions have been given, for the sake of clarity this section is divided 
into three subsections dealing with (1) the determination of the year in which the system reaches 
a mature state, (2) the definition and determination of the survivor dividend, and (3) the effect of 
introducing the new contingency on the initial retirement pension and its impact on the 
contribution rate if it were decided to maintain the amount of the initial retirement pension. 
IV.3.1. -Description of the system and determination of the year in which it reaches a 
mature state. 
Diagram IV.2 shows the relationships (transitions) between the various collectives (states) 
that will be separated in the model. The difference between this model and the one found in 
Vidal-Meliá et al. (2013) is that a new state - dependent - is introduced, along with the new 
relationships shown by dotted lines in the diagram. The model accounts for the health status of 
retired pensioners and distinguishes between individuals who are “fit elderly, active or 
autonomous”, i.e. pensioners living independently at home or in sheltered accommodation, and 
“frail elderly or dependent”, i.e. pensioners needing help with the ADLs16. 
We work with a simplified type of “multiple state transition model” (Haberman & Pitacco 
(1999)), which is a probability model that describes a subject's movements between various states: 
contributors (active) (a), retired (active, healthy, independent) (r), retired (dependent, i.e. care 
recipient) (d) and deceased (f) 17. 
                                                          
14 In this model the terms dependency ratio, old-age ratio and demographic ratio are used as synonyms given that 
everybody participates in the labour market.  
15  Essay of Chapter III also demonstrate, for a generic NDC model with two contingencies (retirement and 
disability), the crucial role played by the survivor dividend in maintaining the system's financial equilibrium. 
16 The gerontological literature meticulously defines concepts such as “fit elderly” and “frail elderly”. See Woodhouse 
et al. (1988). 
17 This model is close to actuarial practice. According to Montesquieu (2012), the majority of private LTCI pricing 
models assume that a policy holder, healthy at the time of purchase, will be in activity, dependent or deceased “t” 
years after taking out the policy. 
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Diagram IV. 2 
 
1.-Yearly transition probabilities: 
The discrete model corresponding to Diagram IV.2 can be expressed as a 3-state non-
homogeneous Markov chain with transition matrix 1, where no more than one transition within 
the year is assumed and: 
𝑃𝑥𝑒+𝑘
𝑎𝑎 : Probability that a contributor aged xe+k will reach age xe+k+1 being a contributor. 
𝑃𝑥𝑒+𝑘
𝑎𝑓
: Probability that a contributor aged xe+k will die during the year. 
𝑃𝑥𝑒+𝑘
𝑓𝑓
: Probability that a dead person aged xe+k will reach age xe+k+1 in the same state. Death is 
thus an "absorbing state”.  
𝑃𝑥𝑥𝑒+𝑘
𝑎𝑟 : Probability that a contributor aged xe+k will be retired one year later. 
𝑃𝑥𝑒+𝑘
𝑟𝑟 : Probability that a retired person (active) aged xe+k will reach age xe+k+1 in the same 
state. 
𝑃𝑥𝑒+𝑘
𝑟𝑑 : Probability that a retired person (active) aged xe+k will reach age xe+k+1 in a state of 
dependency. 
𝑃𝑥𝑒+𝑘
𝑟𝑓
: Probability that a retired person (active) aged xe+k will die during the year. 
𝑃𝑥𝑒+𝑘
𝑑𝑑 : Probability that a retired person (dependent) aged xe+k will reach age xe+k+1 in the same 
state. 
𝑃𝑥𝑒+𝑘
𝑑𝑓
: Probability that a retired person (dependent) aged xe+k will die during the year: 
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Matrix 1: Active (a), Retired (r), Dependent (d) and Deceased (f)  
States a r d f 
Probabilities  
row sum 
For xe +k < xe +A-1 
a 𝑃𝑥𝑒+𝑘
𝑎𝑎  0 0 𝑃𝑥𝑒+𝑘
𝑎𝑓
 1
 
r 0 0 0 0 0
 
d 0 0 0 0 0 
f 0 0 0 𝑃𝑥𝑒+𝑘
𝑓𝑓
 1 
For xe +A-1 
a 0 𝑃𝑥𝑒+𝐴−1
𝑎𝑟  0 𝑃𝑥𝑒+𝐴−1
𝑎𝑓
 1 
r 0 0 0 0 0 
d 0 0 0 0 0 
f 0 0 0 𝑃𝑥𝑒+𝐴−1
𝑓𝑓
 1 
For xe +A+k  xe +A 
a 0 0 0 0 0 
r 0 𝑃𝑥𝑒+𝐴+𝑘
𝑟𝑟  𝑃𝑥𝑒+𝐴+𝑘
𝑟𝑑  𝑃𝑥𝑒+𝐴+𝑘
𝑟𝑓
 1 
d 0 0 𝑃𝑥𝑒+𝐴+𝑘
𝑑𝑑  𝑃𝑥𝑒+𝐴+𝑘
𝑑𝑓
 1 
f 0 0 0 𝑃𝑥𝑒+𝐴+𝑘
𝑓𝑓
 1 
The demographic-financial structure at any moment t from the start of the system is given by:  
2. Age: 
𝑥𝑒 , 𝑥𝑒 + 1, 𝑥𝑒 + 2,……… , 𝑥𝑒 + 𝐴 − 1,⏞                        
𝐶𝑜𝑛𝑡𝑟𝑖𝑏𝑢𝑡𝑜𝑟𝑠′  𝑎𝑔𝑒𝑠
 𝑥𝑒 + 𝐴, 𝑥𝑒 + 𝐴 + 1,……… ,𝑤 − 1⏞                
𝑃𝑒𝑛𝑠𝑖𝑜𝑛𝑒𝑟𝑠′  𝑎𝑔𝑒𝑠 (𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑐𝑦)
⏟                      
𝑃𝑒𝑛𝑠𝑖𝑜𝑛𝑒𝑟𝑠′  𝑎𝑔𝑒𝑠 (𝑟𝑒𝑡𝑖𝑟𝑒𝑚𝑒𝑛𝑡)
 IV.1 
3. Number of contributors by age at time t: 
𝑁(𝑥𝑒,𝑡) = 𝑁(𝑥𝑒,1) · (1 + 𝛾)
𝑡−1, 
 𝑁(𝑥𝑒+1,𝑡) = 𝑁(𝑥𝑒+1,1) · (1 + 𝛾)
𝑡−1 
IV.2 
, …………………………… . . …, 
𝑁(𝑥𝑒+𝐴−1,𝑡) = 𝑁(𝑥𝑒+𝐴−1,1) · (1 + 𝛾)
𝑡−1 
where 𝑁(𝑥𝑒+𝑘,𝑡) = 𝑁(𝑥𝑒,𝑡) · 𝑃𝑥𝑒𝑘 , with 𝑃𝑥𝑒𝑘   being the stable-in-time ratio between the number 
of individuals aged xe and xe+k years. Stable ratios or probabilities include the decrements due to 
death associated with each age. It is a different matter when it comes to considering decrements 
or new entries due to migratory movements, these being included in parameter 𝛾. 
4. Average wage (average contribution base) by age at time t: 
𝑦(𝑥𝑒,𝑡) = 𝑦(𝑥𝑒,1) · (1 + 𝑔)
𝑡−1, 
IV.3 
𝑦(𝑥𝑒+1,𝑡) = 𝑦(𝑥𝑒+1,1) · (1 + 𝑔)
𝑡−1,  
, …………………………… . . …, 
𝑦(𝑥𝑒+𝐴−1,𝑡) = 𝑦(𝑥𝑒+𝐴−1,1) · (1 + 𝑔)
𝑡−1 
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The demographic framework above implies that the age-wage structure only undergoes 
proportional changes. The slope of the age-wage structure is constant.  
5.-Number of retired people (active) by age at time t: 
𝑁(𝑥𝑒+𝐴,𝑡)
𝑟 = 𝑁(𝑥𝑒+𝐴,1)
𝑟 · (1 + 𝛾)𝑡−1, 
IV.4 
𝑁(𝑥𝑒+𝐴+1,𝑡)
𝑟 = 𝑁(𝑥𝑒+𝐴+1,2)
𝑟 · (1 + 𝛾)𝑡−2 
, …………………………… . . …, 
𝑁(𝑤−1,𝑡)
𝑟 = 𝑁𝑟(𝑤−1,𝑡−1) · (1 + 𝛾)
1 
where 𝑁(𝑥𝑒+𝐴+𝑘,1+𝑘)
𝑟 = 𝑁(𝑥𝑒+𝐴,1)
𝑟 · 𝑃𝑥𝑒+𝐴
𝑟𝑟
𝑘 , with 𝑃𝑥𝑒+𝐴
𝑟𝑟
𝑘   being the probability that a retired 
individual (active) aged xe+A will reach age xe+A+k being active. 
6.-Number of retired people (frail elderly) by age at time t: 
𝑁(𝑥𝑒+𝐴+1,𝑡)
𝑑 = 𝑁(𝑥𝑒+𝐴+1,2)
𝑑 · (1 + 𝛾)𝑡−2, 
IV.5 
𝑁(𝑥𝑒+𝐴+2,𝑡)
𝑑 = 𝑁(𝑥𝑒+𝐴+2,3)
𝑑 · (1 + 𝛾)𝑡−3,  
, …………………………… . . …, 
𝑁(𝑤−1,𝑡)
𝑑 = 𝑁(𝑤−1,𝑡−1)
𝑑 · (1 + 𝛾)1 
where 𝑁(𝑥𝑒+𝐴+𝑘,1+𝑘)
𝑑 = 𝑁(𝑥𝑒+𝐴,1)
𝑟 · 𝑃𝑥𝑒+𝐴
𝑟𝑑
𝑘 , i.e. the number of retired (active) people of age xe+A 
in year (t=1) who after k periods are in a state of dependency. This can be calculated as the 
product of the initial group of retired people in activity and the probability that a retired person 
(active) aged xe+A will reach age xe+A+k as a dependent ( 𝑃𝑥𝑒+𝐴
𝑟𝑑
𝑘 ): 
𝑃𝑥𝑒+𝐴
𝑟𝑑
𝑘 =∑ 𝑃𝑥𝑒+𝐴
𝑟𝑟 · 𝑃𝑥𝑒+𝐴+𝑡−1
𝑟𝑑
𝑡−1⏟            
/𝑃𝑥𝑒+𝐴
𝑟𝑑
𝑡−1
𝑘
𝑡=1
· 𝑃𝑥𝑒+𝐴+𝑡
𝑑𝑑
𝑘−𝑡 =∑ /𝑃𝑥𝑒+𝐴
𝑟𝑑
𝑡−1
𝑘
𝑡=1
·∏𝑃𝑥𝑒+𝐴+𝑟
𝑑𝑑
𝑘−1
𝑟=𝑡
 IV.6 
with /𝑃𝑥𝑒+𝐴
𝑟𝑑
𝑡−1  being the probability that a retired person (healthy) aged xe+A will reach age 
xe+A+t-1 in the same state but in year t will become dependent, i.e. the probability that a retired 
person (active) aged xe+A will become dependent at age xe+A+t-1.   
7.- The yearly probability of dying for retired people (active and dependent).  
From retirement age onwards, xe+k ≥ xe+A, the yearly probability of dying for retired people 
(general retired population) can be calculated as a weighted average of the probabilities of dying 
for both collectives, the weighting being the LTC and active prevalence rates: 
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𝑞𝑥𝑒+𝑘⏞  
𝑃𝑒𝑛𝑠𝑖𝑜𝑛𝑒𝑟𝑠
= 𝜆𝑥𝑒+𝑘⏟  
𝐿𝑇𝐶 𝑝𝑟𝑒𝑣𝑎𝑙𝑒𝑛𝑐𝑒 𝑟𝑎𝑡𝑒
· 𝑃𝑥𝑒+𝑘
𝑑𝑓⏞  
𝐷𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 𝑝𝑒𝑟𝑠𝑜𝑛𝑠
+ (1 − 𝜆𝑥𝑒+𝑘)⏟        
𝐴𝑐𝑡𝑖𝑣𝑒 𝑝𝑟𝑒𝑣𝑎𝑙𝑒𝑛𝑐𝑒 𝑟𝑎𝑡𝑒
· 𝑃𝑥𝑒+𝑘
𝑟𝑓⏞  
𝐴𝑐𝑡𝑖𝑣𝑒 𝑝𝑒𝑟𝑠𝑜𝑛𝑠
 IV.7 
It is worth mentioning that, as can be deduced from matrix 1, Formula [IV.7.] implies the 
following probabilities: 
𝑃𝑥𝑒+𝑘
⏞  
𝑃𝑒𝑛𝑠𝑖𝑜𝑛𝑒𝑟𝑠
=
𝑁(𝑥𝑒+𝑘,𝑡)
𝑑
𝑁(𝑥𝑒+𝑘,𝑡)
𝑟 +𝑁(𝑥𝑒+𝑘,𝑡)
𝑑
⏞            
𝜆𝑥𝑒+𝑘
· 𝑃𝑥𝑒+𝑘
𝑑𝑑⏞  
𝐷𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡
𝑝𝑒𝑟𝑠𝑜𝑛𝑠
+
𝑁(𝑥𝑒+𝑘,𝑡)
𝑟
𝑁(𝑥𝑒+𝑘,𝑡)
𝑟 + 𝑁(𝑥𝑒+𝑘,𝑡)
𝑑
⏞            
(1−𝜆𝑥𝑒+𝑘)
· 𝑃𝑥𝑒+𝑘
𝑟
⏟  
=𝑃𝑥𝑒+𝑘
𝑟𝑟 +𝑃𝑥𝑒+𝑘
𝑟𝑑
⏞        
𝐴𝑐𝑡𝑖𝑣𝑒 𝑝𝑒𝑟𝑠𝑜𝑛𝑠
 
IV.8 𝑃𝑥𝑒+𝑘
𝑟 = 𝑃𝑥𝑒+𝑘
𝑟𝑟 + 𝑃𝑥𝑒+𝑘
𝑟𝑑 = 1 − 𝑃𝑥𝑒+𝑘
𝑟𝑓
 
𝑃𝑥𝑒+𝑘 + 𝑞𝑥𝑒+𝑘 = 1 
𝑃𝑥𝑒+𝑘
𝑑𝑑 = 1 − 𝑃𝑥𝑒+𝑘
𝑑𝑓
 
where: 
𝜆𝑥𝑒+𝑘: LTC prevalence rate for the group aged xe +k, which is the ratio between the number of 
dependent persons and the total retired population (active+dependent persons) aged xe +k. It is 
important to highlight that for the group aged xe +A the LTC prevalence rate is equal to 0. 
𝑞𝑥𝑒+𝑘: Probability that a retired person aged xe+k will die within the year.  
𝑃𝑥𝑒+𝑘: One year survival probability for a retired person aged xe+k .  
𝑃𝑥𝑒+𝑘
𝑟 : Probability that a retired person (active) aged xe+k will reach age xe+k+1 in the same state 
or as a dependent person. 
It is well documented (Pitacco (2012), Rickayzen & Walsh (2002)) that the mortality of 
disabled and dependent people contains an “extra-mortality” term and can be represented either 
as a specific mortality (using the appropriate numerical tables or parametric mortality laws) or via 
adjustments to the standard age pattern of mortality. The “extra-mortality” term is very difficult 
to model.  
The average initial pension (with survivor dividend) for an individual aged x+A in year t, 
enhanced by percentage ξ  if the active person becomes dependent, ?̅?(𝑥𝑒+𝐴,𝑡)
(𝑟,𝑑)
, can be expressed as: 
?̅?(𝑥𝑒+𝐴,𝑡)
(𝑟,𝑑) =
𝜃𝑎 · ∑ 𝑁(𝑥𝑒+𝑘,𝑘+𝑡−𝐴) · 𝑦(𝑥𝑒+𝑘,𝑘+𝑡−𝐴) · (1 + 𝐺)
𝐴−𝑘𝐴−1
𝑘=0
⏞                                
𝐸𝑥𝑝𝑒𝑛𝑑𝑖𝑡𝑢𝑟𝑒 𝑜𝑛 𝑝𝑒𝑛𝑠𝑖𝑜𝑛𝑠=𝐿𝑖𝑎𝑏𝑖𝑙𝑖𝑡𝑖𝑒𝑠 𝑡𝑜 𝑛𝑒𝑤 𝑝𝑒𝑛𝑠𝑖𝑜𝑛𝑒𝑟𝑠=𝐾(𝑥𝑒+𝐴,𝑡)
𝑎𝑐𝑇
𝑁(𝑥𝑒+𝐴,𝑡) · [?̈?𝑥𝑒+𝐴
𝑟𝛼 + 𝐴𝑥𝑒+𝐴
𝑟𝑑𝛼𝜉 ]
 
IV.9 = 
𝐾(𝑥𝑒+𝐴,𝑡)
𝑎𝑐
?̈?𝑥𝑒+𝐴
𝑟𝛼
⏟  
𝐴𝑐𝑡𝑖𝑣𝑒
𝑝𝑒𝑟𝑠𝑜𝑛𝑠
+ 𝐴𝑥𝑒+𝐴
𝑟𝑑𝛼𝜉
⏟    
𝐷𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡
𝑝𝑒𝑟𝑠𝑜𝑛𝑠
 
where: 
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?̈?𝑥𝑒+𝐴
𝑟𝛼 : ∑ 𝑃𝑥𝑒+𝐴
𝑟𝑟
𝑘 · 𝐹
𝑘𝑤−𝑥𝑒−𝐴−1
𝑘=0 : Present value at age xe+A of 1 monetary unit of a lifetime pension 
payable in advance while the individual is healthy, indexed at rate 𝛼 with a technical interest rate 
equal to G.  
𝐹 = [
1+𝛼
1+𝐺
] : An indexation factor which depends on 𝛼 (indexation of pensions in payment) and 
G.  
𝐾(𝑥𝑒+𝐴,𝑡)
𝑎𝑐𝑇 : Total accumulated notional capital at time t for all individuals who reach age xe+A. The 
notional account is an accumulation of the contributions made, the survivor dividend distributed 
and the returns generated over the participant's working life. The survivor dividend means that 
account balances of participants who do not survive to retirement are distributed as inheritance 
capital to the accounts of survivors on a birth cohort basis. 
?̅?(𝑥𝑒+𝐴,𝑡)
𝑎𝑐 :
𝐾(𝑥𝑒+𝐴,𝑡)
𝑎𝑐𝑇
𝑁(𝑥𝑒+𝐴,𝑡)
: Average accumulated notional capital at time t for individuals aged xe+A. 
𝑃𝑥𝑒+𝐴
𝑟𝑑
𝑘 : This expression was developed in Formula [6.] and denotes the probability that a retired 
person (active) aged xe+A will reach age xe+A+k in a state of dependency. 
𝐴𝑥𝑒+𝐴
𝑟𝑑𝛼𝜉 : (1 + 𝜉) · ∑ 𝑃𝑥𝑒+𝐴
𝑟𝑑
𝑘−1/ ·
𝑤−𝑥𝑒−𝐴−1
𝑘=1 ?̈?𝑥𝑒+𝐴+𝑘
𝑑𝛼 · 𝐹𝑘: Present actuarial value, for an active person 
aged xe+A, of the LTC annuity or enhanced pension that supplements the 1 monetary unit of the 
initial retirement pension with percentage ξ. The enhanced benefit is paid from the moment the 
active person becomes dependent and for as long as they remain in a state of dependency. The 
pension in payment is indexed at rate 𝛼 and the present value is computed using a technical 
interest rate equal to G18.  
?̈?𝑥𝑒+𝐴+𝑘
𝑑𝛼 : ∑ 𝑃𝑥𝑒+𝐴+𝑘
𝑑𝑑
𝑡−𝑘 · 𝐹
𝑡−𝑘𝑤−𝑥𝑒−𝐴−1
𝑡=𝑘 : Present value at age xe+A of 1 monetary unit of a lifetime 
pension payable in advance while the individual remains dependent, indexed at rate 𝛼 with a 
technical interest rate equal to G. 
The particular case of F=1, i.e. 𝛼=G, is especially interesting because the average initial 
pension (Formula [IV.9]) can be expressed using the life expectancy of active persons 
disaggregated into healthy and unhealthy life years: 
?̅?(𝑥𝑒+𝐴,𝑡)
(𝑟,𝑑) =
𝐾(𝑥𝑒+𝐴,𝑡)
𝑎𝑐
1 + 𝑒𝑥𝑒+𝐴
𝑟𝑟
⏟    
ℎ𝑒𝑎𝑙𝑡ℎ𝑦 𝑙𝑖𝑓𝑒 𝑦𝑒𝑎𝑟𝑠
+ (1 + 𝜉) · 𝑒𝑥𝑒+𝐴
𝑟𝑑
⏟  
 𝑢𝑛ℎ𝑒𝑎𝑙𝑡ℎ𝑦 𝑙𝑖𝑓𝑒 𝑦𝑒𝑎𝑟𝑠
 
IV.10 
= 
𝐾(𝑥𝑒+𝐴,𝑡)
𝑎𝑐𝑇
𝑁(𝑥𝑒+𝐴,𝑡) · [(1 + 𝑒𝑥𝑒+𝐴
𝑟𝑟 ) + (1 + 𝜉) · ∑ 𝑃𝑥𝑒+𝐴
𝑟𝑟
𝑘−1 · 𝑃𝑥𝑒+𝐴+𝑘−1
𝑟𝑑 ·
𝑤−𝑥𝑒−𝐴−1
𝑘=1 (1 + 𝑒𝑥𝑒+𝐴+𝑘
𝑑 )⏟                                
𝑒𝑥𝑒+𝐴
𝑟𝑑
]
 
where: 
𝑒𝑥𝑒+𝐴
𝑟 = 𝑒𝑥𝑒+𝐴
𝑟𝑟 + 𝑒𝑥𝑒+𝐴
𝑟𝑑 : Life expectancy for active persons aged xe+A. This can be broken down 
into the health status (active or frail) they can expect to experience19. It should be remembered 
(see Appendix 1) that this relationship is only true at the age of retirement.  
                                                          
18 Although this type of LTC benefit is well-known in the actuarial field, for the sake of completeness and clarity in 
this paper it is fully developed in Appendix 1.  
19
 See formula [IV.36] in Appendix IV.1. 
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𝑒𝑥𝑒+𝐴
𝑟𝑟 : Dependency-free life expectancy (or “healthy life years”) is defined as the number of years 
an active person aged xe+A is likely to spend free of activity limitation. The concept is also 
referred to as active life expectancy based on the ability to perform ADLs without human 
assistance.  
𝑒𝑥𝑒+𝐴
𝑟𝑑 : Dependency life expectancy (or “unhealthy life years”) is defined as the number of years 
an active person aged xe+A is expected to spend with activity limitation. 
𝑒𝑥𝑒+𝐴+𝑘 
𝑑 : Life expectancy for dependent persons aged xe+A+k, assuming that 𝑒𝑥𝑒+𝐴+𝑘 
𝑑  
<𝑒𝑥𝑒+𝐴+𝑘 
𝑟 . 
The amount of the initial retirement pension awarded to pensioners in year t is: 
?̅?(𝑥𝑒+𝐴,𝑡)
(𝑟,𝑑) = ?̅?(𝑥𝑒+𝐴,𝑡)
𝑟  IV.11 
For the following years, k  {1, 2 , ω-1}, the benefit will depend on the health status of the 
pensioner, i.e. whether the retiree is healthy, S(xe+A+k) = r, or has become dependent, 
S(xe+A+k) = d. For k=1 we have: 
?̅?(𝑥𝑒+𝐴+1,𝑡+1)
(𝑟,𝑑)
 
 
IV.12 
= 
{
?̅?(𝑥𝑒+𝐴+1,𝑡+1)
𝑟    𝑖𝑓  𝑆(𝑥𝑒 + 𝐴 + 1) = 𝑟 | 𝑆(𝑥𝑒 + 𝐴) =  𝑟
?̅?(𝑥𝑒+𝐴+1,𝑡+1)
𝑑   𝑖𝑓  𝑆(𝑥𝑒 + 𝐴 + 1) = 𝑑 | 𝑆(𝑥𝑒 + 𝐴) =  𝑟
0  𝑖𝑓  𝑆(𝑥𝑒 + 𝐴 + 1) = 𝑓 | 𝑆(𝑥𝑒 + 𝐴) =  𝑟
 
and for k≥2 onwards: 
?̅?(𝑥𝑒+𝐴+𝑘,𝑡+𝑘)
(𝑟,𝑑) =
{
  
 
  
 ?̅?(𝑥𝑒+𝐴+𝑘,𝑡+𝑘)
𝑟  𝑖𝑓  𝑆(𝑥𝑒 + 𝐴 + 𝑘) = 𝑟 | 𝑆(𝑥𝑒 + 𝐴 + 𝑘 − 1) = 𝑟
?̅?(𝑥𝑒+𝐴+𝑘,𝑡+𝑘)
𝑑   𝑖𝑓 𝑆(𝑥𝑒 + 𝐴 + 𝑘) = 𝑑 | 𝑆(𝑥𝑒 + 𝐴 + 𝑘 − 1) =  𝑟
?̅?(𝑥𝑒+𝐴+𝑘,𝑡+𝑘) 
𝑑 𝑖𝑓  𝑆(𝑥𝑒 + 𝐴 + 𝑘) = 𝑑 | 𝑆(𝑥𝑒 + 𝐴 + 𝑘 − 1) =  𝑑
0  𝑖𝑓  𝑆(𝑥𝑒 + 𝐴 + 𝑘) = 𝑓 | 𝑆(𝑥𝑒 + 𝐴 + 𝑘 − 1) =  𝑟
0  𝑖𝑓  𝑆(𝑥𝑒 + 𝐴 + 𝑘) = 𝑓 | 𝑆(𝑥𝑒 + 𝐴 + 𝑘 − 1) =  𝑑
 IV.13 
With population growth of γ > 0, once the individual joins the labour market they will 
continue working non-stop until retirement age. The only exit from the labour market is early 
death. Therefore there are A different contribution pathways that will determine A different 
pensions, as contributors might be working for 1 year, 2 years…, A-1 years.  
𝑁(𝑥𝑒+𝐴,𝑡) =∑𝑁(𝑥𝑒+𝐴,𝑐,𝑡)
𝐴
𝑐=1
  ;    𝐾(𝑥𝑒+𝐴,𝑡)
𝑎𝑐𝑇 =∑𝐾(𝑥𝑒+𝐴,𝑐,𝑡)
𝑎𝑐
𝐴
𝑐=1
· 𝑁(𝑥𝑒+𝐴,𝑐,𝑡) IV.14 
𝐾(𝑥𝑒+𝐴,𝑡)
𝑎𝑐 =
∑ 𝐾(𝑥𝑒+𝐴,𝑐,𝑡)
𝑎𝑐𝐴
𝑐=1 · 𝑁(𝑥𝑒+𝐴,𝑐,𝑡)
⏞                
𝐾(𝑥𝑒+𝐴,𝑡)
𝑎𝑐𝑇
𝑁(𝑥𝑒+𝐴,𝑡)
 
IV.15 
where: 
𝑁(𝑥𝑒+𝐴,𝑐,𝑡): Number of individuals who retire at age xe+A and have been contributing for the last 
c years at time t. 
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𝐾(𝑥𝑒+𝐴,𝑐,𝑡)
𝑎𝑐 : Accumulated notional capital at time t for one individual aged xe+A who has been 
contributing for the last c years. 
The average pension for individuals who retire at the ordinary retirement age, ?̅?(𝑥𝑒+𝐴,𝑡)
(𝑟,𝑑)
, is a 
weighted average of the A different pensions once settled. To determine this benefit, the system 
does not take into account the contributions made (if any) by the contributor before joining the 
scheme20: 
?̅?(𝑥𝑒+𝐴,𝑡)
(𝑟,𝑑) =
∑ 𝑃(𝑥𝑒+𝐴,𝑐,𝑡)
(𝑟,𝑑)𝐴
𝑐=1 · 𝑁(𝑥𝑒+𝐴,𝑐,𝑡)
𝑁(𝑥𝑒+𝐴,𝑡)
 IV.16 
The total amount of pensions paid in year t is: 
∑𝑃(𝑥𝑒+𝐴,𝑐,𝑡)
(𝑟,𝑑)
𝐴
𝑐=1
· 𝑁(𝑥𝑒+𝐴,𝑐,𝑡) · [∑ 𝑃𝑥𝑒+𝐴
𝑟𝑟
𝑘
𝑡−1
𝑘=0
· 𝐹𝑘 + (1 + 𝜉) ·∑ 𝑃𝑥𝑒+𝐴
𝑟𝑑
𝑘 ·
𝑡−1
𝑘=1
𝐹𝑘] 
IV.17 
In the financially sustainable NDC framework, the spending on pensions has to be equal to 
the aggregate income from contributions according to balanced rate 𝜃𝑡 : 
𝜃𝑡 · ∑𝑁(𝑥𝑒+𝑘,𝑡) · 𝑦(𝑥𝑒+𝑘,𝑡)
𝐴−1
𝑘=0⏟                
𝑅𝑒𝑣𝑒𝑛𝑢𝑒𝑠
 
IV.18 
= 
?̅?(𝑥𝑒+𝐴,𝑡)
(𝑟,𝑑) · [ ∑ 𝑁(𝑥𝑒+𝐴+𝑘,𝑡)
𝑟 · 𝐹𝑘
𝑤−𝑥𝑒−𝐴−1
𝑘=0
+ (1 + 𝜉) · ( ∑ 𝑁(𝑥𝑒+𝐴+𝑘,𝑡)
𝑑
𝑤−𝑥𝑒−𝐴−1
𝑘=1
· 𝐹𝑘)]
⏞                                          
𝑁(𝑥𝑒+𝐴,𝑡)·[?̈?𝑥𝑒+𝐴
𝑟𝛼 + 𝐴𝑥𝑒+𝐴
𝑟𝑑𝛼𝜉 ]
⏟                                                  
𝐸𝑥𝑝𝑒𝑛𝑑𝑖𝑡𝑢𝑟𝑒 𝑜𝑛 𝑝𝑒𝑛𝑠𝑖𝑜𝑛𝑠
 
This leads to: 
𝜃𝑡 · ∑𝑁(𝑥𝑒+𝑘,𝑡) · 𝑦(𝑥𝑒+𝑘,𝑡)
𝐴−1
𝑘=0⏟                
𝐴𝑔𝑔𝑟𝑒𝑔𝑎𝑡𝑒 𝑐𝑜𝑛𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛𝑠
= ?̅?(𝑥𝑒+𝐴,𝑡)
(𝑟,𝑑) · 𝑁(𝑥𝑒+𝐴,𝑡) · [?̈?𝑥𝑒+𝐴
𝑟𝛼 + 𝐴𝑥𝑒+𝐴
𝑟𝑑𝛼𝜉 ]⏟                        
𝐿𝑖𝑎𝑏𝑖𝑙𝑖𝑡𝑖𝑒𝑠 𝑡𝑜 𝑛𝑒𝑤 𝑝𝑒𝑛𝑠𝑖𝑜𝑛𝑒𝑟𝑠
= 𝑁(𝑥𝑒+𝐴,𝑡) · 𝐾(𝑥𝑒+𝐴,𝑡)
𝑎𝑐⏞            
𝐾(𝑥𝑒+𝐴,𝑡)
𝑎𝑐𝑇
 IV.19 
 
It can therefore be said that the system's aggregate contributions at t are equivalent to the 
present actuarial value of the pensions awarded in that year (commitments that the system takes 
on with pensioners who have just retired), i.e. the accumulated notional capital of all the 
individuals who reach age xe+A in year t.  This is in line with the Swedish NDC model, in which 
each monetary unit contributed is paid out in the form of retirement benefit.   
                                                          
20
 Individuals who start contributing to this system at higher ages will be awarded lower pensions relative to their 
average contribution base, but they may be eligible for other pensions based on contributions made earlier (before 
moving to the system in which they finally retire). As Holzmann (2007) points out, NDCs fit well with globalization. 
They handle mobility between professions and across countries in a simple way. Different pension schemes can 
easily be converted into one common NDC scheme by calculating the accumulated individual pension rights and 
assigning that amount to the individual account. In the case of moving between countries, the accumulated notional 
capital can be transferred. Our model could have considered that each individual who joins the system at any age 
other than the earliest possible can transfer their “pension rights” to the system, the value of these being equal to the 
theoretical value of the notional account in the source system. 
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Once the system reaches the mature state, the dependency ratio21, 𝑑𝑟𝑡, stabilizes. Meanwhile 
the financial ratio,  𝑓𝑟𝑡 , is constant due to the fact that the average pension and average 
contribution base both evolve at the rate of variation in wages. Hence the total contribution rate, 
𝜃𝑡 , that ensures equality between contribution revenue and pension expenditure is constant over 
time. Consequently the contribution rate, also called the macro contribution rate, is the product 
of the demographic dependency ratio and the financial ratio (the system’s average replacement 
rate): 
𝜃𝑡 = 𝑑𝑟𝑡 · 𝑓𝑟𝑡 = 𝜃𝑡+1 = ⋯ = 𝜃 =
?̅?
?̅?
·
𝑅
𝐶
=
?̅?𝑟 · (𝑅 − 𝐷) + ?̅?𝑑 · 𝐷
?̅? · 𝐶
 
IV.20 
IV.3.2.- Definition and determination of the survivor dividend. 
All income from contributions is considered to be paid out in the form of retirement and 
LTC benefits, although not necessarily to the individual who made the contributions. The so-
called “survivor dividend” (or “inheritance gains”) is the distribution of the account balances of 
participants who do not survive to retirement to the accounts of surviving contributors on a birth 
cohort basis22. Among the countries with NDC systems (Chłoń-Domińczak, et al. (2012)), only 
Sweden uses the survivor dividend to calculate the initial amount of the retirement pension.  
Following the notation introduced by Boado-Penas & Vidal-Meliá (2014), the mathematical 
expression for the accumulated survivor dividend at retirement age (xe+A) at time t for an 
individual who belongs to the initial group and has therefore contributed since entering the 
system, 𝐷(𝑥𝑒+𝐴,𝐴,𝑡)
𝑎𝑐 , is the difference between the credited capital, 𝐾(𝑥𝑒+𝐴,𝐴,𝑡)
𝑎𝑐 , which includes the 
contributions and indexation on contributions of members from the same cohort who died, and 
the individual credited notional capital, 𝐾(𝑥𝑒+𝐴,𝐴,𝑡)
𝑖
: 
𝐷(𝑥𝑒+𝐴,𝐴,𝑡)
𝑎𝑐 = 𝐾(𝑥𝑒+𝐴,𝐴,𝑡)
𝑎𝑐 − 𝜃𝑎 · ∑𝑦(𝑥𝑒+𝑘,𝑘+𝑡−𝐴) · (1 + 𝐺)
𝐴−𝑘
𝐴−1
𝑘=0⏟                      
𝐾(𝑥𝑒+𝐴,𝐴,𝑡)
𝑖
= ∑𝐷(𝑥𝑒+𝑘,𝑘+𝑡−𝐴) · (1 + 𝐺)
𝐴−𝑘
𝐴−1
𝑘=0
 
IV.21 
The accumulated dividend at the age of retirement, assuming that the contributor enters the 
system at age xe+s, will be: 
𝐷(𝑥𝑒+𝐴,𝐴−𝑠,𝑡)
𝑎𝑐 = 𝐾(𝑥𝑒+𝐴,𝐴−𝑠,𝑡)
𝑎𝑐 − 𝜃𝑎 · ∑ 𝑦(𝑥𝑒+𝑘,𝑘+𝑡−𝐴) · (1 + 𝐺)
𝐴−𝑘
𝐴−1−𝑠
𝑘=0⏟                        
𝐾(𝑥𝑒+𝐴,𝐴−𝑠,𝑡)
𝑖
= ∑𝐷(𝑥𝑒+𝑘,𝑘+𝑡−𝐴) · (1 + 𝐺)
𝐴−𝑠−𝑘
𝐴−𝑠
𝑘=1
 
IV.22 
The average accumulated dividend at age xe+A, taking into account the different A 
contribution profiles, can be calculated as follows: 
 
 
 
                                                          
21 In this model the terms dependency ratio, old-age ratio and demographic ratio are used as synonyms given that 
everybody participates in the labour market.  
22 See Boado-Penas & Vidal-Meliá (2014), Vidal-Meliá et al. (2015) and Chapter III. 
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?̅?(𝑥𝑒+𝐴,𝑡)
𝑎𝑐 =
∑ 𝐷(𝑥𝑒+𝐴,𝑐,𝑡)
𝑎𝑐 · 𝑁(𝑥𝑒+𝐴,𝑐,𝑡)
𝐴
𝑐=1
𝑁(𝑥𝑒+𝐴,𝑡)
= 𝐾(𝑥𝑒+𝐴,𝑡)
𝑎𝑐 − 𝐾(𝑥𝑒+𝐴,𝑡)
𝑖  
IV.23 
= 
1
𝑁(𝑥𝑒+𝐴,𝑡)
·
[
 
 
 
 
𝜃𝑎 · ∑𝑁(𝑥𝑒+𝑘,𝑘+𝑡−𝐴) · 𝑦(𝑥𝑒+𝑘,𝑘+𝑡−𝐴) · (1 + 𝐺)
𝐴−𝑘
𝐴−1
𝑘=0
⏞                              
𝐴𝑐𝑐𝑢𝑚𝑢𝑙𝑎𝑡𝑒𝑑 𝑐𝑜𝑛𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛𝑠 (𝑖𝑛𝑐𝑙𝑢𝑑𝑖𝑛𝑔 𝑑𝑒𝑐𝑒𝑎𝑠𝑒𝑑 𝑝𝑒𝑟𝑠𝑜𝑛𝑠)
− 𝜃𝑎 ·∑𝐾(𝑥𝑒+𝐴,𝑐,𝑡)
𝑖 · 𝑁(𝑥𝑒+𝐴,𝑐,𝑡)
𝐴
𝑐=1⏟                  
𝐴𝑐𝑐𝑢𝑚𝑢𝑙𝑎𝑡𝑒𝑑 𝑐𝑜𝑛𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛𝑠 (𝑠𝑢𝑟𝑣𝑖𝑣𝑜𝑟𝑠)]
 
 
 
 
 
= 
1
𝑁(𝑥𝑒+𝐴,𝑡)
· [𝜃𝑎 · ∑𝑁(𝑥𝑒+𝑘,𝑡) · 𝑦(𝑥𝑒+𝑘,𝑡)
𝐴−1
𝑘=0
− 𝜃𝑎 · ∑ 𝑦(𝑥𝑒+𝑘,𝑘+𝑡−𝐴) · (1 + 𝐺)
𝐴−𝑘 · 𝑁(𝑥𝑒+𝐴,𝑡)
𝐴−1
𝑘=0
] 
IV.3.3. The cost of introducing the LTC contingency into the system and its effect on the 
initial retirement pension. 
The relationship between the credited contribution rate and the balanced rate according to 
equations [IV.9] and [IV.7] is: 
𝜃𝑎 · ∑ 𝑁(𝑥𝑒+𝑘,𝑘+𝑡−𝐴) · 𝑦(𝑥𝑒+𝑘,𝑘+𝑡−𝐴) · (1 + 𝐺)
𝐴−𝑘𝐴−1
𝑘=0
⏞                              
∑ 𝑁(𝑥𝑒+𝑘,𝑡)·𝑦(𝑥𝑒+𝑘,𝑡)
𝐴−1
𝑘=0
𝑁(𝑥𝑒+𝐴,𝑡) · (?̈?𝑥𝑒+𝐴
𝑟𝛼 + 𝐴𝑥𝑒+𝐴
𝑟𝑑𝛼𝜉 )
· 𝑁(𝑥𝑒+𝐴,𝑡) · (?̈?𝑥𝑒+𝐴
𝑟𝛼 + 𝐴𝑥𝑒+𝐴
𝑟𝑑𝛼𝜉 )
⏟                                                    
𝐸𝑥𝑝𝑒𝑛𝑑𝑖𝑡𝑢𝑟𝑒 𝑜𝑛 𝑝𝑒𝑛𝑠𝑖𝑜𝑛𝑠
 
IV.24 
= 
𝜃𝑡 · ∑𝑁(𝑥𝑒+𝑘,𝑡) · 𝑦(𝑥𝑒+𝑘,𝑡)
𝐴−1
𝑘=0⏟                
𝑆𝑦𝑠𝑡𝑒𝑚′𝑠 𝑟𝑒𝑣𝑒𝑛𝑢𝑒𝑠
 
  
Therefore it is straightforward to observe that both rates coincide: θa=θt. 
It would be interesting to study the impact of the introduction of the LTC contingency on 
the initial retirement pension. To do this we need to compare the initial annuities awarded in 
both cases: the NDC scheme with a retirement annuity and the NDC scheme with retirement 
and LTC annuities. The accumulated notional capital at time t for the cohort of retired persons 
aged xe+A is the same under both schemes: 
𝜃𝑎 · ∑𝑁(𝑥𝑒+𝑘,𝑘+𝑡−𝐴) · 𝑦(𝑥𝑒+𝑘,𝑘+𝑡−𝐴) · (1 + 𝐺)
𝐴−𝑘
𝐴−1
𝑘=0
 IV.25 
The difference is given by the LTC coverage: 
?̅?(𝑥𝑒+𝐴,𝑡)
⏞    
𝐴𝑛𝑛𝑢𝑖𝑡𝑦
𝑤𝑖𝑡ℎ𝑜𝑢𝑡
𝐿𝑇𝐶 𝑐𝑜𝑣𝑒𝑟𝑎𝑔𝑒
=
𝜃𝑎 · ∑ 𝑁(𝑥𝑒+𝑘,𝑘+𝑡−𝐴) · 𝑦(𝑥𝑒+𝑘,𝑘+𝑡−𝐴) · (1 + 𝐺)
𝐴−𝑘𝐴−1
𝑘=0
𝑁(𝑥𝑒+𝐴,𝑡)
·
1
?̈?𝑥𝑒+𝐴
𝛼
⏟  
𝐴𝑛𝑛𝑢𝑖𝑡𝑦
𝑓𝑎𝑐𝑡𝑜𝑟
?̅?(𝑥𝑒+𝐴,𝑡)
(𝑟,𝑑)
⏟    
𝐴𝑛𝑛𝑢𝑖𝑡𝑦
𝑤𝑖𝑡ℎ
𝐿𝑇𝐶 𝑐𝑜𝑣𝑒𝑟𝑎𝑔𝑒
=
𝜃𝑎 · ∑ 𝑁(𝑥𝑒+𝑘,𝑘+𝑡−𝐴) · 𝑦(𝑥𝑒+𝑘,𝑘+𝑡−𝐴) · (1 + 𝐺)
𝐴−𝑘𝐴−1
𝑘=0
𝑁(𝑥𝑒+𝐴,𝑡)
·
1
?̈?𝑥𝑒+𝐴
𝑟𝛼 + 𝐴𝑥𝑒+𝐴
𝑟𝑑𝛼𝜉
⏟          
𝐴𝑛𝑛𝑢𝑖𝑡𝑦 𝑓𝑎𝑐𝑡𝑜𝑟
𝑤𝑖𝑡ℎ 𝐿𝑇𝐶
 IV.26 
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According to what is set out in Appendix IV.1, it is easy to see that 
(
 ?̈?𝑥𝑒+𝐴
𝛼⏞  
𝐴𝐹(𝑥𝑒+𝐴)
< ?̈?𝑥𝑒+𝐴
𝑟𝛼 + 𝐴𝑥𝑒+𝐴
𝑟𝑑𝛼𝜉⏞          
𝐴𝐹(𝑥𝑒+𝐴)
𝐿𝑇𝐶
)
  given that 𝜉 > 0.  
Under the NDC framework it is logical that the initial amount of the annuity with LTC 
coverage would be lower than the amount of the annuity without it. The so-called “coverage 
ratio”, 𝐶𝑅𝑡, is the link between both types of annuity. The difference in the amounts basically 
depends on the mortality ratio between dependent and active persons, i.e. the extra-mortality 
added for dependent persons, the probability of becoming dependent and the level of the 
enhanced pension to help to pay for LTC services, or in other words the value assigned to 𝜉. The 
coverage ratio indicates in present value the number of equivalent monetary units needed to 
determine the initial pension under the integrated scheme (retirement and LTC) for each 
monetary unit of the initial pension under the basic scheme (retirement only). If the equivalence 
is maintained, the integrated NDC scheme remains financially balanced given that the initial 
pension is reduced according to the coverage ratio. Under the above assumptions, the coverage 
ratio (see Appendix IV.1) can be expressed as: 
𝐶𝑅𝑡 =
𝐴𝐹(𝑥𝑒+𝐴)
𝐿𝑇𝐶
𝐴𝐹(𝑥𝑒+𝐴)
= 1 + 𝜉 ·
𝐴𝑥𝑒+𝐴
𝑟𝑑𝛼
?̈?𝑥𝑒+𝐴
𝑟𝛼
⏟  
𝑊𝑒𝑖𝑔ℎ𝑡 𝑜𝑓 𝑡ℎ𝑒 𝐿𝑇𝐶
𝑐𝑜𝑛𝑡𝑖𝑛𝑔𝑒𝑛𝑐𝑦=𝐿𝑇𝐶𝑊𝑡
= 1 + 𝜉 · 𝐿𝑇𝐶𝑊𝑡 
IV.27 
It is important to highlight that ( 𝐴𝑥𝑒+𝐴
𝑟𝑑𝛼𝜉 > 𝐴𝑥𝑒+𝐴
𝑟𝑑𝛼 ) , given that 𝜉 > 0 . In the integrated 
system, the initial pension is reduced according to the inverse of the coverage ratio: 
?̅?(𝑥𝑒+𝐴,𝑡) · [
1
1 + 𝜉 · 𝐿𝑇𝐶𝑊𝑡
]
⏞          
1
𝐶𝑅𝑡
⁄
= ?̅?(𝑥𝑒+𝐴,𝑡) ·
[
 
 
 
 
 
 
1 −
𝜉 · 𝐿𝑇𝐶𝑊𝑡
1 + 𝜉 · 𝐿𝑇𝐶𝑊𝑡
⏞        
𝐸𝑓𝑓𝑒𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝐿𝑇𝐶 
𝑐𝑜𝑛𝑡𝑖𝑛𝑔𝑒𝑛𝑐𝑦 𝑜𝑛 𝑡ℎ𝑒
 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑝𝑒𝑛𝑠𝑖𝑜𝑛
]
 
 
 
 
 
 
= ?̅?(𝑥𝑒+𝐴,𝑡)
(𝑟,𝑑)  IV.28 
An analysis of the coverage ratio gives us a better understanding of the key parameters that 
determine the amount of the initial pension when the LTC contingency is included: 
1.-The higher the value assigned to ξ, the lower the amount of the initial pension in the integrated 
scheme. It is easy to see that if 𝜉 = 0, 𝐶𝑅𝑡 = 1  given that (?̈?𝑥𝑒+𝐴
𝛼 = ?̈?𝑥𝑒+𝐴
𝑟𝛼 + 𝐴𝑥𝑒+𝐴
𝑟𝑑𝛼0 ), i.e. the 
amount of the pension is not increased when the healthy retiree becomes dependent. 
2.-The higher the probability of becoming dependent for a given age, 𝑃𝑥𝑒+𝐴+𝑡−1
𝑟𝑑 , and/or the 
higher the probability of surviving for dependent persons, 𝑃𝑥𝑒+𝐴+𝑡
𝑑𝑑
𝑘−𝑡 , the lower the amount of 
the initial pension. Under the assumption made for formula [IV.7], in Appendix IV.1 it is 
demonstrated that äxe+A
𝛼 = äxe+A
r𝛼 + Axe+A
rd𝛼 , and thus the LTC ratio, 𝐿𝑇𝐶𝑊𝑡 =
Axe+A
rd𝛼
äxe+A
𝛼 , expresses 
the actuarial cost that the LTC contingency represents out of the total costs (retirement and 
dependency), i.e. the higher the resulting value of the 𝐿𝑇𝐶𝑊𝑡, the lower the amount of the initial 
pension in the integrated scheme. 
3.-For the particular case of F=1, i.e. 𝛼=G, the content of the previous paragraph becomes even 
clearer given that the LTC ratio, 𝐿𝑇𝐶𝑊𝑡 =
exe+A
rd
1+𝑒xe+A
, can be expressed as a ratio of life expectancy 
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depending on health status. The higher the number of expected “unhealthy life years”, the lower 
the amount of the initial pension. 
It is also worth thinking about what the new contribution rate, 𝜃𝑎
∗, should be in order to 
maintain the initial retirement pension. This new rate can be computed taking into account the 
following formula: 
?̅?(𝑥𝑒+𝐴,𝑡) =
𝜃𝑎
∗ · ∑ 𝑁(𝑥𝑒+𝑘,𝑘+𝑡−𝐴) · 𝑦(𝑥𝑒+𝑘,𝑘+𝑡−𝐴) · (1 + 𝐺)
𝐴−𝑘𝐴−1
𝑘=0
𝑁(𝑥𝑒+𝐴,𝑡)
·
1
?̈?𝑥𝑒+𝐴
𝑟𝛼 + 𝐴𝑥𝑒+𝐴
𝑟𝑑𝛼𝜉
 IV.29 
If the developed expression of ?̅?(𝑥𝑒+𝐴,𝑡) (the first part of formula [IV.26]) is substituted into 
formula [IV.29], it is easy to get 𝜃𝑎
∗ as a function of 𝐶𝑅𝑡: 
𝜃𝑎
∗ = 𝜃𝑎 · [
?̈?𝑥𝑒+𝐴
𝑟𝛼 + 𝐴𝑥𝑒+𝐴
𝑟𝑑𝛼𝜉
?̈?𝑥𝑒+𝐴
𝛼 ]
⏞          
𝐶𝑅𝑡
= 𝜃𝑎 · 𝐶𝑅𝑡 = 𝜃𝑎 ·
(
  
 
1 +  𝜉 · 𝐿𝑇𝐶𝑊𝑡⏞      
𝐸𝑓𝑓𝑒𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝐿𝑇𝐶 
𝑐𝑜𝑛𝑡𝑖𝑛𝑔𝑒𝑛𝑐𝑦 𝑜𝑛 𝑡ℎ𝑒
 𝑐𝑜𝑛𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛 𝑟𝑎𝑡𝑒
)
  
 
 IV.30 
Finally, it would also be useful to analyse the effect of the survivor dividend on the system's 
financial equilibrium. If the amount of the pension is determined from the individual notional 
capital without considering the survivor dividend, then the new balanced contribution rate, 𝜃𝑡
∗, 
and the credited individual contribution rate, 𝜃𝑎 , are different because the retirement benefits are 
lower than they could strictly be (because the survivor dividend is not distributed among the 
survivors).  
The relationship between both rates can be determined taking into account the notional 
capital accumulated (with and without the survivor dividend (SD)) at the retirement age (xe+A) 
of an individual who belongs to the initial group and has therefore contributed since entering the 
system: 
𝐾(𝑥𝑒+𝐴,𝐴,𝑡)
𝑎𝑐⏞    
𝑤𝑖𝑡ℎ 𝑆𝐷
= [[𝜃𝑎 · ∑𝑦(𝑥𝑒+𝑘,𝑘+𝑡−𝐴)
𝐴−1
𝑘=0
] +∑𝐷(𝑥𝑒+𝑘,𝑘+𝑡−𝐴)
𝐴
𝑘=1
] · (1 + 𝐺)𝐴−𝑘 
IV.31 
𝐾(𝑥𝑒+𝐴,𝐴,𝑡)
𝑖
⏟    
𝑤𝑖𝑡ℎ𝑜𝑢𝑡 𝑆𝐷
= 𝜃𝑎 · ∑ 𝑦(𝑥𝑒+𝑘,𝑘+𝑡−𝐴) · (1 + 𝐺)
𝐴−𝑘
𝐴−1
𝑘=0
 
The initial pension in each case will be: 
?̅?(𝑥𝑒+𝐴,𝑡)
⏞    
𝑤𝑖𝑡ℎ 𝑆𝐷
=
𝐾(𝑥𝑒+𝐴,𝐴,𝑡)
𝑎𝑐
𝑁(𝑥𝑒+𝐴,𝑡)
·
1
?̈?𝑥𝑒+𝐴
𝑟𝛼 + 𝐴𝑥𝑒+𝐴
𝑟𝑑𝛼𝜉
 
IV.32 
?̅?(𝑥𝑒+𝐴,𝑡)
𝑖
⏟    
𝑤𝑖𝑡ℎ𝑜𝑢𝑡 𝑆𝐷
=
𝐾(𝑥𝑒+𝐴,𝐴,𝑡)
𝑖
𝑁(𝑥𝑒+𝐴,𝑡)
·
1
?̈?𝑥𝑒+𝐴
𝑟𝛼 + 𝐴𝑥𝑒+𝐴
𝑟𝑑𝛼𝜉
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As already stated in Section 3.2, the individual credited capital with survivor dividend is the 
sum of the individual credited capital without survivor dividend plus the accumulated survivor 
dividend at retirement age, 𝐾(𝑥𝑒+𝐴,𝐴,𝑡)
𝑎𝑐 = 𝐾(𝑥𝑒+𝐴,𝐴,𝑡)
𝑖 + 𝐷(𝑥𝑒+𝐴,𝐴,𝑡)
𝑎𝑐 , so the increase in the initial 
pension is due to the so-called dividend effect, as shown in the following expression:  
?̅?(𝑥𝑒+𝐴,𝑡) = ?̅?(𝑥𝑒+𝐴,𝑡)
𝑖 ·
(
 
 
1 +
𝐷(𝑥𝑒+𝐴,𝐴,𝑡)
𝑎𝑐
𝐾(𝑥𝑒+𝐴,𝐴,𝑡)
𝑖
⏞    
𝐷𝑒𝑡
)
 
 
 IV.33 
which is the same result reached by Vidal-Meliá et al. (2013) for the classic NDC scheme and 
chapter III for the integrated NDC model with old-age and permanent disability. 
The dividend effect can also be expressed as: 
𝐷𝑒𝑡 =
?̅?(𝑥𝑒+𝐴,𝑡)
?̅?(𝑥𝑒+𝐴,𝑡)
𝑖
− 1 =
𝐾(𝑥𝑒+𝐴,𝑡)
𝑎𝑐
𝐾(𝑥𝑒+𝐴,𝑡)
𝑖
− 1 =
𝜃𝑎
𝜃𝑡
∗ − 1 IV.34 
where 𝜃𝑡
∗ is the new balanced contribution rate if the amount of the pension is determined from 
the individual notional capital without considering the survivor dividend. 
IV.4.-Numerical illustration. 
This section shows the results obtained for a numerical example representative of the model 
developed in the previous section. For this we use closed-form expressions. To be specific, we 
use three alternative sets of assumptions - a low-cost or optimistic alternative (I), a normal or 
best-estimate alternative (II) and a high-cost or pessimistic alternative (III) - and present the main 
values that make up the system's equilibrium. These include the contribution rates assigned to 
each contingency, the dependency ratio, the financial ratio, the effect of introducing the new 
contingency on the initial retirement pension, and the impact on the contribution rate if it were 
decided to maintain the amount of the initial retirement pension. Special attention is given to the 
assumptions made about mortality rates for dependent persons and LTC incidence rates, which 
largely determine the contribution rate assigned to LTC.  
In this example we consider that individuals can join the labour market from age xe =16 
onwards, the credited contribution rate, 𝜃𝑎 , is constant and equal to 16%, the fixed retirement 
age for all individuals is xe+A=65, i.e. the highest age that individuals can join the labour market 
is 64. We also assume that the contribution bases, g, grow at an annual accumulative rate of 1.6%, 
and the economically active population of all ages, γ , grows at an annual rate of 1%. 
A realistic income profile is assumed, similar to the one used in Sweden when making an 
assumption about the average individual’s life earnings. It is a long-observed concave income 
profile typical of developed countries. With this income pattern, yearly earnings increase more 
rapidly than the average ( g ) from ages 16 to 36, more slowly than the average from 37 to 51, 
remain constant in real terms from 52 to 58, and generally decrease from 59 to retirement. 
The retirement pension, once settled, is constant in real terms (α=0) and ξ=1; i.e. becoming 
dependent means that the amount of the retirement pension doubles. 
The mortality table23 used for the general population is the same as for Japan in 200924, the 
LTC incidence rates used are obtained from Helms (2003) and correspond to “Custodial 
                                                          
23 Only observed mortality rates are used and not the population structure by ages.  
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Insurance, Japan”, and the mortality table used for dependent persons are derived from the data 
provided by Artis et al. (2007) (see Appendix IV.1).  
The normal or best estimate alternative (II) is based on the above assumptions. Alternatives I 
and III are derived from Alternative II by modifying the LTC incidence rates and the yearly 
probabilities of dying for dependent persons: 
 Optimistic (I): The LTC incidence rates are 50% lower than those for the base scenario, 
while the yearly probability of dying for a dependent person aged 65 is 20% higher than 
in the base scenario and will also grow faster (5.20% annually) than in the base scenario 
(5.16%). 
 Pessimistic (III): The LTC incidence rates are 50% higher than those for the base 
scenario, while the yearly probability of dying for a dependent person aged 65 is the same 
as in the base scenario but will grow more slowly (4.50% annually) than in the base 
scenario (5.16%). 
Figure IV.1 shows the morbidity and mortality rates under the three alternative scenarios 
broken down into 4 graphs:  
1.-Yearly probability of dying for dependent persons (top left). This is increasing with age for all 
3 scenarios. 
2.-Mortality ratio: dependent persons/general population (top right). This shows the ratio 
between the mortality rates for dependent persons and the general population, which in general 
terms decreases with age. The extra-mortality for dependent persons is very noticeable, although 
much lower than the mortality rates reported by SOA (2011). Our assumption is closer to the 
French experience (Montesquieu (2012)) than the US experience. 
3.-The LTC incidence rates for each scenario (bottom left). Generally speaking the LTC 
incidence rate increases with the age of the individual 25 . LTC incidence rates express the 
probability of becoming dependent within the year and surviving as a dependent person until the 
end of the year. For this reason the rate is smoothed for much older individuals because their 
probability of survival in a state of dependency is very low. 
4.-The age-specific LTC prevalence rates in the mature state that result from combining the 
mortality rates for dependent persons and the LTC prevalence rates previously assumed (bottom 
right). As expected, the rates for the pessimistic scenario are considerably higher than for the 
other scenarios. The average LTC prevalence rate, 𝜆𝑥 in Table below, is 13.13% for the best 
estimate scenario and 19.03% and 6.39% for the pessimistic and optimistic scenarios 
respectively26. 
 
                                                                                                                                                                                     
24 Year with the latest information available according to the Human Mortality Database 
(http://www.mortality.org/). Date accessed 06-05-2014. 
25 See the pattern of LTC incidence rates by age published by SLACC (2008) and Broyles et al. (2010). Van der Gaag 
et al. (2014) show a much higher LTC incidence rate by age than the one we present in the pessimistic scenario. 
26 The report by Mot et al. (2012) has projected the (average) LTC prevalence rate within the 65+ population for 
four European countries (Spain, Germany, the Netherlands and Poland) in 2040. It predicted that it would be 
highest in Poland (39%) and lowest in the Netherlands (17%), only slightly lower than our pessimistic scenario. 
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Figure IV.1: Morbidity (incidence and prevalence) and mortality rates. 
 
Figure IV.2 (below) shows the evolution of the retired population and their life expectancy by 
age and health status for the 3 scenarios. This figure complements Figure IV.1 and contains 6 
graphs. The evolution of the retired population - active persons, dependent persons and 
combined total - can be found on the left-hand side. In the high-cost scenario the percentage of 
dependent persons by age reaches a peak of nearly 19% of the retired population for the group 
aged 85. These graphs are directed linked to the graph representing LTC prevalence rates in 
Figure IV.1. The ratio between dependent and active persons, (𝑃𝑑 𝑃𝑎⁄ ) in Table IV.4 below, is 
23.50% for the pessimistic scenario and 15.12% and 6.83% for the best-estimate and optimistic 
scenarios respectively.  
The evolution of life expectancy for each scenario can be found on the right-hand side of 
Figure IV.2 above. These graphs show the total life expectancy for active persons (solid red line) 
broken down by health status (in activity (heavy dotted red line) and in a state of dependency 
(light dotted red line)), life expectancy for dependent persons and life expectancy for the general 
population (all the retired population). Life expectancy by age for the general population is the 
same for all 3 scenarios, so the change in life expectancy for dependent persons has a direct effect 
on life expectancy for the active27. 
 
                                                          
27
 See formula IV.7 and the values for the average probability of dying for dependent persons, ?̅?𝑥
𝑑𝑓
, and active 
persons, ?̅?𝑥
𝑎𝑓
, in Table IV.5 in Appendix IV.2. 
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Figure IV.2: Evolution of the retired population and their life expectancy by age and health status under 
the 3 scenarios. 
In short, the higher the LTC incidence rates and the lower the mortality rates for dependent 
persons, the higher the LTC prevalence rates and the higher the cost of introducing the LTC 
contingency, as we will see in Table IV.4. 
The five first items in Table IV.4 have the same value for all 3 scenarios. As expected, the 
balanced contribution rate (𝜃𝑡) coincides with the credited contribution rate (𝜃𝑎). Also for all 3 
scenarios, if the survivor dividend had not been included when calculating the initial retirement 
pension, a discrepancy would have arisen between the credited contribution rate equal to 16% 
and the rate necessary to finance the pension, 𝜃𝑡
∗, in this case 14.42%. The impact of the dividend 
effect, 𝐷𝑒𝑡 , on the initial pension is not irrelevant, and the initial retirement pension rises by 
10.93% using the Japanese mortality tables. The demographic ratio, 𝑑𝑟𝑡, and the financial ratio, 
𝑓𝑟𝑡, also coincide for the 3 scenarios because the number of contributors and the level of wages 
by age do not change even though different scenarios are considered. And, although at first 
glance it may appear otherwise, the total number of pensioners and the average pension paid to 
beneficiaries (active and dependent) remain unchanged. To fully understand why both these 
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ratios remain unchanged in all 3 alternatives we need to revisit formula [IV.7], which contains the 
key: the yearly probability of dying for retired people (general retired population) can be 
calculated as a weighted average of the probabilities of dying for both collectives, the weighting 
being the LTC and active prevalence rates. 
Table IV.4: NDC system with retirement and LTC annuities: some selected values. 
Items I-Low cost II-Normal III-High cost 
(𝜃𝑡 = 𝜃𝑎) 16.00% 
𝜃𝑡
∗ 14.42% 
𝐷𝑒𝑡 10.93% 
𝑑𝑟𝑡 0.3556 
𝑓𝑟𝑡 0.4499 
?̈?𝑥𝑒+𝐴
𝛼  14.86 
𝜃𝑡
𝑟 15.21% 14.45% 13.84% 
𝜃𝑡
𝑑 0.79% 1.55% 2.16% 
?̈?𝑥𝑒+𝐴
𝑟𝛼  14.09 13.26 12.54 
𝐴𝑥𝑒+𝐴
𝑟𝑑𝛼𝜉  1.55 3.19 4.64 
(𝐿𝑇𝐶𝑊𝑡) 5.20% 10.73% 15.60% 
𝐶𝑅𝑡 1.05 1.11 1.16 
(
𝐶𝑅𝑡 − 1
𝐶𝑅𝑡
) 4.94% 9.69% 13.50% 
𝜃𝑎
∗ 16.83% 17.72% 18.50% 
𝜆𝑥 6.39% 13.13% 19.03% 
(𝑃𝑑 𝑃𝑎⁄ ) 6.83% 15.12% 23.50% 
Baseline scenario with G=(1.016)(1.01)-1=0.0216 
If the mortality rates for the general population are the same, then obviously ?̈?𝑥𝑒+𝐴
𝛼  (the 
present value at age xe+A of 1 monetary unit of a lifetime benefit payable in advance and indexed 
at rate α=0, with a technical interest rate equal to G=0.0216) coincides for all 3 scenarios. 
Beginning with the seventh item, 𝜃𝑡
𝑟, the data vary for the 3 scenarios. The contribution rate 
assigned to enhance the retirement pension when active persons become dependent, 𝜃𝑡
𝑑, largely 
depends on the LTC incidence rates and mortality rates for the disabled by age, which determine 
the average LTC prevalence rate, 𝜆𝑥, for each scenario. The contribution rate assigned to LTC is 
nearly 3 times higher in the pessimistic scenario than in the optimistic (2.16% as opposed to 
0.79%), but a similar ratio can also be found between the average LTC prevalence rates for the 
extreme scenarios.  
So what effect does the introduction of the new contingency have on the amount of the 
initial pension? As can be seen in Table IV.4, (
𝐶𝑅𝑡−1
𝐶𝑅𝑡
), in order to maintain the system's financial 
equilibrium under the assumption of an enhanced pension of 100%, the initial pension for the 
best estimate scenario has to be 9.69% lower than before. For the pessimistic scenario the 
reduction is 13.50%, while for the optimistic scenario it is only 4.94%.  
If the aim is to leave the amount of the initial pension unchanged (as if the new contingency 
had not been introduced), the new contribution rate needed to maintain the system's financial 
equilibrium, 𝜃𝑎
∗, would have to be 17.7163%, i.e. it would need to be increased by 1.7163% to 
preserve the system's financial equilibrium. The increases for the pessimistic and optimistic 
scenarios would be 2.4963% and 0.8324% respectively. 
To conclude this section we should mention, albeit very briefly, the effect that population 
changes over time have on the initial pension when the LTC contingency is introduced. Using 
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two additional assumptions regarding the rate of population growth, we present two additional 
tables - Tables IV.6 and IV.7 in Appendix IV.3 - which replicate the results of Table IV.4. Table 
IV.6 shows the main values that make up the system's equilibrium under zero population growth, 
while Table IV.7 reproduces the main values of the integrated system assuming that the number 
of contributors of all ages decreases by an annual rate of γ  =-0.01. If we carefully analyse the 
results shown in Appendix IV.3, our attention is drawn to the fact that population growth is 
inversely related to the cost of dependency, [
𝐶𝑅𝑡−1
𝐶𝑅𝑡
], i.e. lower population growth means a bigger 
reduction in the initial pension and therefore a higher contribution rate is needed to leave the 
amount of the initial pension unchanged.  
IV.5-Conclusion, discussion and future research. 
Demand for LTC is highly age-related and pressures on LTC costs are anticipated to grow. 
There are powerful rationales for creating collective coverage LTC mechanisms to complement 
family and volunteer care arrangements. It is a stylized fact that the future of LTC will involve 
more demand and more spending on services, and in line with actuarial principles, this requires a 
good funding model.  
This essay has examined the possibility of embedding a public LTC insurance scheme within 
the retirement pension system, specifically by introducing LCAs into an NDC framework. A 
multistate overlapping generations model (MOLG) was developed and included the survivor 
dividend. Special attention was given to the assumptions made about mortality rates for 
dependent persons and LTC incidence rates, which largely determine the contribution rate 
assigned to LTC.   
The generic NDC framework is inspired by the current Swedish NDC model, we have 
followed the principle that each monetary unit contributed is paid out in the form of benefit. Our 
model relies on cash-for-care (CFC) schemes and LTC insurance, i.e. combining retirement and 
LTC annuities using a contributory NDC framework will help to finance the costs incurred by 
retirement pensioners when they become dependent. The authors have considered LTC as a 
contingency exclusively linked to retirement, but we are fully aware that LTC policies are not 
restricted to the frail elderly and have multiple implications for society that go beyond the scope 
of this paper. 
The model confirms that the survivor dividend has a sound financial basis that enables the 
balanced macro contribution rate applied to be the same as the individual credited rate in the 
integrated model. The main implication of this result is that, if the amount of the initial pension 
were determined by the individual notional capital without considering the survivor dividend, the 
balanced contribution rate and the credited rate would be different because the system's benefits 
would be lower than they could be.  
The model also enables us to assess the cost of introducing the LTC contingency into the 
NDC retirement framework. This is computed from a double perspective: the reduction in the 
initial retirement pension needed to maintain the system's financial equilibrium, and the 
compulsory increase in the contribution rate needed if it were decided to leave the amount of the 
initial retirement pension unchanged. For a given framework, the burden of introducing the LTC 
contingency critically depends on the assumptions made about mortality rates for dependent 
persons and LTC incidence rates. It can therefore be said that the insurer (i.e. the state in our 
model) faces significant uncertainty regarding future costs for this contingency, and this means it 
would be important to periodically provide accurate data on relevant aspects. 
On the practical side, it can be said that the numerical example developed in the paper is 
close to reality insofar as it takes into account a schedule of mortality based on age and health 
status, it considers the uncertainty that surrounds the timing of becoming dependent (LTC 
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incidence rates by age), it allows for changes in population, and it works simultaneously with 49 
and 45 generations of contributors and pensioners respectively (active and dependent persons). 
The results make sense and provide us with some useful values regarding: The magnitude of the 
dividend effect, the effect the introduction of the new contingency has on the amount of the 
initial pension and the compulsory increase in the contribution rate if it were decided to maintain 
the amount of the initial retirement pension.   
To complete the comments regarding the practical side, it is worth mentioning that we have 
had many problems in implementing a realistic numerical example because there is a worldwide 
shortage of accurate statistical data on LTC. Specifically, it is very difficult to find updated 
mortality and incidence rates by gender and age, there is no standardized term for "dependent 
person", and the various levels of dependency are well established across countries and this 
makes it difficult to compare them. The public authorities in developed countries should 
homogenize the main definitions relating to dependency and the requirements for being 
considered dependent in order to facilitate comparative analysis between countries and develop a 
broad world database with the key data needed to assess the expected cost of the LTC 
contingency. Bonneux et al. (2012) also urgently call for a better understanding of the European 
epidemiology of (severe) dependency and more data on incidence, prevalence and recovery at 
older ages. 
Last but not least it can be said that our model can easily be linked to real practices in social 
security policies and could be of interest to policy makers. To mention just a few positive 
features, it could be implemented without too much difficulty, it would help to mitigate 
individual risk, it would universalize LTC coverage with a "fixed" cost, it would make it easy to 
adapt the system to changing realities, it would discourage politicians from making promises 
about future LTC benefits without the necessary funding support, and it would encourage 
actuarial fairness and stimulate contributors’ interest in the LTC contingency.  
To close, based on the model presented in the paper, at least four directions for future 
research can be identified: 
 To adapt the actuarial balance sheet specifically designed for NDC systems to the new 
model with LTC and evaluate what impact the introduction of a minimum pension would have 
on the system's financial equilibrium. According to Holzmann & Palmer (2006), NDC schemes 
should be supplemented with a minimum income (pension) guarantee. For Barr & Diamond 
(2009), the purpose of pensions is to provide an adequate income stream when the individual is 
unable to work due to disability or retirement, so it would be advisable to introduce a minimum 
pension in order to maintain a minimum standard of living. Like with FDC schemes, in order to 
maintain the system's financial equilibrium the insurer (the state) should finance the difference 
between the actuarial present value of the minimum pensions awarded and the account balances 
of participants available at the time of retirement.  
 To extend the model to take into account different levels of LTC. In practice, various 
degrees of dependency are usually recognized and these have a direct effect on the amount of 
benefit paid. The most natural way to do this would be to extend the states shown in Diagram 1, 
which would obviously involve a considerable increase in the complexity of the formulas to be 
obtained. 
 To design a fully integrated NDC model with retirement, LTC and permanent disability. 
The model developed in previous essay, Chapter III, which integrates old-age and permanent 
disability into a generic NDC framework, could be a reference for this. Disability insurance and 
LTC policies are a big challenge for policymakers today. Hence, given that NDC schemes have 
positive features that could help to improve the efficiency of disability insurance and LTC 
coverage, it would not be irrational to look into a theoretical model that would fully integrate 
both contingencies into a classical NDC framework. 
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 To put the model into practice is by no means a minor topic and would call for a new 
paper that would need to thoroughly address at least the following issues: the transition rules 
from the old system to the integrated NDC framework, the issue of providing a minimum 
pension, the relationship between permanent disability and LTC, the updating of the annuity 
divisors and the statistical data needed to compute the real cost of dependency, the design of an 
appropriate yearly account statement containing individual pension information about retirement 
and LTC rights, and the advisability of adopting an automatic balance mechanism based on an 
actuarial balance sheet to adapt the system to changing realities. 
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Appendix IV.1: Proofs of some formulas/equations included in Section IV.3. 
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𝑤−𝑥𝑒−𝐴−1
𝑘=1 ?̈?𝑥𝑒+𝐴+𝑘
𝑑𝛼 · 𝐹𝑘⏟        
(1+𝑒𝑥𝑒+𝐴+𝑘
𝑑 )
]
 
= 
𝐾(𝑥𝑒+𝐴,𝑡)
𝑎𝑐𝑇
𝑁(𝑥𝑒+𝐴,𝑡) · [(1 + 𝑒𝑥𝑒+𝐴
𝑟𝑟 ) + (1 + 𝜉) · ∑ 𝑃𝑥𝑒+𝐴
𝑟𝑟
𝑘−1 · 𝑃𝑥𝑒+𝐴+𝑘−1
𝑟𝑑 ·
𝑤−𝑥𝑒−𝐴−1
𝑘=1 (1 + 𝑒𝑥𝑒+𝐴+𝑘
𝑑 )⏟                                
𝑒𝑥𝑒+𝐴
𝑟𝑑
]
 
= 
𝐾(𝑥𝑒+𝐴,𝑡)
𝑎𝑐𝑇
𝑁(𝑥𝑒+𝐴,𝑡)⏟    
𝐾(𝑥𝑒+𝐴,𝑡)
𝑎𝑐
·
1
1 + 𝑒𝑥𝑒+𝐴
𝑟𝑟
⏟    
ℎ𝑒𝑎𝑙𝑡ℎ𝑦 𝑙𝑖𝑓𝑒 𝑦𝑒𝑎𝑟𝑠
+ (1 + 𝜉) · 𝑒𝑥𝑒+𝐴
𝑟𝑑
⏟  
𝑢𝑛ℎ𝑒𝑎𝑙𝑡ℎ𝑦 𝑙𝑖𝑓𝑒 𝑦𝑒𝑎𝑟𝑠
 
The sum of the temporary probabilities of survival for the retired population is equivalent to 
the weighted average of the sum of the temporary probabilities of survival for active persons as 
both active and dependent plus the sum of the temporary probabilities of survival for dependent 
persons, where the weighting factors are the prevalence rates: 
∑ 𝑃𝑥𝑘
𝑤
𝑘=1
⏞    
𝑒𝑥
𝑟
=
(
 
 
∑ 𝑃𝑥𝑟𝑟𝑘
𝑤
𝑘=1
⏞    
𝑒𝑥
𝑟𝑟
+∑ 𝑃𝑥𝑟𝑑𝑘
𝑤
𝑘=1
⏞    
𝑒𝑥
𝑟𝑑
)
 
 
· (1 − 𝜆𝑥) +
(
 
 
∑ 𝑃𝑥𝑑𝑑𝑘
𝑤
𝑘=1
⏞    
𝑒𝑥
𝑑𝑑
)
 
 
· (𝜆𝑥) IV.37 
Chapter IV 
224 
Particularly at the ordinary retirement age, the above relation is simplified because the LTC 
prevalence rate is zero and the second component can be removed given that there are no 
dependent persons: 
∑ 𝑃𝑥𝑒+𝐴𝑘
𝑤
𝑘=1
⏞      
𝑒𝑥𝑒+𝐴
𝑟
=∑ 𝑃𝑥𝑒+𝐴
𝑟𝑟
𝑘
𝑤
𝑘=1
⏞      
𝑒𝑥𝑒+𝐴
𝑟𝑟
+∑ 𝑃𝑥𝑒+𝐴
𝑟𝑑
𝑘
𝑤
𝑘=1
⏞      
𝑒𝑥𝑒+𝐴
𝑟𝑑
 
IV.38 
For example: 
∑ 𝑃𝑥𝑒+𝐴𝑘
2
𝑘=0
= 𝑃𝑥𝑒+𝐴 + 𝑃𝑥𝑒+𝐴1 + 𝑃𝑥𝑒+𝐴20 = 1 + 𝑃𝑥𝑒+𝐴 + 𝑃𝑥𝑒+𝐴 · 𝑃𝑥𝑒+𝐴+1 = 1 + 𝑃𝑥𝑒+𝐴 · [1 + 𝑃𝑥𝑒+𝐴+1] 
IV.39 
= 
1 + (𝜆𝑥𝑒+𝐴
⏞  
0
· 𝑃𝑥𝑒+𝐴
𝑑𝑑 + (1 − 𝜆𝑥𝑒+𝐴) · 𝑃𝑥𝑒+𝐴
𝑟
⏟                      
𝑃𝑥𝑒+𝐴
) · [1 + (𝜆𝑥𝑒+𝐴+1 · 𝑃𝑥𝑒+𝐴+1
𝑑𝑑 + (1 − 𝜆𝑥𝑒+𝐴+1) · 𝑃𝑥𝑒+𝐴+1
𝑟⏞                            
𝑃𝑥𝑒+𝐴+1
)] 
= 
1 + 𝑃𝑥𝑒+𝐴
𝑟 · [1 + (𝜆𝑥𝑒+𝐴+1 · 𝑃𝑥𝑒+𝐴+1
𝑑𝑑 + (1 − 𝜆𝑥𝑒+𝐴+1) · 𝑃𝑥𝑒+𝐴+1
𝑟 )] 
Given that the LTC prevalence rate in year 𝑥𝑒 + 𝐴 + 1 can be expressed by means of the 
number of active retirees and dependent persons of that age: 
𝜆𝑥𝑒+𝐴+1 =
𝑁𝑥𝑒+𝐴+1
𝑑
𝑁𝑥𝑒+𝐴+1
𝑑 +𝑁𝑥𝑒+𝐴+1
𝑟
=
𝑁𝑥𝑒+𝐴
𝑟 · 𝑃𝑥𝑒+𝐴
𝑟𝑑
1
𝑁𝑥𝑒+𝐴
𝑟 · ( 𝑃𝑥𝑒+𝐴
𝑟𝑑
1 + 𝑃𝑥𝑒+𝐴
𝑟𝑟
1 )
=
𝑃𝑥𝑒+𝐴
𝑟𝑑
1
𝑃𝑥𝑒+𝐴
𝑟𝑑
1 + 𝑃𝑥𝑒+𝐴
𝑟𝑟
1⏟    
𝑃𝑥𝑒+𝐴
𝑟
1 − 𝑃𝑥𝑒+𝐴
𝑟𝑑
1
=
𝑃𝑥𝑒+𝐴
𝑟𝑑
1
𝑃𝑥𝑒+𝐴
𝑟
1
 IV.40 
𝑁𝑥𝑒+𝐴+1
𝑑 : Number of dependent persons (retired) aged 𝑥𝑒 + 𝐴 + 1. 
𝑁𝑥𝑒+𝐴+1
𝑟 : Number of active persons (retired) aged 𝑥𝑒 + 𝐴 + 1. 
If formula [IV.40] is substituted into [IV.39], we get: 
1 + 𝑃𝑥𝑒+𝐴
𝑟 · [1 + (
𝑃𝑥𝑒+𝐴
𝑟𝑑
1
𝑃𝑥𝑒+𝐴
𝑟
1
· 𝑃𝑥𝑒+𝐴+1
𝑑𝑑 + (1 −
𝑃𝑥𝑒+𝐴
𝑟𝑑
1
𝑃𝑥𝑒+𝐴
𝑟
1
) · 𝑃𝑥𝑒+𝐴+1
𝑟 )] 
IV.41 
= 
1 + 𝑃𝑥𝑒+𝐴
𝑟 + 𝑃𝑥𝑒+𝐴
𝑟𝑑
1 · 𝑃𝑥𝑒+𝐴+1
𝑑𝑑 + 𝑃𝑥𝑒+𝐴
𝑟 · 𝑃𝑥𝑒+𝐴+1
𝑟 − 𝑃𝑥𝑒+𝐴
𝑟𝑑
1 · 𝑃𝑥𝑒+𝐴+1
𝑟
⏟                      
(𝑃𝑥𝑒+𝐴
𝑟 − 𝑃𝑥𝑒+𝐴
𝑟𝑑
1 )·𝑃𝑥𝑒+𝐴+1
𝑟
 
= 
1 + 𝑃𝑥𝑒+𝐴
𝑟 + 𝑃𝑥𝑒+𝐴
𝑟𝑑
1 · 𝑃𝑥𝑒+𝐴+1
𝑑𝑑 + 𝑃𝑥𝑒+𝐴
𝑟𝑟 · 𝑃𝑥𝑒+𝐴+1
𝑟  
= 
1 + 𝑃𝑥𝑒+𝐴
𝑟𝑟
1 + 𝑃𝑥𝑒+𝐴
𝑟𝑑
1 + 𝑃𝑥𝑒+𝐴
𝑟𝑑
1 · 𝑃𝑥𝑒+𝐴+1
𝑑𝑑 + 𝑃𝑥𝑒+𝐴
𝑟𝑟 · 𝑃𝑥𝑒+𝐴+1
𝑟𝑟 + 𝑃𝑥𝑒+𝐴
𝑟𝑟 · 𝑃𝑥𝑒+𝐴+1
𝑟𝑑  
= 
1 + 𝑃𝑥𝑒+𝐴
𝑟𝑟
1 + 𝑃𝑥𝑒+𝐴
𝑟𝑟 · 𝑃𝑥𝑒+𝐴+1
𝑟𝑟
⏟          
𝑃𝑥𝑒+𝐴
𝑟𝑟
2
+ 𝑃𝑥𝑒+𝐴
𝑟𝑑
1 + 𝑃𝑥𝑒+𝐴
𝑟𝑑
1 · 𝑃𝑥𝑒+𝐴+1
𝑑𝑑 + 𝑃𝑥𝑒+𝐴
𝑟𝑟 · 𝑃𝑥𝑒+𝐴+1
𝑟𝑑
⏟                      
𝑃𝑥𝑒+𝐴
𝑟𝑑
2
 
= 
∑ 𝑃𝑥𝑒+𝐴
𝑟𝑟
𝑘
2
𝑘=0
+∑ 𝑃𝑥𝑒+𝐴
𝑟𝑑
𝑘
2
𝑘=1
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3.-LTC enhanced pension: 𝑨𝒙𝒆+𝑨
𝒓𝒅𝛼𝝃  
Our starting point is 𝑃𝑥𝑒+𝐴
𝑟𝑑
𝑘  (Haberman & Pitacco (1999)), and if we take into account the 
maximum number of years that a newly retired pensioner can live (w-xe-A-1), the initial amount 
of the annuity is included, (1 + 𝜉), with the indexation rate of the annuity (1 + 𝛼)𝑘  and the 
present value of money, [
1
1+𝐺
]
𝑘
, and so the LTC enhanced pension can be expressed as follow: 
𝐴𝑥𝑒+𝐴
𝑟𝑑𝛼𝜉 = ∑ [ 𝑃𝑥𝑒+𝐴
𝑟𝑑
𝑘 ]
𝑤−𝑥𝑒−𝐴−1
𝑘=1
· (1 + 𝜉) · [
1 + 𝛼
1 + 𝐺
]
𝑘
 
= 
∑ [(1 + 𝜉) ·∑ 𝑃𝑥𝑒+𝐴
𝑟𝑟
𝑡−1
𝑘
𝑡=1
· 𝑃𝑥𝑒+𝐴+𝑡−1
𝑟𝑑 ·∏𝑃𝑥𝑒+𝐴+𝑟
𝑑𝑑
𝑘−1
𝑟=𝑡
]
𝑤−𝑥𝑒−𝐴−1
𝑘=1
· 𝐹𝑘 
= 
(1 + 𝜉) · ∑ [∑ 𝑃𝑥𝑒+𝐴
𝑟𝑟 · 𝑃𝑥𝑒+𝐴+𝑡−1
𝑟𝑑
𝑡−1⏟            
/𝑃𝑥𝑒+𝐴
𝑟𝑑
𝑡−1
𝑘
𝑡=1
· 𝑃𝑥𝑒+𝐴+𝑡
𝑑𝑑
𝑘−𝑡 ] ·
𝑤−𝑥𝑒−𝐴−1
𝑘=1
𝐹𝑘 
= 
 
(1 + 𝜉) · ∑ /𝑃𝑥𝑒+𝐴
𝑟𝑑
𝑡−1 ·
𝑤−𝑥𝑒−𝐴−1
𝑘=1
?̈?𝑥𝑒+𝐴+𝑘
𝑑𝛼 · 𝐹𝑘 
IV.42 
The paper by Artis et al. (2007) uses a very similar formula to make a projection of the 
individual expected cost of LTC for the Spanish population aged 65 and above.  
4.- Proof of formula [IV.20] 
Once the mature state is reached, the ratio between the number of pensioners and the 
number of contributors - (drt) - stabilizes because both groups evolve (increase or decrease) 
exactly equal to rate γ. 
𝑑𝑟𝑡 =
∑ [𝑁(𝑥𝑒+𝐴+𝑘,1)
𝑟 + 𝑁(𝑥𝑒+𝐴+𝑘,1)
𝑑 ] · (1 + 𝛾)𝑡−1−𝑘
𝑤−𝑥𝑒−𝐴−1
𝑘=0
⏞                                  
𝑃𝑒𝑛𝑠𝑖𝑜𝑛𝑒𝑟𝑠=𝑅𝑡
(1 + 𝛾)𝑡−1 · ∑ 𝑁(𝑥𝑒+𝑘,1)
𝐴−1
𝑘=0⏟                
𝐶𝑜𝑛𝑡𝑟𝑖𝑏𝑢𝑡𝑜𝑟𝑠=𝐶𝑡
 
IV.43 
= 
∑ [𝑁(𝑥𝑒+𝐴+𝑘,1)
𝑑 + 𝑁(𝑥𝑒+𝐴+𝑘,1)
𝑟⏞                
𝑁(𝑥𝑒+𝐴+𝑘,1)
] · (1 + 𝛾)−𝑘
𝑤−𝑥𝑒−𝐴−1
𝑘=0
∑ 𝑁(𝑥𝑒+𝑘,1)
𝐴−1
𝑘=0
= 𝑑𝑟𝑡+1 = ⋯ = 𝑑𝑟 =
𝑅
𝐶
 
Also, the system's average replacement rate, expressed by the financial ratio, is already 
constant due to the fact that the numerator and denominator evolve equally (at the rate of 
variation in wages): 
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𝑓𝑟𝑡 =
?̅?(𝑥𝑒+𝐴,𝑡)
(𝑟,𝑑) · [∑ 𝑁(𝑥𝑒+𝐴+𝑘,𝑡)
𝑟 · 𝐹𝑘𝑡−1𝑘=0 + (1 + 𝜉) · ∑ 𝑁(𝑥𝑒+𝐴+𝑘,𝑡)
𝑑 · 𝐹𝑘𝑡−1𝑘=1 ]
⏞                                          
𝐸𝑥𝑝𝑒𝑛𝑑𝑖𝑡𝑢𝑟𝑒 𝑜𝑛 𝑝𝑒𝑛𝑠𝑖𝑜𝑛𝑠
∑ [𝑁(𝑥𝑒+𝐴+𝑘,𝑡)] · (1 + 𝛾)
−𝑘𝑤−𝑥𝑒−𝐴−1
𝑘=0⏟                      
𝑅𝑡
∑ 𝑦(𝑥𝑒+𝑘,𝑡) · 𝑁(𝑥𝑒+𝑘,𝑡)
𝐴−1
𝑘=0
⏞              
𝐴𝑔𝑔𝑟𝑒𝑔𝑎𝑡𝑒 𝑐𝑜𝑛𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛 𝑏𝑎𝑠𝑒
∑ 𝑁(𝑥𝑒+𝑘,𝑡)
𝐴−1
𝑘=0⏟        
𝐶𝑡
 
IV.44 
= 
?̅?𝑡+1
?̅?𝑡+1
= ⋯ =
?̅?
?̅?
= 𝑓𝑟 
Hence the total contribution rate, 𝜃𝑡 , that ensures equality between contribution revenue and 
pension expenditure is constant over time: 
𝜃𝑡 =
?̅?(𝑥𝑒+𝐴,𝑡)
(𝑟,𝑑) · [∑ 𝑁(𝑥𝑒+𝐴+𝑘,𝑡)
𝑟 · 𝐹𝑘𝑡−1𝑘=0 + (1 + 𝜉) · ∑ 𝑁(𝑥𝑒+𝐴+𝑘,𝑡)
𝑑 · 𝐹𝑘𝑡−1𝑘=1 ]
∑ 𝑦(𝑥𝑒+𝑘,𝑡)·𝑁(𝑥𝑒+𝑘,𝑡)
𝐴−1
𝑘=0
 
IV.45 = 
𝜃𝑡+1 = ⋯ = 𝜃 =
?̅?
?̅?
·
𝑅
𝐶
=
?̅?𝑟 · (𝑅 − 𝐷) + ?̅?𝑑 · 𝐷
?̅? · 𝐶
 
3.- Proof of formula [IV.28] 
𝐶𝑅𝑡 =
∑ 𝑃𝑥𝑒+𝐴
𝑟𝑟
𝑘 · 𝐹
𝑘𝑤−𝑥𝑒−𝐴−1
𝑘=0 + (1 + 𝜉) · ∑ 𝑃𝑥𝑒+𝐴
𝑟𝑑
𝑘 · 𝐹
𝑘𝑤−𝑥𝑒−𝐴−1
𝑘=1
∑ 𝑃𝑥𝑒+𝐴𝑘 · 𝐹
𝑘𝑤−𝑥𝑒−𝐴−1
𝑘=0
 
IV.46 
= 
∑ 𝑃𝑥𝑒+𝐴
𝑟𝑟
𝑘 · 𝐹
𝑘𝑤−𝑥𝑒−𝐴−1
𝑘=0 + ∑ 𝑃𝑥𝑒+𝐴
𝑟𝑑
𝑘 · 𝐹
𝑘𝑤−𝑥𝑒−𝐴−1
𝑘=1 + 𝜉 · ∑ 𝑃𝑥𝑒+𝐴
𝑟𝑑
𝑘 · 𝐹
𝑘𝑤−𝑥𝑒−𝐴−1
𝑘=1
∑ 𝑃𝑥𝑒+𝐴
𝑟𝑟
𝑘 · 𝐹
𝑘𝑤−𝑥𝑒−𝐴−1
𝑘=0 + ∑ 𝑃𝑥𝑒+𝐴
𝑟𝑑
𝑘 · 𝐹
𝑘𝑤−𝑥𝑒−𝐴−1
𝑘=1
 
= 
?̈?𝑥𝑒+𝐴
𝛼 + 𝜉 · ∑ 𝑃𝑥𝑒+𝐴
𝑟𝑑
𝑘 · 𝐹
𝑘𝑤−𝑥𝑒−𝐴−1
𝑘=1
?̈?𝑥𝑒+𝐴
𝛼 =
?̈?𝑥𝑒+𝐴
𝛼 + 𝜉 · 𝐴𝑥𝑒+𝐴
𝑟𝑑𝛼
?̈?𝑥𝑒+𝐴
𝛼  
= 
1 + 𝜉 ·
𝐴𝑥𝑒+𝐴
𝑟𝑑𝛼
?̈?𝑥𝑒+𝐴
𝛼 = 1 + 𝜉 ·
𝐴𝑥𝑒+𝐴
𝑟𝑑𝛼
?̈?𝑥𝑒+𝐴
𝑟𝛼 + 𝐴𝑥𝑒+𝐴
𝑟𝑑𝛼 = 1 + 𝜉 ·
(
 
 1
1 +
?̈?𝑥𝑒+𝐴
𝑟𝛼
𝐴𝑥𝑒+𝐴
𝑟𝑑𝛼
)
 
 
 
= 
1 + 𝜉 ·
[
 
 
 
 
 
1
1 +
∑ 𝑃𝑥𝑒+𝐴
𝑟𝑟
𝑘 · 𝐹
𝑘𝑤−𝑥𝑒−𝐴−1
𝑘=0
∑ [∑ 𝑃𝑥𝑒+𝐴
𝑟𝑟 · 𝑃𝑥𝑒+𝐴+𝑡−1
𝑟𝑑
𝑡−1 · 𝑃𝑥𝑒+𝐴+𝑡
𝑑𝑑
𝑘−𝑡
𝑘
𝑡=1 ] ·
𝑤−𝑥𝑒−𝐴−1
𝑘=1 𝐹
𝑘]
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Appendix IV.2: Mortality rates for dependent persons. 
For Montesquieu (2012), this assumption is a complex one. A classic mortality table depends 
on age and gender. The mortality assumption for a dependent person requires that we take into 
account the age at which the state of dependency began, as life expectancy in this case varies 
according to the cause of the dependency, which is itself correlated with the age of becoming 
dependent. The main causes of dependency have quite variable durations: relatively short 
(cancer…), average (rheumatism, cardiovascular disease…) or much longer, up to ten years 
(neurological problems, senile dementia). The mortality rates for the first year of dependency do 
not increase strictly with age, but decrease until an age of about 75. In fact until age 75 there is a 
preponderance of illnesses like cancer, which play out over relatively short periods, whereas after 
this age the illnesses follow longer courses1. From the second year of dependency onwards, the 
age factor takes over again. As the years of dependency pass, the mortality curve flattens out, the 
influence of the state of dependency diminishes in favour of that of age, long-term diseases 
predominate and mortality approaches general mortality. 
A report by the SOA (2011) shows that the mortality rate for dependent persons is about 25 
times higher than for active persons2. Our assumption is closer to the French experience than the 
US experience. To complete the necessary data for computing the numerical illustration, our 
starting point is the mortality rates for dependent persons provided in Artis et al. (2007). Their 
data are adjusted to an exponential function, 𝛼𝑒𝛽𝑥, where α and β are constant parameters and x 
represents the age the dependent person has reached. 
 
Figure IV.3: Adjusted probability of dying for dependent persons. 
Table IV.5 (below) shows some selected values for the mortality assumptions made for 
dependent persons and their implications for the active. The first item, 𝑒65
𝑟𝑟 (%), indicates the 
“healthy life years” for an active person aged 65, and in parentheses the percentage of their life 
expectancy which is likely to be spent free of activity limitation under the 3 alternatives. 
                                                          
1 A similar pattern can be observed for the US experience (SOA (2011), Appendix J-7).  
2 For example, for dependent persons aged 65 the mortality rate is 55.63 times higher than for the active, whereas for 
individuals aged 85 the mortality rate is “only” 5.18 times higher. The differences in mortality (Montesquieu (2012)) 
are much lower in the French experience. For a man aged 85, mortality during the 2nd year of dependency is “only” 
2.75 times higher than for active lives.  
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The second item, 𝑒65
𝑟𝑑  (%), indicates the “unhealthy life years” for an active person aged 65, 
and in parentheses the percentage of their life expectancy which is likely to be spent with some 
type of activity limitation under the 3 alternatives3. 
 Table IV.5: Mortality assumptions: some selected values. 
Items I-Low cost II-Normal III-High cost 
𝑒65
𝑟𝑟 (%) 17.16 (93.26) 15.85 (86.15) 14.71 (79.94) 
𝑒65
𝑟𝑑  (%) 1.24 (6.74) 2.55 (13.85) 3.69 (20.06) 
𝑒66
𝑑  6.31 7.39 7.65 
𝛿?̅?  5.03 4.18 3.98 
?̅?𝑥
𝑑𝑓
 0.1919 0,1592 0.1458 
?̅?𝑥
𝑎𝑓
* 0.0386 0.0278 0.0185 
Base scenario with G=(1.016)(1.01)-1=0.0216 
It is worth bearing in mind that the sum of items 1 and 2 is a fixed value (18.40 years) under 
the 3 alternatives, given that the mortality table for the general population is the same for 
everyone. Finally, 𝑒66
𝑑  is life expectancy for dependent persons aged 66, 𝛿?̅?  is the average 
dependent person/general population mortality ratio, ?̅?𝑥
𝑑𝑓
 is the average mortality rate for 
dependent persons, and ?̅?𝑥
𝑎𝑓 is the average mortality rate for the active retired. 
  
                                                          
3  According to data provided by Bonneux et al. (2012) for four European countries (Germany, Spain, the 
Netherlands and Poland) in 2008, the percentage of life expectancy at 65 which is likely to be spent with some type 
of activity limitation is around 36.59% for Poland (80% higher than our pessimistic scenario) and 17.41% for the 
Netherlands (20% lower than our pessimistic scenario). For Germany and Spain the values are 21.30% and 24.30% 
respectively, both higher than our pessimistic scenario. 
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Appendix IV.3: Sensitivity analysis for when population changes. 
Table IV.6: NDC system with retirement and LTC annuities: some selected values. 
Zero population growth (𝜸=0). 
Items I-Low cost II-Normal III-High cost 
(𝜃𝑡 = 𝜃𝑎) 16.00% 
𝜃𝑡
∗ 14.42% 
𝐷𝑒𝑡 10.93% 
𝑑𝑟𝑡 0.3556 
𝑓𝑟𝑡 0.4499 
?̈?𝑥𝑒+𝐴
𝛼  16.39 
𝜃𝑡
𝑟 15.15% 14.34% 13.69% 
𝜃𝑡
𝑑 0.85% 1.66% 2.31% 
?̈?𝑥𝑒+𝐴
𝑟𝛼  15.47 14.49 13.68 
𝐴𝑥𝑒+𝐴
𝑟𝑑𝛼𝜉  1.85 3.80 5.52 
(𝐿𝑇𝐶𝑊𝑡) 5.63% 11.60% 16.85% 
𝐶𝑅𝑡 1.06 1.120 1.17 
(
𝐶𝑅𝑡 − 1
𝐶𝑅𝑡
) 5.33% 10.39% 14.42% 
𝜃𝑎
∗ 16.90% 17.86% 18.70% 
𝜆𝑥 6.39% 13.13% 19.03% 
(𝑃𝑑 𝑃𝑎⁄ ) 6.83% 15.12% 23.50% 
G=(1.016)(1.00)-1=0.016 
 
Table IV.7: NDC system with retirement and LTC annuities: some selected values. 
Negative population growth (𝜸=− 0.01). 
Items I-Low cost II-Normal III-High cost 
(𝜃𝑡 = 𝜃𝑎) 16.00% 
𝜃𝑡
∗ 14.42% 
𝐷𝑒𝑡 10.93% 
𝑑𝑟𝑡 0.3556 
𝑓𝑟𝑡 0.4499 
?̈?𝑥𝑒+𝐴
𝛼  16.3885 
𝜃𝑡
𝑟 15.08% 14.22% 13.54% 
𝜃𝑡
𝑑 0.92% 1.78% 2.46% 
?̈?𝑥𝑒+𝐴
𝑟𝛼  17.09 15.92 14.82 
𝐴𝑥𝑒+𝐴
𝑟𝑑𝛼𝜉  2.22 4.57 6.63 
(𝐿𝑇𝐶𝑊𝑡) 6.10% 12.55% 18.20% 
𝐶𝑅𝑡 1.06 1.13 1.18 
(
𝐶𝑅𝑡 − 1
𝐶𝑅𝑡
) 5.75% 11.15% 15.40% 
𝜃𝑎
∗ 16.98% 18.01% 18.91% 
𝜆𝑥 6.39% 13.13% 19.03% 
(𝑃𝑑 𝑃𝑎⁄ ) 6.83% 15.12% 23.50% 
G=(1.016)(0.99)-1=0.00584 
 
